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Abstract

This paper presents a new kind of interpolation theorems about Neighbourhood
Logic (N L, [ZH96]) and Interval Temporal LogicI("L, [Mos85, Dut95]). Un-
like Craig interpolation, which holds for these logics too, the new theorems treat
the existence of interpolants which specify properties of selected intervals in the
models of NL andIT L.
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Introduction

Interval Temporal Logic {7'L) was introduced as a tool for reasoning about the be-
haviour of hardware in time [Mos85]. It is a classical first order modal logic with one
binary normal modal operatdr; .), known aschop It has relational (Kripke) seman-
tics, where the possible worlds are intervals in a linearly ordered set of time points.
The operatof.;.) in ITL is defined as follows:

[11, 2] = (p;0) iff [11, 7] |E ¢ and[r, 72] |= ¢ for somer € [r, 72).

Initially, only intervals of natural numbers were considered T.. Abstract se-
mantics was introduced t8I'L in [Dut95], and a proof system was shown complete
with respect to this semantics.

The operatof.;.) is introspective That is, the satisfaction of formulas with .)
depends only on the assignments of symlioksubintervalsof the given one. First or-
der Neighbourhood LogicX L) was introduced in [ZH96] by replacing; .) with two
unary operatorsy; and<,., which allow access to arbitrary intervals of time domains.
Chop is definable inVL. N L has a proof system, which is complete with respect to
an abstract semantics similar to that/@fL [BZ97, BRZ00].

An abstract model foV L (or IT L) consists of drame which represents its time
domain and the measurement of durations in it, anichimpretationof the non-logical
symbols of the corresponding language. Non-logical symbols can be dfcior
flexible A rigid symbol stands for the same function or predicate in all the intervals
of a given model. A flexible symbol’s interpretation depends on the reference interval.
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Distinct intervals in a model may have different properties, because of the different
values of flexible symbols in them.

Classical Craig interpolation can be based on the following observation. Given
a valid implicationy = 1, the properties of models which satisfythat entail the
satisfaction of) by these models should be related to the underlying algebraic systems
of these models and the interpretations of the non-logical symbols share@ig
in these models only. Craig’s theorem states that such properties can be expressed by a
first-order predicate formula involving these non-logical symbols only.

Being logics with possible worlds semanti¢g;L and N L enable one more way in
which restrictions can be imposed on the relationship between the antecedent and the
succedent in a valid implication. Namely, the possible worlds that are supposed to have
the relevant properties can be restricted. In the theorems to follow we consider the case
of these possible worlds being the subintervals of some interval of time. We study two
subcases depending on whether the enclosing interval is bounded or semibounded. The
properties in focus are expressed by the restictions of the interpretations of the flexible
symbols on the chosen intervals.

Consider pairsI;, Iz) of interpretations of the symbols of some languageévdf
or ITL into the same framé'. Leto ando’ be intervals inF. Let (F,11),0 |E ¢
imply that (F, I), o0 = + for all (I, I5) which share some property ef. Roughly
speaking, the new interpolation theorems say that in this case the property in question
can be replaced by a (possibly weaker) one which can be specified by a formula of a
special kind to be satisfied at by both (F, I;) and (F, I,). The substitute property
can be chosen to be a consequenc&ofl; ), c = ¢ and to imply(F, I), o |= v for
all (I, I,) which satisfy it ato”’.

The papers is organised as follows. We give brief preliminarie®’énand I7T'L
first. We include a complete proof system f§ii. in the preliminaries section, because
this system is relevant to the syntactical constructions in subsequent proofs. Next we
describe the special kinds of formulas which are involved in the formulation of the
interpolation theorems. Finally we formulate our theorems and give a detailed proof of
just one of them, because the proofs of the others differ from this one in details only.

1 Preliminaries

Here we briefly introducéV L languages, frames, models, satisfaction and complete
proof system.I'T' L with abstract semantics is defined similarly [Dut95]. Neighbour-
hood logic is a classical first order predicate logic with equality and two unary normal
modal operators.

1.1 Language

A language ofN L is determined by a countable setinflividual variablesz, v, ...,
and several other sets of symbols. Thesecarestantsymbolsc, d, .. ., functionsym-
bols f, g, ...andrelation symbolsR, S, .... Symbols of every kind are eithegid or
flexible



Given the sets of symbols, tihermst and theformulasy of the correspondingy L
languages are defined by the BNFs:

ta=clz|f(t,... 1)

@ = LIR(t,....1)[(¢ = )| Frp[Crp[Orp

Function symbols and relation symbols are assigarégl to denote the number of
arguments they admit. Evelly L language contains the rigid constant symboihe
rigid binary function symbok-, the rigid binary relation symbols and < and the
flexible constant.

Individual variables are regarded as rigid. Formulas and terms which contain no
flexible symbols, are calledgid too. The set of individual variables that hafree
occurrencesn a formulay is denoted byF'V ().

1.2 Frames, models and satisfaction

Definition 1 A N L time domairis a linearly ordered set. A/ L duration domairis a
linearly ordered commutative group.

We denote time and duration domains{iy <) and(D, +, 0, <), respectively. Given
a time domain(T, <), the set of the closed boundéuervals {[r1, 2] : 71,72 €
T,71 < 72} inT is denoted by[(T).

Definition 2 Given a time domaifT, <) and a duration domaifD, +, 0,
sure functionm is a surjective function of typ&(7) — {d € D : 0 <
satisfies the axioms:
(M1) m(o) =m(c’) Amino = mino’ = maxo = maxo’
(M2) maxo; =minog = m(o1) + m(o2) = m(oy Uoz)
(M3) 0<2z= Jo'(mino’ =maxo Am(c’) = x).
0 <z = Jo'(maxo’ = mino Am(c’) = z).

), amea-

<
d}, which

Definition 3 A tuple of the kind{((T, <), (D, +,0, <), m), where(T, <) is a time
domain, (D, +,0, <) is a duration domain, anth is a measure froni(7') to D, is
called N L frame

Clearly, if a measure function frof(T") to D exists, then D, <) is isomorphic to
(T, <). For this reasorV L is usually regarded as having just duration domains in its
frames. We keep the two componentsMf frames distinct for the sake of compat-
ibility with ITL semantics. Due to the introspectivity ©f.), I7TL admits bounded
time domains, whileV L duration domains wittD # {0} are always unbounded.

Let L be anN L language.

Definition 4 Let F' = ((T, <), (D, +,0, <), m) be aN L frame. A functionI which
is defined on the set of symbols bfand satisfies the requirements:



I(x),I(c) € D for individual variablese
and rigid constants

I(f) e (D™ — D) for n-place rigid function symbolg
I(R) € (D™ — {0,1}) for n-place rigid relation symbol®
I(c) € ((T) — D) for flexible constants

I(f) e (I(T) x D™ — D) for n-place flexible function symbolg
I(R) € (I(T) x D™ — {0,1}) for n-place flexible relation symbolB
I0)=0,I(+)=+,I(() =m, I(<)is<andI(=) is=

is calledinterpretation ofL into F'.

Definition 5 A model forL is a pair of the kind F, I}, whereF' is a frame, and is
an interpretation ok into F'.

Given a frameF, we denote its components K¥r, <g), (Dp,+r,0r, <p) and
mp, respectively. The same applies to models. We denote the frame and the interpre-
tation of a modelMl by F; and,,, respectively.

Given a symbols from L, interpretationd and.J of L into frameF are said to
s-agree if I(s") = J(s") for L symbolss’ other thans.

Definition 6 Let M be a model fol.. Letos € I(Ty;). Thevaluesl,(t) of termst
from L are defined as follows:

I,(z) = Iy (z), In(c) = Ip(c) for variablesr
and rigid constants
I,(c) = In(c) (o) for flexible constants

I (f(t1, . stn) = I (H)Us(t1), - - -, Lo (tn)) for rigid n-placef
I(f(t1,. . tn)) = In(f) (o, Ip(t1),. .., I,(ty)) forflexible n-placef
The relationM, o |= ¢ for formulasy from L is defined as follows:

M,o =L

M,o = R(t1,...,t,) iff In(R)(I5(t1),...,Is(t,)) = 1 for rigid n-placeR

M,o = R(t1,...,t,) iff In(R)(0,I5(t1),...,15(t,)) = 1 for flexible n-placeR
M,o = (p=1) iff either M, o |= ¢, or M, o W~ ¢

M, o = 3zp iff (Far,J), 0 = ¢ for someJ thatz-agrees with/,

M,o = <p iff M, o’ |= ¢ for someo’ € I(T);) such thatnax o’ = min o
M,o =< iff M, o’ |= ¢ for someos’ € I(Th;) such thainin o’ = maxo

1.3 Abbreviations

Ordinary classical first order predicate logic abbreviations-, v, A, < andv, and
infix notation for terms and formulas involving, < and= are used inV L. The uni-
versal closuré/z; . .. Vx, ¢ of formulay, where{z,...,z,} = FV(p), is denoted
by V. The following abbreviations ar®’ L-specific:

Ot = <>d<>g<p

Hap = ~Ogmp

DGp = ~Cg7p )
Hered stands for eithetor r, [ is r and7 is {. The modal operatd;.) of IT'L can be
defined inN L by the axiom:

(p39) & JeTy(z +y =LA O (P ANl =a) NOTL(Y AN =y)),



wherez andy are supposed to have no free occurrences . That is whyIT'L can
be regarded as a proper fragmenf\ak. In the sequel we assume that.) is available
in N L languages. The following abbreviations are related;t9:

Co=((T;¢);T)

1.4 Proof system forN L

The proof system oV L consists of axioms for classical first order predicate logic with
equality, axioms about duration domais as linearly ordered commutative groups, and
the following axioms and rules:

Al) Oy = pforrigid ¢

A2)  0</

(

(

(43) 0<z=04(0=1x)

(Ad)  CaleVh) = CapV Ogtp

(A4")  Oydzp = Fxup

(45) Cul=znp)=>04(0 =2 = )

(A6)  Ogp = 04070

(A7) l=z=(pe Oi(l=aNy))

(A8) 0<zAO<YyYAOU=aAO(l=yNqp)) =

= Oql =+ yAOap)

=1 @ o p=1 @

Substitution[t/z]y of variablex by term¢ in formulay is allowed in proofsonly
if either¢ is rigid, orz does not occur in the scope of a modal operatas.in
This system is complete with respect to the above semantics [BZ97, BRZ00]. The
completeness argument is by a canonical construction.

2 Retrospective and introspective formulas inV L

We need some classes of formulasNil. languages in order to formulate our inter-
polation theorems. We call formulas which do not contain but may contair(.; .)
retrospective Retrospective formulas can be used to express properties of the subin-
tervals of some interval of time that is unbounded into the past. This semibounded
interval has the end of the reference interval as its upper bound. Respectively, formulas
which contain neithe®>;, nor <,., but may contair(.; .), are calledntrospective In-
trospective formulas can be used to express the properties of the reference interval that
do not depend on intervals out of it.

Given a N L language, introspective formulas in it constitute the corresponding
ITL language. Lell be a language oNL and F be aN L frame. The following
propositions explain the expressive power of the two kinds of formulas:

Proposition 7 Leto € I(Tx). Let the interpretationd; and I, of L into F' coincide
on rigid symbols and assign the same values to flexible symbols on subintervals of



o. Letp be an introspective formula froth. Let s’ be a subinterval ofr. Then
<F711>a0-/ ): ¥ iff <F? 12>7U/ ': ©-

Proposition 8 Let € Tx. Let the interpretationg; and I, of L into F' coincide on
rigid symbols and assign the same values to flexible symbols on intergaish that
maxo < 7. Lety be a retrospective formula frol. Leto € I(TF) andmaxo < 7.

Then(F, I,),0' = ¢iff (F,I5),0' E .

Both propositions can be proved by straightforward induction on the length of for-
mulase.

Next, consider the formulas of the kind

Neo,c1,c0,c5 — /= co N\ Or(g = N\ Oi(ﬁ =cCo N\ Ql(g =c3 A\ R)))
wherecy, ¢1, co andes are rigid constants, anll is a0-place (flexible) relation symbol.
In our interpolation theorems we employ substitutions of the KindR]n.,.c, cs,cs-
Their meaning is explained by the following proposition:

Proposition 9 Leto, o’ € I(T¥). LetI be an interpretation oL into £’ such that
I(cp) = mp(o), I(c1) = mp([maxo,7]), I(ca) = mp([maxo’,7]) and I(c3) =
mp(o’), wherer satisfies > max{max o,maxo’}. Then(F,I),o |= [¢/R]Ncy,c1,c2,c5
iff (F,1),0' = .

Similarly, consider formulas of the kind
€corcres = (L =c1;R); 0 =co) N =cp
Substitutions of the kinflp/ R|¢,, ., ., have the following meaning:

Proposition 10 Leto, o’ € I(Tr) ando’ C . Let! be an interpretation oL into ¥
suchthatl (co) = mp(o), I(c1) = mp([min o, mino’]) andI(cz) = mp([max o', max ol).
Then<F’ I>v o ': [¢/R}€CO7017C2 Iﬂ: <Fa I>1 OJ ': 90

3 The interpolation theorems

Let us consider twdV L languagesl. andL/’, with the same rigid symbols and similar
sets of flexible symbols. That is, éfis a flexible constant, function or relation symbol

in L, then a symbok’ of the same kind and arity is found I/, and vice versa. For

a formulay in L, we denote the formula ik’ which is obtained by replacing every
flexible symbol inp by its corresponding symbol froii’ by ’. Let/ be an exception;

let it be the only flexible symbol that occurs in both languages, and not be affected by
the above translation. Ld&” be the union of. andL’. Let ¢y, ¢, co andcs be rigid
constants ifl..

Theorem 11 Let ® be a finite set of retrospective formulas frdim Let p and ¢ be

arbitrary formulas fromL. Let
):NL /\q)[D;iV(X g X/)/R]n607017027c3 = (90 = 1//)
X€E
Then there exists a retrospective formédltom L such that

‘:NL L=coNO<c i ANO< N0 < 3= (@ = [H/R]nco,cl,cz,%)



and
):NL [QI/R}UCU,CMC%CS = W-

Theorem 12 Let ® be a finite set of introspective formulas frdm Let ¢ and ) be
arbitrary formulas fromL. Let
‘_NL /\ [DV(X <~ X /R]nco7cl702703 (90 = W)
xed
Then there exists an introspective formdltom L such that

):NL (= Co AQ < AO <c A0 <c3= (90 = [G/R]nfio,c'hczws)
and
):NL [gl/R}nCmClyCm% = 'l/]/'

Now letL andL’ be IT L languages in the same relationship as above. All formulas in
ITL languages are introspective.

Theorem 13 Let® be a finite set of formulas frola. Lety and« be arbitrary formu-
las fromL. Let

Frrr /\ [OV(x & X)/Bléco,cr.eo = (9 = 9).

Then there eX|sts a formutafrom L such that

‘:ITL f=coNcg>ci1+ceaNeg >0ANc > 0= (QD = [Q/R]gc“chc?)
and

’:ITL [0//R]§CU7CI7C2 = ¢/'

The proofs of all three theorems are similar to that of Craig’s interpolation theorem
as presented in e.g. [ChK73]. Craig’s interpolation theorem holdgfd@rand N L on
the grounds of similar proofs too. We give a proof of Theorem 11 only as an example.
Proof: LetT" andI” be sets of formulas frorh andL’, respectively. LeC be a count-
able set of fresh rigid constants. LB{C) be the extension dk by these constants.
We callT" andT” inseparable if for every retrospective formulé from L(C) either
L' U {[=0/R)Ncy,c1,c0.c5 + 1S cONsistent oF" U {0’/ R]1cy ¢, ,c0,¢5 1S CONSiStENt.

LetA = {[OV(x < X')/R)Ncy.c1,e0,c5 © X IS aretrospective formula from}. We
first prove that, i" andI” are inseparable, thdhUT'UA is a satisfiable set of formulas
from L”. Let C be a countable set of fresh rigid constants. gt : i < w) and
(¢; : i < w) be fixed enumerations of the formulas fraC') andL’(C), respectively.
We construct two ascending sequenEeandl’;, i < w, of consistent sets of formulas
fromL(C) andL’(C), respectively so thdt; andI’, are inseparable for all< w. Let
I'y =TI andI, = I". GivenI', andI'}, for somek, we definel';;, by considering the
cases:

1.T U {¢x} andl’}, are inseparable.

la. ¢y is Jxa for somea from L(C). We choose a € C which does
not occur inl'y UT,. ThenT'y U {¢s, [¢/x]a} andl’, are inseparable too. We put
Liv1 =Te U {ok, [c/z]a}.
1b. ¢4 is not existential. Thel, 1 = T'x U {¢k }-
2.T; U {pi} andI’) are not inseparable. Théh., = T'y.



I, is defined symmetrically, using.,, andI';. Letl', = | I'x andI’, =
k<w

U I'}. T, andI”, are inseparable maximal consistent set.{¢') andL’(C), re-

k<w

spectively. Besides, bofli, andT"/, have witnesses i¥'. That is, for every individual

variablez and formulapy from L(C) (L'(C)) such thaBz¢ € T, (3zp € T")) there
exists ac € C' such thafc/z]p € T, ([¢/z]p € T),).

Sincea = ¢ for rigid «, T',, andI”, contain the same rigid formulas.

Let (F,I) and(F’,I') be the canonical models fby, andI",. As we know by the
construction of these models [BZ97, BRZ00], their frames are determined by the rigid
formulas fromrl",, andI", that are built using rigid constants frofty 0, + and< only.
HenceF = F’. Similarly I andI’ coincide on rigid symbols froril. andL’. Hence,
we can define an interpretatidfi of the symbols ofl.” into F' which extends bott
andI’ sothat(F,I1"),0c =T, UTI", for somes € I(TF).

Leto’ € I(Tr) be suchthal”’ (c1) = mp(lmax o, 7)), I"(ca) = mp(lmaxo’, 7))
andI”(c3) = mp(o’), wherer = max{maxo, maxs’'}. Then(F,I"), 0 E A iff
(F,I"), 0" = O%V(x & x/) for all retrospectivey in L will follow from Proposi-
tion 8, if we prove that the interpretatiodsand I’ of every flexible symbok from
L and its counterpart’ from L', respectively, coincide on intervals’ € I(Tr)
such thatmaxo” < maxo’. Lets be ann-ary relation symbol and.,...,a, €
Dp. Let dl, ey dy,e1,e9 € C be such that[(dz) =a,t=1,...,n, I(el) =
mp(c”) andI(ez) = mp([maxo”, maxo’]). These rigid constants exist, because
(F,I) is a canonical model. Consider the retrospective formaule= (T;¢ = 0 A
Ol = ea Ao = ey A s(dy,...,dys)))). Sincel', andI, are inseparable, either
[/ R]Nco 1 ,c0,e05 [/ RlTe c1,c0,05 € Loy Ty OF[20/ RNey 1 ca,e0 [70 / R]Neg e1,00,05 €
T, T Ineither casd (s)(c”,dy,...,d,) = I'(s')(0",dy,...,d,). Function sym-
bols are tackled similarly.

So, we have proven that,ifandI” are inseparable, then

PUTU{[OY(x < X')/R]Ney.c1.c0,c5 © X IS @ retrospective formula from}

is satisfiable.

If the interpolantd from the theorem does not existy} and {—¢’} are insep-
arable: Assume that am in L(C) such that-y. ¢ = [a/R]Nco.c1.c0,cs @NAENL
[/ R]Nco.c1.00.cs = V' €Xists. Lets be the result of the replacementdnof all the
constants fron® by fresh individual variables. Thery; satisfies the requirements for
6. Hence, ifg does not exist{p, =¢'} U {[DV(x < X')/RlNco.c1.c0.c5 : X € P} S
satisfiable. This is a contradictioi.

Concluding remarks

Craig interpolation and the above interval-related interpolation theorems establish some
nice and natural properties &f . and IT' L. The study of these theorems was moti-
vated by the needs of a specific application. Namely, Theorem 11 was used in the
completeness proof for a probabilistic extensiom\ak, where its use is related to an
extensionality axiom about the probability operator [Gue00a, Gue0O0b]. In that logic in-



terpretations which satisfy the conditions of Proposition 7 are used to represent branch-
ing time, which is the underlying structure for modelling probabilistic behaviour.

An interesting observation to be made about the new interpolation theorems is that
there is a straightforward correspondence between the form of interpolation theorem
pursued and the notion of inseparability between theories to be employed in its proof.
In fact each of the three theorems presented is proved using inseparability by formulas
of the appropriate kind. This certainly suggests that the above theorems can be viewed
as instances of a rather general and abstract separability theorem. Yet we find it more
appropriate to point to the above concrete results here, because the temporal logics
these results apply to have drawn substantial interest on their own right.

The proofs of the above theorems also suggest that they can be reformulated after
Robinson’s consistency theorem (cf. [ChK73] again).
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