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We propose enhancing the use of propositions for denoting decisions and strategies as established
in temporal languages such as CTL∗, if interpreted on concurrent game models. The enhancement
enables specifying varying coalition structure. In quantified CTL∗ this technique also enables quan-
tifying over coalition structure, and we use it to quantify over an extended form of strategy profiles
which capture temporary coalitions. We also extend CTL∗ by a temporal form of a binary preference
operator that can be traced back to the work of Von Wright. The resulting extension of quantified
CTL∗ can be used to spell out conditions on the rationality of behaviour in concurrent multiplayer
games such as what appear in solution concepts, with players having multiple individual objectives
and preferences on them, and with the possibility to form temporary coalitions taken in account. We
propose complete axiomatisations for the extension of CTL∗ by the temporal preference operator.
The decidability of the logic is not affected by that extension.

keywords: strategic ability, temporary coalitions, rational synthesis, preference, concurrent multiplayer
games.

Introduction

In Alternating-time Temporal Logic (ATL, [AHK97, AHK02]), 〈〈Γ〉〉ϕ means that a joint strategy for
the players from Γ exists which, if implemented, would cause the (rest of the) play to satisfy temporal
condition ϕ . Willfully carrying out a strategy to enforce a temporal property which refers to the entire
future requires Γ to act as a permanent coalition with that property as the shared objective and the joint
strategy as the member players’ lifetime agenda. This means that ATL’s game-theoretic operator, if
regarded as a pattern for statements, is an immediate match for statements on the strategic ability of
permanent coalitions wrt shared long term objectives. Strategy Logic (SL, [MMV10]) is built around a
construct which expresses that implementing a given global strategy profile would enforce a temporal
property that similarly refers to the entire future of the play. This is not to say that permanent coalitions
are the limit of expressive power for ATL and SL in some ultimate sense. The skillful use of logical
connectives, superposition and quantification can certainly be relied on to achieve a variety of other
statements about strategic ability.

In this paper we consider a setting where Concurrent Game Models (CGMs) and the temporal sublan-
guage take their established roles much like in ATL, but aiming to formulate statements about strategic
ability and rational behaviour on behalf of players who are prepared to enter temporary coalitions while
in pursuit of their individual long term objectives, without having to combine those objectives into long
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term common ones such as what the plain use of the constructs offered in ATL and SL appears to be
best suited for. To this end we fall back on propositionally quantified CTL∗ (henceforth QCTL∗) as the
temporal logic language while keeping CGMs as the semantics. We extend the established way of using
propositional variables for naming strategies and expressing quantification over strategies in QCTL∗ to
provide notation for speculating about the varying coalition structure and the ’short term’ agendas of
temporary coalitions combined.

To enable judgements which link the viability of temporary coalitions and their agendas to the play-
ers’ individual long term objectives, we assume that the preferences of each player define a partial order
on plays, and extend CTL∗ by a temporal binary preference operator: ϕ <i ψ means that i prefers plays
which satisfy ϕ to plays satisfying ψ . The operator can be viewed a temporal extension of the abstract
binary preference operator which can be traced back to the work of Von Wright [vW63]. Interestingly,
the possibility to specify step-by-step progress towards objectives, and the evolution of objectives in the
course of their partial fulfillment or forfeiture admit a rather straightforward expression using this oper-
ator as an addition to CTL∗ in combinations with LTL’s guarded normal form and the separated normal
form of LTL formulas. The interaction is encoded in some axioms for <i we propose as part of the
second of two complete axiomatisations for it. The first axiomatisation enables the elimination of <i, in
case the preferences of every player are suitably expressed by some finite list of comparisons between
LTL-definable sets of plays. The second axiomatisation makes no such assumption; indeed its complete-
ness proof, which is not included in this extended abstract, entails that a formula in CTL∗ with <i is
satisfiable only if so wrt the preferences of the players being expressible this way. Since the possibility
to work towards objectives in multiple steps is specific to those objectives being temporal, we believe
that this temporal species of a binary preference operator is of some interest on its own too.

Meta-theoretical results on temporalization were first obtained in [FG92]. More general ways for
combining logics were later proposed by Gabbay and others. Our extension of ATL∗ with < is broadly
compatible with that framework. In the sense of [GS98], it can be viewed as a kind of fusion of ATL∗ and
Preference Logic as in [vBvOR05], except that the state space we interpret Preference Logic in CGMs
on is not the same as that for ATL∗ but is the set of the infinite plays in the considered CGM.

Finding strategy profiles which meet the requirements of solution concepts in general is referred to
as rational synthesis. For temporal objectives, rational synthesis was proposed in [FKL10] and further
investigated in [KPV16] with the focus on rational behaviour in the sense of Nash equilibrium wrt the
objectives of some finite number of players, with the additional condition that the objective of a distin-
guished player, the system, is achieved. One key observation about solution concepts with coalitions is
that players can use their knowledge of the actions to be taken by their allies when deciding whether
to enter a coalition and embrace its agenda. Non-members are just assumed to be acting rationally wrt
their respective preferences and the adopted solution concept. With temporary coalitions, this includes
perpetually revising the coalition structure. In this paper, we formulate temporary coalition variants of
the concepts of the game core and dominant strategies to demonstrate the use of the notation we are
proposing. We do not claim these variants to be the unique options for extending these solution con-
cepts. Indeed, solution concepts being so varied is what justifies studying logical languages which are
both versatile and amenable to algorithmic methods. Results on rational synthesis after [FKL10] in the
literature are now commonly derived just from the possibility to express the solution concepts in a de-
cidable subset of SL too. Of course, optimality requires looking at algorithms which are taylored for
specific concepts; cf. e.g., [BBMU15, BBMU12] on Nash equilibrium.
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1 Preliminaries

Concurrent Game Models We consider CGMs M = 〈W,wI,〈Acti : i ∈ Σ〉,o,V 〉 for some given sets of
players Σ = {1, . . . ,N} and atomic propositions AP. W is the set of states, wI ∈W being the initial state,
Acti is the set of actions of player i ∈ Σ, ActΓ =̂ ∏

i∈Γ

Acti, o : W ×ActΣ→W is the outcome function, and

V ⊆W ×AP is the valuation relation. Given a w ∈W+, we put

Rinf
M (w)=̂{v ∈W ω : v0 . . .v|w|−1 = w,(∀k < ω)(∃a ∈ ActΣ)(vk+1 = o(vk,a))}.

for the set of all the infinite plays in M which are continuations of w. The set Rfin
M (w)⊆W+ of the finite

continuations of w is defined similarly.
Given a p ∈ AP and an X ⊆W , MX

p denotes the CGM 〈W,wI,〈Acti : i ∈ Σ〉,o,V X
p 〉 where V X

p (w, p)↔
w ∈ X and V X

q (w,q)↔V (w,q) for q ∈ AP\{p}.
In the sequel we tacitly assume an arbitrary fixed finite CGM M with its components named as above.

Strategies A (total deterministic) strategy for player i ∈ Σ is a function of type W+→ Acti. A strategy
profile for Γ ⊆ Σ is a tuple of strategies s = 〈si : i ∈ Γ〉, one for every member i of Γ. We denote the set
of all strategy profiles for Γ by SΓ. Strategies as above apply to permanent coalitions.

Alternating-time Temporal Logic (ATL, [AHK97, AHK02]) This is now a group of logics with the
common defining feature being the game-theoretic modalities 〈〈Γ〉〉 where Γ⊆ Σ. ATL∗ syntax includes
state formulas ϕ and path formulas ψ . Path formulas are PLTL (LTL with past) formulas with ATL∗

state formulas allowed to appear along with the atomic propositions. We use ATL∗ with linear past. A
recent study on ATLs with linear past, with comprehensive references on the overall topic can be found
in [BMS20]. The syntax of ATL∗ with past can be defined by the BNFs:

ϕ ::=⊥ | p | ϕ ⇒ ϕ | 〈〈Γ〉〉ψ ψ ::= ϕ | ψ ⇒ ψ | ©ψ | (ψUψ) | 	ψ | (ψSψ)

As it becomes clear below, the past operators facilitate reference to the players’ objectives as formulated
wrt the beginning of a play. ATL∗ semantics on CGMs comes in several variants; we choose the one in
which a CGM M and a finite play w ∈ Rfin

M (wI) need to be specified to define |= on state formulas, and
an infinite play, and a position k < ω in it are needed for path formulas. Given a Γ ⊆ Σ, a w ∈ Rfin

M (wI)
and an s ∈ SΓ, the set of the infinite continuations of w in which the players from Γ act according to s is:

out(w,s)=̂{v ∈ Rinf
M (w) : (∀k ≥ |w|)(∃b ∈ ActΣ\doms)(vk = o(vk−1,s(v0 . . .vk−1)∪b))}.

The definining clauses for |= are as follows:

M,w |= p iff V (w|w|−1, p) for p ∈ AP
M,w |= 〈〈Γ〉〉ϕ iff there exists an s ∈ SΓ s. t. M,v, |w|−1 |= ϕ for all v ∈ out(w,s)
M,w,k |=©ϕ iff M,w,k+1 |= ϕ

M,w,k |=	ϕ iff k > 0 and M,w,k−1 |= ϕ

M,w,k |= (ϕUψ) iff for some n < ω, M,w,k+n |= ψ and M,w,k+m |= ϕ for all m < n.
M,w,k |= (ϕSψ) iff for some n≤ k, M,w,k−n |= ψ and M,w,k−m |= ϕ for all m < n.

The clauses about⊥,> and⇒ are as usual; ∨, ∧ and⇔ and the derived PLTL operators 3, 2,�, 3−, etc.
are defined as usual too. The beginning of time is indicated by I=̂¬	>. The dual ¬〈〈Γ〉〉¬ of 〈〈Γ〉〉 is
written [[Γ]]. ATL’s 〈〈 /0〉〉 and [[ /0]] are equivalent to CTL’s ∀ and ∃, respectively, the genetic link between
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ATL and CTL. In the sequel, for the sake of brevity, we write ∀ and ∃ for 〈〈 /0〉〉 and [[ /0]], respectively. For
Γ⊆ Σ, −Γ=̂Σ\Γ.

For future state formulas ϕ , we put [[ϕ]]M =̂{v|v|−1 : M,v |= ϕ}. For future state ϕ , M,v |= ϕ does not
impose conditions on v0 . . .v|v|−2. Therefore M,v |= ϕ is equivalent to v|v|−1 ∈ [[ϕ]]M for such formulas.

We write Var(ϕ) and Subf(ϕ) for the set of the atomic propositions which occur in formula ϕ and
the set of ϕ’s subformulas, including ϕ itself, respectively.

Unwinding CGMs Given a CGM M as above, the unwinding MT =̂〈W T ,wT
I ,〈Acti : i ∈ Σ〉,oT ,V T 〉 of

M is defined as follows:

W T =̂ W (ActΣ W )∗ oT (w0a1 · · ·anwn,b) =̂ w0a1 · · ·anwnbo(wn,b)
wT

I =̂ wI V T (w0a1 · · ·anwn, p) =̂ V (wn, p)

MT and M are bisimilar and Rinf
M (wI) and Rinf

MT (wT
I ) are isomorphic. Importantly, oT is invertible.

QCTL∗ The use of ∃ and ∀ as abbreviations for ATL’s [[ /0]] and 〈〈 /0〉〉, respectively, gives rise to a
sublanguage of ATL∗ (with past) which coincides with the language of CTL∗, for the same vocabulary.
The interpretation of ∃ and ∀which is entailed by their use as abbreviations in CGMs M is consistent with
the same mode of referencing the past in the CTL∗ definitions of their structure semantics wrt models
〈W,wI,R,V 〉 where W , wI , and V are as in the CGM M, and the transition relation R is defined using the
CGM’s outcome function o by the equivalence R(w,v)↔ (∃a ∈ ActΣ)(v = o(w,a)).

Along with its structure semantics, QCTL∗ admits also a tree semantics, which can be spelled out
using the same defining clauses, except that MT , the unwinding of the given model M, appears on the
LHS of |=. The tree semantics differs from the structure one only wrt propositional quantification. In the
structure semantics,

M,w |= ∃pϕ iff there exists an X ⊆W s. t. MX
p |= ϕ.

With the values of quantified variables being varied on the states of the original 〈W,wI,R,V 〉, the recur-
rence of states along paths entails corresponding repeats of the variables’ values. Unwindings display
no such dependency as repeated occurrences of the original model’s states along paths are replaced by
distinct states, and the condition X ⊆W becomes replaced by X ⊆W T . In this work we refer mostly to
unwindings, which can be regarded as using the tree semantics of arbitrary CGMs too. Model-checking
and validity in QCTL∗ are decidable on the class of tree-based Kripke models [Fre01, Fre06] such as
what underly unwindings MT .

2 Strategy Profiles with Temporary Coalitioning and a Vocabulary for
Temporary Coalitions

In this section we introduce our propositional vocabulary for making statements about strategic ability
with the co-existence of temporary coalitions taken in account. In doing so, we build on a technique
which enables the use of propositional variables for the naming of sets of transitions in modal languages.
In QCTL∗, along with the naming of strategies, this technique enables the expression of quantification
over strategies on CGMs. In our approach, dedicated collections of propositional variables specify both
sets of decisions in the established way and the coalition structure in place upon every transition. We
upgrade the underlying semantic notion of strategy profile to incorporate coalition structure first. Let
part(Γ) stand for the set of the exhaustive partitions of Γ into disjoint nonempty subsets.
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Definition 1 Assuming a CGM M as usual, and a strategy profile with temporary coalitions (SPTC) is a
function of type W+→ ActΣ×part(Σ).

Informally, given a finite play, a SPTC specifies both a decision on how to continue the play and a
partitioning of Σ into coalitions, the competing collective authors of that decision. Now let us explain
how our vocabulary for SPTC builds on the conventions for naming decisions in a propositional temporal
language.

Naming decisions and strategies by propositions in QCTL∗ works as follows. In an arbitrary CGM
M with its components named as above, propositions p define the sets of states [[p]] =̂{w ∈W : V (w, p)}.
In the unwinding MT of a CGM M, the invertibility of oT entails that any subset S of W T ×ActΣ can
be recovered from the corresponding {o(w,a) : 〈w,a〉 ∈ S}, which is a set of states, and therefore can
be denoted by a proposition. Finite plays can be determined from their last states in MT , which renders
memorylessness of strategies vacuous. Hence any strategy can be determined unambiguously from the
set of the target states of the transitions it generates. A proposition which is true in states that are
reachable by transitions that are consistent with the strategy and false elsewhere can serve to name the
strategy. Hence ∃s(δΓ(s)∧∀©(s⇒ ϕ)), a QCTL∗ formula, in which δΓ(s) presumedly restricts s to
range over those S⊆W T ×ActΣ which fit the description of strategies for Γ, expresses that Γ can enforce
ϕ by implementing s for one step.

This observation combines beneficially with the facts that QCTL∗ is decidable on tree-based Kripke
models (aka execution trees) which are the unwindings of finite Kripke models [?], and, unsurprisingly,
finite CGMs reduce to finite Kripke models, if the transition relation is defined by putting R(w,v)↔
(∃a ∈ ActΣ)(v = o(w,a)), as mentioned in the Preliminaries section.

Specifying evolving coalition structure We specify evolving coalition structure by enhancing the above
use of propositions. The propositional variables which we introduce serve to both name decisions and
specify the coalition structure in place upon carrying out the decisions. Specifying a SPTC s takes a
collection s=̂〈sΓ : Γ⊆ Σ〉 of variables. The extension (MT )

〈XΓ(s):Γ⊆Σ〉
〈sΓ:Γ⊆Σ〉 of MT in which the variables from

s specify s is defined by putting

XΓ(s)=̂{oT (w|w|−1,a|Γ∪b) : w ∈ Rfin
MT (wT

I ),〈a,C〉= s(w),Γ ∈C,b ∈ Act−Γ}. (1)

This means that (MT )
〈XΓ(s):Γ⊆Σ〉
〈sΓ:Γ⊆Σ〉 ,v |= sΓ indicates that v|v|−1 can be reached from v|v|−2 by Γ’s part

of the c-decision for v0 · · ·v|v|−2, with the express condition that Γ’s part of this decision is a decision of
Γ as a coalition, and not a coincidental collection of unrelated decisions by the players from Γ.

By this convention we can write, e.g., ∃z(δΓ(z)∧∀©(z∧ s−Γ⇒ ϕ)) to express that the members of
Γ can enforce ϕ provided that the rest of the players make a s−Γ-move as a coalition. This condition
on −Γ’s concurrent move may be of some consequence, if, e.g., the SPTC denoted by s meets the
requirements a solution concept may be imposing, including requirements on the viability of coalitions.
Then the −Γ decisions which lead to s−Γ-states would range over those single step coalition agendas
which, according to the adopted solution concept, appear to be sufficiently attractive to unite −Γ.

In the rest of the paper X(s) abbreviates 〈XΓ(s) : Γ⊆ Σ〉; hence (MT )
X(s)
s stands for (MT )

〈XΓ(s):Γ⊆Σ〉
〈sΓ:Γ⊆Σ〉 .

As it becomes clear below, expressing comparisons between alternative SPTC may take CTL∗ formulas
which refer to more than one such system of variables of the form 〈sΓ : Γ⊆ Σ〉.

The apparent lack of semantics for coalition structure Note that, unlike decisions and strategies,
coalition structure cannot be observed by examining the (global) transitions themselves in CGMs. There-
fore it is crucial to notice that the intended meaning of these dedicated variables is achieved only in
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extensions of MT by dedicated valuations for these variables, or by their bound occurrences, with the
quantification also indicating that the coalitioning in question is hypothetical. This convention leads to
averting the perceived necessity to upgrade CGMs for registering coalition structure by anything more
than the valuation for the dedicated propositional variables introduced above.

Constraining the vocabulary to express well-formed coalition structure For a system s=̂〈sΓ : Γ⊆ Σ〉
of variables to really specify how Σ is partitioned into disjoint coalitions, s must assign every player to a
unique coalition, with the decisions of unallied players i being denoted by the respective s{i}. Along with
expressing that the reference state is the target of a transition in which all the decisions were s-decisions,
the formulas s̃Γ below express that each of the players from Γ belongs to a unique coalition within Γ and,
furthermore, no coalitions include players from both inside and outside Γ. The following equivalence
defines s̃Γ, Γ⊆ Σ, recursively:

s̃Γ⇔
∧

Γ′⊆Σ,Γ′∩Γ 6= /0,Γ′\Γ 6= /0

¬sΓ′ ∧
(

sΓ∧
∧

/0(∆(Γ

¬s∆∨
∨

/0(∆(Γ

(̃s∆∧ s̃Γ\∆)

)
. (2)

Since −Σ = /0, s̃Σ only states that s is assigning every player to a unique coalition.1 Next we spell out
some more restrictions on s which further entail that a state which satisfies s̃Σ ought to be the target state
of a unique global decision, with this coalition structure in place. Namely, we restrict sΓ to evaluate to
the set of the target states of transitions with some specific a ∈ ActΓ as Γ’s projection of the involved
global decision, in case Γ appears in the current coalition structure. This is achieved by including in AP
names for the sets {oT (w,a) : ai = a} all a ∈ Acti, i ∈ Σ. To enable this, assume that Acti, i ∈ Σ, are
pairwise disjoint subsets of AP, and V T is defined on them by the equivalences:

V T (wT
I ,a)↔⊥, V T (w0a1 · · ·an+1wn+1,a)↔ a = an+1

i for all a ∈ Acti, i ∈ Σ.

In arbitrary concurrent game structures, the target sets of distinct actions by the same player need not be
disjoint like in unwindings MT and recovering previous actions from their target states like above may
be impossible. However, given an arbitrary finite CGM M, an expansion M̄ of M can be defined, which
is still finite, has an outcome function which is invertible wrt decisions, and has unwinding M̄T which
is isomorphic to MT , the unwinding of the original M. M̄ =̂〈W̄ , w̄I,〈Acti : i ∈ Σ〉, ō,V̄ 〉 can be viewed
as extending M to store (only) the latest global decisions in their target states, as opposed to MT , which
stores whole histories:

W̄ =̂ W × (ActΣ∪{∗}) V̄ (〈w,a〉, p) =̂ V (w, p) for p ∈ AP\
⋃

i∈Σ

Acti

w̄I =̂ 〈wI,∗〉 V̄ (〈w,a〉,a) =̂ a = ai for a ∈ Acti, i ∈ Σ

ō(〈w,b〉,a) =̂ 〈o(w,a),a〉

That is why MT , with the valuations of the action-naming atomic propositions as defined, for finite M,
is still the unwinding of a finite CGM. We highlight this fact because it is relevant for the decidability of
satisfaction of formulas in it.

Given an a ∈ ActΓ for some Γ⊆ Σ, let â=̂
∧

i∈Γ

ai. Let

δ̃ (s)=̂∀2∃©s̃Σ∧
∧

Γ⊆Σ

∀2
(
∀©¬sΓ∨

∨
a∈ActΓ

∀©(sΓ⇔ â)
)

1We prefer the above recursive definition of s̃Γ to a ’flat’ encoding of the conditions on s as the recursive definition gives
easy access to a useful corollary of the property, namely that either the whole of Γ is a coalition, or some proper subset of its,
e.g. some subset of a ∆ from the RHS disjunct in the parentheses, is a coalition. Note that these conditions are not perfectly
’modular’, as s̃Γ rules out coalitions which only overlap with Γ and can extend among Σ\Γ as well.



D. P. Guelev 7

For any collection Y=̂〈YΓ : Γ⊆ Σ〉 of subsets of W T \{wT
I }, it can be shown that (MT )Y

s ,w
T
I |= δ̃ (s) iff

there exists a SPTC s for MT such that Y = X(s) where X(s) is as in (1).

Some basic expressions in SPTC vocabularies Given a SPTC s, (MT )
X(s)
s ,w,0 |= 2©s̃Σ means that

play w in MT is consistent with s. SPTC s enforces ϕ , if

(MT )
X(s)
s ,wT

I |= ∀
(
2©s̃Σ⇒ ϕ

)
. (3)

SPTC s enables i ∈ Σ to achieve ϕ , if

(MT )
X(s)
s ,wT

I |= ∀
(
2©

∨
i∈Γ⊆Σ

sΓ⇒ ϕ

)
. (4)

In words, if every step of a play is consistent with the agenda of the s-coalition where i belongs, then that
play is bound to satisfy ϕ , regardless of the agendas of the co-existing temporary coalitions. In plays
which satisfy 2©s̃Σ, i belongs to exactly one coalition at any time. Importantly, it is not guaranteed that
the hypothetical allies of i would be really interested in participating in the designated coalitions.

Strategy contexts with temporary coalitions Given our conventions about the use of systems s =
〈sΓ : Γ ⊆ Σ〉 of propositional variables for naming SPTC, we can define strategic ability of (permanent)
coalition Γ in the context of a ∆⊆ Σ\Γ, implementing (their part of) a SPTC denoted by s by putting

〈〈Γ〉〉s∆ϕ =̂〈〈Γ〉〉(2©s̃∆⇒ ϕ). (5)

As expected, we write the dual as [[Γ]]sϕ =̂¬〈〈Γ〉〉s¬ϕ . This can be regarded as a temporary coalition
upgrade of the semantics of strategy contexts from [WvdHW07, BLLM09, WHY11].

Related Work on the Specification of Strategies by Propositional Variables The technique we use
for the naming of decisions and strategies is a mixture of folklore an authored work. For instance,
the transformation of CGMs involved was key to establishing the equivalence between the [AHK97]
alternating transition systems based semantics of ATLs and the [AHK02] CGM-based one in [GJ04].
In automata theory, a similar transformation is known as the passage from automata with labels on the
transitions to automata with (those same) labels appearing on the respective transitions’ target states; the
latter are called state-based automata. A different technique of using propositions and quantification for
encoding strategies and expressing their existence was proposed in [Pin07]. In [Gue13], we used a similar
naming technique to show how validity in (a subset of epistemic) ATL reduces to validity in (epistemic)
CTL. In [GD12] we applied the technique to epistemic ATL with strategy contexts, to essentially identify
the contribution of individual coalition members and the contribution of the players from the strategy
context towards the considered objectives. Model checking complete information ATLsc was shown to
be reducible to validity in QCTL∗ by introducing atomic propositions to name states and decisions and
encoding the CGM’s outcome function as a formula in terms of these propositions in [LLM12].

3 Preference in Concurrent Game Models

We assume the preference relations <i of individual players i to be strict partial orders on infinite plays,
with unrelated plays being of the same value to the respective players. In much of the literature preference
is a pre-order; a comprehensive discussion on modeling preference can be found in [Han04].
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To facilitate algorithmic methods, we require the relations

v∼i w=̂(∀u ∈ Rinf
M (wI))((u <i v↔ u <i w)∧ (v <i u↔ v <i w))

of indiscernibility wrt <i, i ∈ Σ, to partition Rinf
M (wI) into finitely many LTL-definable classes.

We denote the sets of the formulas which define these indiscernibility classes by ΘI,i, i ∈ Σ, where
I stands for Initial like in wI . We require distinct θ ′,θ ′′ ∈ ΘI,i to define disjoint sets of plays: M,wI |=
∀¬(θ ′∧θ ′′). To incorporate the preference relations <i, we consider extended CGMs M of the form

〈W,wI,〈Acti : i ∈ Σ〉,o,〈<i: i ∈ Σ〉,V 〉 (6)

Given <i, we assume that the sets ΘI,i, become available automatically. Then tuples of the form

〈W,wI,〈Acti : i ∈ Σ〉,o,〈〈ΘI,i,<i〉 : i ∈ Σ〉,V 〉 (7)

with the partial orders <i now defined on the classes of plays specified by θ ∈ΘI,i can serve as extended
CGMs too. In the sequel we tacitly assume an arbitrary fixed extended CGM with the preferences of the
players in it represented either as in (6) or as in (7).

The restriction to LTL-definable properties is meant to provide a match with the expressive power
of the TL language. Requiring the classes to be just regular ω-languages is no less reasonable. This
more general setting has been investigated in [BBMU12]. That work also presents a compelling variety
of ways to combine primitive objectives into compound ones. Temporary coalitions are natural to occur
given the ordering of the objectives in the example below.

Example 2 1 is a sworn enemy of 2 but feels for its own life even more strongly. Then, if pi stands for i
perishes, 1’s preferences can be expressed as follows:

(3p1∧2¬p2)<1 (3p1∧3p2)<1 (2¬p1∧2¬p2)<1 (2¬p1∧3p2). (8)

With 3 sworn enemies we have: 3p1∧
3p2∧
2¬p3

<1

 2¬p1∧
2¬p2∧
2¬p3

<1

 2¬p1∧
3p2∧
2¬p3

 3p1∧
2¬p2∧
2¬p3

 <1 <
1

<1

 2¬p1∧
3p2∧
3p3

 3p1∧
2¬p2∧
3p3

<1

 3p1∧
3p2∧
3p3

<1

 2¬p1∧
2¬p2∧
3p3


(9)

Now, e.g., 1 and 2 may conspire to eliminate 3, but their relations are bound to sour afterwards.

For non-singleton coalitions Γ, we write ΘI,Γ =̂

{ ∧
i∈Γ

θi : θi ∈ ΘI,i, i ∈ Γ

}
. We refer to the formulas

from ΘI,Γ as Γ’s objectives.
In the temporal language, we introduce the binary operators <i and 6≮ i, i ∈ Σ, as follows:

M,v |= ϕ1 <i ϕ2 iff w1 <i w2 for all wk ∈ Rinf
M (v) s. t. M,wk, |v| |= ϕk, k = 1,2.

M,v |= ϕ1 6≮ iϕ2 iff w1 6<i w2 for all wk ∈ Rinf
M (v) s. t. M,wk, |v| |= ϕk, k = 1,2.
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For the sake of simplicity, we allow only PLTL formulas to be operands of <i and 6≮ i, with no embedded
branching time constructs.

In words, M,v |= ϕ1 <i ϕ2 means that i prefers ϕ2 plays to ϕ1 ones. Unlike ¬(ϕ1 <i ϕ2), ϕ1 6≮ iϕ2
holds only if no ϕ1 play is preferable to a ϕ2 one. We abbreviate

∧
i∈Γ

ϕ <i ψ and
∧

i∈Γ

ϕ 6≮ iψ by ϕ <Γ ψ

and ϕ 6≮Γψ , respectively.
According to [vBvOR05], the non-temporal archetype of <i can be traced back to [vW63]. It is just

one of 8 preference operators featured in [vBvOR05], the one about the case in which all the ϕ1-plays
and all the ϕ2-plays are related by the strict ordering <i on individual plays. The remaining 7 operators
are defined by changing all to some, and changing <i to the non-strict .i. Similar operators have been
investigated in the setting of discrete contact spaces and relational syllogistic in [BTV07, IV12]. In
[Lor10], the state space consists of the global strategy profiles. The graded preference relations&k

i , k≤ n,
relate the reference profile to the profiles which are of quality k or higher to player i, k ∈ {0, . . . ,n}, and
are used to define unary modalities in the standard way. The binary operator .i is defined by the clause

ϕ .i ψ =̂
∧
k≤n

〈&k
i 〉ϕ ⇒ 〈&k

i 〉ψ.

4 Encoding Solution Concepts in ATL∗

To conveniently refer to objectives as they stand at the beginning of time I=̂¬	>, we write

[θ ] =̂3−(I⇒ θ) .

In this section we use the notation for temporary coalitions to express some solution concepts in QCTL∗

with the preference operator <i.

The Core According to [CEW12], the core of a game is a set of decisions which is preferable to all
coalitions. Let θ∗ define the plays which can be the outcome of carrying out a core SPTC. Then,
assuming that θ∗ is achieved by SPTC r, we must have, for any alternative SPTC s,

(MT )
X(r),X(s)
r, s ,wT

I |= ∀(2©r̃Σ⇒ θ∗)∧
∧

θ◦∈ΘI,Σ

∀(2©s̃Σ⇒ θ◦)⇒
∧
i∈Σ

[θ◦∧¬θ∗]<i [θ∗]

Domination with Temporary Coalitions With no assumptions on coalitioning, a strategy s ∈ S{i} is
dominant, if it brings achievements which, in the view of player i, are better than those guaranteed by any
other strategy, regardless of what the other players do. One simple way to generalize this to temporary
coalitions is to require the outcome to be better for the coalition members, regardless of what the non-
members of the coalitions entered by i in the various parts of plays do. To express that a certain SPTC
r is dominant for i, we need to state that any strategy profile s is either the same as r to i, (assuming the
resilience of the coalitions in which i participates, or performs worse than r for i:

(MT )
X(r),X(s)
r, s ,wT

I |=


∀2

∧
i∈Γ⊆Σ

(sΓ⇔ rΓ)∨

∧
θ ′∈ΘI,i

 ∀
(
2©

∨
i∈Γ⊆Σ

sΓ⇒ [θ ′]

)
⇒

∨
θ ′′∈ΘI,i

[θ ′]<i [θ
′′]∧∀

(
2©

∨
i∈Γ⊆Σ

rΓ⇒ [θ ′′]

)
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Note that, since the variables from s denote a SPTC, the variables sΓ from 2©
∨

i∈Γ⊆Σ

sΓ can each be true

for at most one Γ at any state. The same holds about rΓ. Importantly, the above formula does not state
that the players who are joining i for the various steps of plays according to r are interested in doing so.

For an r to be dominant for all i ∈ Σ, an arbitrary profile s should either coincide with r, or perform
worse than r for all i ∈ Σ, i.e., in formulas, (MT )

X(r),X(s)
r, s ,wT

I |= D(s,r) where

D(s,r)=̂



∀2
∧

Γ⊆Σ

sΓ⇔ rΓ∨

∧
θ ′∈∏

i∈Σ

ΘI,i


∧

i∈Σ

∀
(
2©

∨
i∈Γ⊆Σ

sΓ⇒ [θ ′i ]

)
⇒

∨
θ ′′∈∏

i∈Σ

ΘI,i

( ∧
i∈Σ

[θ ′i ]<i [θ
′′
i ]∧

∧
i∈Σ

∀
(
2©

∨
i∈Γ⊆Σ

rΓ⇒ [θ ′′i ]

))



Let {Γ0, . . . ,Γ2|Σ|−1}=̂P(Σ). Then the existence of a dominant profile can be expressed in QCTL∗ with
<i by the condition

MT ,wT
I |= ∃rΓ0 . . .∃rΓ

2|Σ|−1 (δ̃ (r)∧∀sΓ0 . . .∀sΓ
2|Σ|−1 (δ̃ (s)⇒ D(s,r))).

5 Axioms for <i and 6≮ i

The axioms in this section are valid without the assumption on <i to be partitioning Rinf
M (wI) into finitely

many LTL-definable indiscernibility classes. P1 expresses extensionality and is the form of K that applies
to binary modalities. The axioms P2 state that <Γ and 6≮Γ are closed under disjunctions on both sides.
P3 and P4 state that <i is irreflexive and transitive, respectively. The axioms P5 state that <Γ and 6≮Γ

trivially hold, if one of the operands is ⊥. P6 states that players stick to their preferences. Below σ

stands for < or 6≮ .

ϕ1σΓψ1∧∀©(ϕ2⇒ ϕ1)∧∀©(ψ2⇒ ψ1)⇒ ϕ2σΓψ2 (P1)

ϕ1σΓψ ∧ϕ2σΓψ ⇔ (ϕ1∨ϕ2)σΓψ, ϕσΓψ1∧ϕσΓψ2⇔ ϕσΓ(ψ1∨ψ2) (P2)

ϕ <Γ ψ ⇒∀©¬(ϕ ∧ψ) ϕ <Γ ψ ⇒ ψ 6≮Γϕ ϕ 6≮Γψ ⇒¬(ϕ <Γ ψ) (P3)

ϕ <Γ ψ ∧ψ <Γ χ ∧∃©ψ ⇒ ϕ <Γ χ (P4)

⊥σΓϕ, ϕσΓ⊥ (P5)

[ϕ]σΓ[ψ]⇔∀2([ϕ]σΓ[ψ]) (P6)

According to [vBvOR05], P2 and a variant of P4 without the conjunctive member ∃©ψ can be traced
back to [vW63]. Interestingly, that variant of P4 is unsound in our semantics: From ϕ1 <Γ ⊥ and
⊥<Γ ϕ2, P4 with the ∃©⊥ (which is false) deleted entails ϕ1 <Γ ϕ2.

The meaning of [θ ] after finite plays which render θ either ultimately failed (MT ,w |= ∀¬[θ ]) or
achieved (MT ,w |= ∀[θ ]) reflects removing from sight objectives that are no longer relevant. The example
below illustrates this.

Example 3 Consider the 3-player setting from Example 2 with the ordering of 1’s objectives given in
(9). Suppose that p3 occurs. Then the objectives from (9) which include 2¬p3 become forfeited. The
others simplify to objectives which no longer mention p3 and are ordered as in (8). Formally, P1 entails
that, e.g., [3p1∧2¬p2∧3p3]<1 [3p1∧3p2∧3p3] is equivalent to

((3−p3∨�¬p3∧3p3)∧ [3p1∧2¬p2])<i ((3−p3∨�¬p3∧3p3)∧ [3p1∧3p2]).
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Now a somewhat longer deduction entails the validity of

p3⇒ ([3p1∧2¬p2∧3p3]<1 [3p1∧3p2∧3p3]⇔ [3p1∧2¬p2]<1 [3p1∧3p2]).

Similarly, once p2 occurs too, (8) simplifies to just [3p1] <1 [2¬p1] because then the continuations of
the play do not satisfy [3p1∧2¬p2] and [2¬p1∧2¬p2], and 3p2 from [3p1∧3p2] and [2¬p1∧3p2]
simplifies to >. If 2(3−p2∧3−p3⇒ p1∨2¬p1), nothing can kill 1 but 2 or 3, definitely a solid reason
for 1 to hate 2 and 3, is valid in the model, then 1 can relax after p2 and p3 occur.

6 Reasoning with Finitely Many Given Objectives

As stated in Section 3, we assume <i to be partitioning plays into finitely many classes of pairwise
indiscernible plays, and we assume these classes to be definable by some given finite set of formulas ΘI,i

for every i ∈ Σ. Consider the axioms

∃©(ϕ ∧ [θ ])⇒ (ϕσΓψ ⇔ (ϕ ∨ [θ ])σΓψ), ∃©(ψ ∧ [θ ])⇒ (ϕσΓψ ⇔ ϕσΓ(ψ ∨ [θ ])) (O1)∨
θ∈ΘI,Γ

[θ ],
∧

θ1,θ2∈ΘI,Γ

∀2([θ1]⇔ [θ2])∨∀2¬([θ1]∧ [θ2]) (O2)

[θ1]<Γ [θ2], resp. [θ1] 6≮Γ[θ2], for θ1,θ2 such that θ1 <Γ θ2, resp. θ1 6<Γ θ2, is given. (O3)

for θ ,θ1,θ2 ∈ΘI,Γ, Γ⊆ Σ, σ ∈ {<, 6≮}.
The axioms from Section 5 and this section are complete for <i and 6≮ i in CTL∗ with <i and 6≮ i,

i ∈ Σ, relative to validity in (just) CTL∗. The full deductive power of the axioms about <i and 6≮ i from
Section 5 is not really necessary for the case of finitely many given objectives. The completeness proof
is based on the possibility to eliminate the occurrences of <i, 6≮ i and this way show that formulas with
<i have <i- and 6≮ i-free equivalents. Hence the small model property is inherited from CTL∗ without
<i and 6≮ i.

Lemma 4 Let ϕ1 and ϕ2 be PLTL formulas, and let Γ⊆ Σ. Then the formulas below, σ ∈ {<, 6≮}, are
derivable in CTL∗ by the axioms from Section 5 and this section:

ϕ1σΓϕ2⇔
∨

Θ1,Θ2⊆ΘI,Γ

∧
k=1,2

( ∧
θk∈Θk

∃©([θk]∧ϕk)∧
∧

θk∈ΘI,Γ\Θk

∀¬©([θk]∧ϕk)

)
∧

∧
θ1∈Θ1,θ2∈Θ2

[θ1]σΓ[θ2] (Eσ )

The theorem below follows from the possibility to eliminate arbitrary uses of <i and 6≮ i by means
of Eσ and resolve uses with the operands being designated objectives using O3.

Theorem 5 (relative completeness) Every formula in CTL∗ with <i and 6≮ i has a <i- and 6≮ i-free
equivalent in CTL∗. The equivalence is derivable by the axioms and rules from Section 5 and this
section.

7 Reasoning with No Model-supplied System of Objectives

This section is about the relative completeness of the axioms about <i from Section 5, with no assump-
tions on the properties of indiscernibility wrt <i in the considered models. The result shows that the
satisfiability of any given a formula ϕ in CTL∗ in extended CGMs with the indiscernibility induced by
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<i not necessarily having finite index, is equivalent to the satisfiability of ϕ in an extended CGM with a
finite system of objectives which can be determined from ϕ . These objectives are boolean combinations
of the operands of the occurrences of <i in ϕ .

We exclude the axioms from Section 6. Instead we add two axioms about the interaction of <i and
6≮ i with the separated normal form [Gab87] of PLTL formulas and the guarded normal form in (future)

LTL. Let σ ∈ {<, 6≮}. Let {g0, . . . ,g2|AP|−1} be the set of all the conjunctions of the form
∧

p∈AP
εp p where

εp is either ¬ or nothing for each p ∈ AP. Then(∧
k′
	π
′
k′ ⇒ ϕ

′
k′

)
σΓ

(∧
k′′
	π
′′
k′′ ⇒ ϕ

′′
k′′

)
⇔

∧
k′,k′′

(π ′k′ ∧π
′′
k′′ ⇒ ϕ

′
k′σΓϕ

′′
k′′) (P7)( ∨

k<2|AP|

gk∧©ϕ
t
k

)
σΓ

( ∨
k<2|AP|

gk∧©ψ
t
k

)
⇔∀©

( ∨
k<2|AP|

gk∧ϕ
t
kσΓψ

t
k

)
(P8)

Formulas ϕ which are consistent with P1,. . . ,P8, are satisfiable in a model where the preference relations
partition the set of the infinite plays into finitely many classes of pairwise indiscernible plays. This means
that our relative completeness result applies to the class of models of the form (7) with finite systems
of objectives too. Note that propositional quantification and 6≮ i are not included in the completeness
result below. Proving the exact form of the completeness result involves a finite set of instances of the
axioms P1,. . . ,P8, which depends on the formula ϕ whose satisfiability is considered. We denote their
conjunction by Axϕ .

Theorem 6 (relative completeness) Let Axϕ ∧ϕ not be the negation of a formula that is valid in CTL∗,
assuming that the <i-subformulas in Axϕ ∧ϕ are treated as atomic propositions. Then ϕ is satisfiable in
an extended CGM of the form (6).

Theorem 7 (finite systems of objectives) Assume that ϕ is as in Theorem 6. Then ϕ is satisfiable in an
extended CGM of the form (7).

Concluding Remarks

We have proposed a way to use temporal logic for strategic reasoning about temporary coalitions, which
are outside the immediate scope of the basic constructs of established logics for strategic reasoning such
as ATL and SL as both ATL’s 〈〈.〉〉 and SL’s first order language for strategies as the domain of indi-
viduals are meant to model long term individual player strategies. The proposed notation builds on the
use of propositional variables to denote decisions and, more generally, strategies, and quantifying over
strategies, in QCTL∗. We extended the notation to capture evolving coalition structure too. Furthermore,
we have extended CTL∗ with a preference operator on objectives and proposed a complete set of axioms
for that operator. We have illustrated the use of the notation by specifying temporary coalition variants
of the solution concepts of the core and dominant strategies.
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