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Finite Volume Methods for Conservation
Laws
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Conservation Laws

m oy RY % [0,00) — R™ vector-valued solution to be conserved
m f, : R™ — R" denote the so-called flux functions

® + Initial conditions u(x,0) = ug(x)

® + Boundary conditions

Weak formulation:
d

%/Vu(:c,t)dx = —LVZfe(U(xat))W(x)dS

(=1

m V C R? test volume
® 7(z) outer normal unit vector
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Finite Volumes

m Decompose §2 into small simplices V; of size &

® Introduce cell averages

Aj(uw)(t) ==, (t) = ﬁ/ u(z,t)dr, 1<j<N.

J

B Rewrite weak formulation

d _ V)
a0 == |V| /avmavzf a5,

VeEN; i f=1

n) = outer normal vector to the boundary face 0V N aV; of V.
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Numerical Flux Function

m Numerical flux function H : R x R™ x R? — R"™

d
H(u,u;m) = > fo(u)ne.
/=1
® + Quadrature rule
leads to
d)\ B 1 = 7 V) ¢ Vt'(v) O(hme
% j(u)(t)——m Z Zwu (U(l'y( )7 )7“(371/( )7 )7776 )_I_ ( )’
VENj v=1

where m¢g denotes the order of the employed quadrature rule.
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Recovery irom Cell Averages

Problem: u(x,(V),t) is unknown.
Solution: Recover by a function s, with

Aj(sa)(t) = Aj(u)(t), 1<j<N,
fu=sulloo = O, h—o.
Leads to:
d 1 ”Q .
GO0 =51 3 3w Hsulm(V), ), su(w (V) i) +ORMN0 D)
VeN; v=1
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Error Estimates for Cell Average
Reconstruction
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Sobolev Norms

|U|€v§(9) — Z HD@UHZ’(Q)
|la|=k
HUszjvg(Q) - Z ||D0‘u||]£p(m
la| <k
B [ D*u(x) — D*u(y)[P
|U|Wk+S(Q) _ |Zk// |x_y||d+p8 d:l:dy
lillsee@y = Mulvg) + Tl
| M
2 _ aE:
lull?, vy = leu(wﬂ
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Reconstruction from Cell Averages

m Given u € W7 (Q) with A\;(u) =0,1 <5 < N.
Br>m+d/p,1<q<o0.
m Every ball B(z., h) contains one sub-domain V.

Then

ulwm () < chT—md/p=1/a)+ ulwr (),

In particular,

|u]lr ) < ChT_d/2|U|Wg(Q)~
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Idea of Proot

m Cover 2 by local, “nice” patches D = UV of size O(h)

® On each patch:
¢ | D%l|r (D) < ||Da(u—p)||Loo(’Dl +|Dp|l L (D), P € T(RY)

Ve

SChTlel=d/2 |ulyr (p)

D%p(x) = Zaj Zag — Aj(u)]

) Z“J |V|/ w

o [D°p(a)] < 3 las (@) [lp—ullrim)

j N
N—— - JSChT_d/2|U|W28(D)
Ch—lel

® Piece things together
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Def: P finite dimensional. Then, A = {\{,...,Ax} C P* is a norming set for P
if the mapping

T:P—RY,  p—(X)igi<n,
IS Injective.

Theorem: If A is a norming set for P and n € P* then there exists a vector
c= c(n) € RY such that

N

NP = ) AP,
j=1

el < AllPl 1T~
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Polynomials

® Here: P =m,(RY),  X;j(p) = 77 Jy, PW)dy, n(p) = Dp(x).
m Requires:

Ml @) < max = [T <1/

1<;<N |V|

2 NS
HDaanoow)é(rs%&m) bl = il < (73) -

m Result:
Theorem: If h < ¢/k* then there exists o (x) such that

=) af(@)A;(p), €D, pem(RY

with

Sl < (20" —ons
a” — —
fy rsin(6)



Optimal Recovery from Cell Averages
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Optimal Recovery

Goal: For u € WJ(Q) find s,, € W7 (2) such that
u )\J(u) = )\j(Su), 1 <5< N.
B lu— sullwy @) < lullwg @)

Possible approach: s, as solution of
ming||s|[wy @) : Aj(s) = Aj(u);
Solution is computable: Let ®(-, -) be the reproducing kernel of WJ (R™). Then,
N
su(r) =) a;N®(z,y),
j=1

where o € RY is determined by interpolation conditions
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Reproducing Kernels

mH=WJ(RY):

PD(w) ~ (1+[|w][3) 7T
Examples: Sobolev-splines, CS-RBF.

m H = BL,(RY):
¢(w) ~ [lwllz ™"

Examples: Thin-plate splines

In both cases: the reproducing kernels are radial.
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