A posteriori error estimates for some finite volume methods

Serge NICAISE snicaise@univ-valenciennes.fr Karim DJADEL kdjadel@univ-valenciennes.fr

Laboratoire MACS Universite de Valenciennes et du Hainaut Cambresis

Transparents realises avec Prosper/LATEX – p. 1/37

Plan

• Introduction • The problem • The numerical scheme • The interpolant • The error estimator

• The lower bound • The upper bound • Some numerical tests • Conclusion and perspectives_{Laboratoire MACS – p. 2/37}

Introduction to Finite Volume methods

Green’s Formula: ∫ V div −→ T dV = ∫ ∂V −→ T .−→n_V ds V

−→n_V

Conservation of flux:

V_1 V_2 F

Laboratoire MACS – p. 3/37

Introduction to adaptive methods

The different steps:

1. Discretization (by a finite element method or a finite volume method) on a mesh τ ⇒ approximated solution u_h

2. Estimator η := {η_K }_{K∈τ} such that

η_K (u_h) ∼ ‖|u − u_h|‖_K

3. Subdivision of the elements K of τ where the estimator η_K is too large. Back to point 1.

Laboratoire MACS – p. 4/37

The problem

Let Ω be a bounded domain of R^2 with a polygonal boundary.

Let u be the solution of

−ε div( −→ ∇ u) + div( −→ b u) + c u = f dans Ω ,

u = 0 sur ∂Ω , (1)

where ε ∈ R^∗_+ and −→ b , c, f are regular.

div( −→ b ) 2 + c ⩾ 0 in Ω ⇒ ∃! u ∈ H^1(Ω) solution of ( 1)

Laboratoire MACS – p. 5/37

The numerical scheme

- τ : A mesh of Ω of size h > 0 - P := {x_K }_{K∈τ}

Figure 1: Example of a mesh τ

- {u_K }_{K∈τ} := unknowns (u_K approximated value of u at x_K )_{Laboratoire MACS – p. 6/37}

The numerical scheme

Integrate the equation (1) on K ∈ τ and use Green’s formula ⇓

−ε ∑ σ∈F K ∫ σ −→ ∇u.−→n_{K,σ} + ∑ σ∈F K ∫ σ −→ b .−→n_{K,σ} u+ ∫ K c u = ∫ K f , ∀ K ∈ τ ,

F_K : set of faces of K, K ∈ τ , −→n_{K,σ} : normal outward unit vector to K along σ , σ ∈ F_K , K ∈ τ._{Laboratoire MACS – p. 7/37}

The numerical scheme/ The diffusive term

∫ σ −→ ∇u.−→n_{K,σ}

≈ finite differences

|σ| u_L − u_K d(x_K , x_L)

orthogonality conditions ⇒ consistency of the approximation

K L

×

×

x_K x_L

x^′_K

× x^′_L

×

−→n_{K,σ} σ

Laboratoire MACS – p. 8/37

The numerical scheme/ The convective term

∫ σ −→ b .−→n_{K,σ} u

≈ upstream scheme

u_σ ∫ σ −→ b .−→n_{K,σ}

where u_σ := u_K if ∫ σ −→ b .−→n_{K,σ} ⩾ 0

u_L if ∫ σ −→ b .−→n_{K,σ} < 0

K L

×

×

x_K x_L

−→n_{K,σ} σ

Laboratoire MACS – p. 9/37

The numerical scheme/ The reaction term

∫ K c u

≈ quadrature rule

u_K ∫ K c K

Laboratoire MACS – p. 10/37

The numerical scheme