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Introduction

ah(u, v) =
∑

e∈Ωh

∫

e
a(e)

2
∑

i=1

uxivxide

Ωh = ω1 × ω2, Ω ⊂ R2

ψe : ê → e, ê = [−1,1]2

{φi}4i=1 = {φ̂i ◦ ψ−1
e }4i=1,

φ̂i ∈ span{1, ξj, ξ
2
j − ξ2j+1, j = 1,2}

φ̂i(b
j
Γ) = δij,

{φ̂i}4i=1 =
{(

1 ± 2ξj + ξ2j − ξ2j+1

)

/4, j = 1,2
}

.



MIC(0) preconditioning

Theorem 1 Let A = (aij) be a symmetric real

N × N matrix and let A = D − L − Lt be the

splitting of A. Let us assume that

L ≥ 0
Ae ≥ 0

Ae + Lte > 0 e = (1, · · · ,1)t ∈ RN ,

i.e. that A is a weakly diagonally dominant

matrix with nonpositive offdiagonal entries and

that A+Lt = D −L is strictly diagonally dom-

inant.

Then the relation

xi = aii −
i−1
∑

k=1

aik

xk

N
∑

j=k+1

akj > 0

and the diagonal matrix X = diag(x1, · · · , xN)

defines stable MIC(0) factorization of A,

MIC(0)(A) = (X − L)X−1(X − L)t



M-matrices

Mn =







A ∈ R
n×n : aii > 0, aij ≤ 0, i 6= j,

n
∑

j=1

aij ≥ 0









hx < hy

p =
hy

hx
, 0 < p < 1

Ae = 1
3p













1 + 4p2 −(1 + p2) −(1 + p2) −(2p2 − 1)

−(1 + p2) 4 + p2 −(2 − p2) −(1 + p2)

−(1 + p2) −(2 − p2) 4 + p2 −(1 + p2)

−(2p2 − 1) −(1 + p2) −(1 + p2) 1 + 4p2













p ∈ (0,
√

2/2), −(2p2 − 1) > 0



B1 = 1
3p













2 + 2p2 −(1 + p2) −(1 + p2) 0

−(1 + p2) 4 + p2 −(2 − p2) −(1 + p2)

−(1 + p2) −(2 − p2) 4 + p2 −(1 + p2)

0 −(1 + p2) −(1 + p2) 2 + 2p2













B2 =
1

3











5 −2 −2 −1
−2 5 −1 −2
−2 −1 5 −2
−1 −2 −2 5











A → B → C = MIC(0)(B)

Remark 1 The general conclusion is that the

proposed algorithm is suitable for problems with

moderate mesh anisotropy.



Optimizaton problem

For given SPD matrix K, find SPD M-matrix

B such that the condition number of the gen-

eralized eigenvalue problem

Ku = λBu

is small as possible.

U. Langer, S. Reitzinger, J. Schicho, Sym-

bolic Methods for the Element Preconditioning

Technique



B = 1
3p













2 + 2p2 −(1 + p2) −(1 + p2) 0

−(1 + p2) 4 + p2 −(2 − p2) −(1 + p2)

−(1 + p2) −(2 − p2) 4 + p2 −(1 + p2)

0 −(1 + p2) −(1 + p2) 2 + 2p2













κ =
1 + p2

3p2



Numerical tests

Ω = [0,1]2

−∆u = 0, in Ω

u = 0, on ∂Ω

PCG iterations

n \ k 0 1 2 3 4

3 4 8 12 26 44
7 7 11 20 40 78
15 11 18 37 75 148
31 28 28 70 149 302

Where, hx and hy, are mesh parametars and

hx = 1/n, hy = hx2k



Conclusions

3D → non-conforming rotated trilinear elements

Construction of efficient preconditioners for ro-

tated (bi)trilinear nonconforming FEM elastic-

ity systems


