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1 Introduction

In recent years there has been a great deal of attempts to find a proper multi-
variate paradigma to occupy the position of what has to be called multivariate
spline. The new progress in polyharmonic splines and radial basis functions
shows that the search has not finished yet.

The present paper works with the notion of polyspline introduced and stud-
ied in [3,4,5,6]. The polysplines of order 2¢ are constructed by pieces of poly-
harmonic functions of order 2¢, which join up to some order. The very essence
of polysplines is that the data are assumed to be given on hypersurfaces lying
in a domain D in R".

We suppose that D = Ujvzl D; , where the domains D; C D, D;(\ Dy =0
for j # k. We assume that S = Ujvzl 0D; is a union of smooth manifolds of
dimension n — 1, which do not intersect. The data f(x) are supposed to be
given on the set S.

There are two simplest nontrivial examples: The first is when D is a strip
in R? and D, are strips parallel to it. The second is when D is a circle in R?
and D; are annuli concentric with it.

The main purpose of the present paper is to study polysplines defined in the
case when D; are parallel strips in R2, and more generally, parallel layers in R”,
and to show the analogy to many properties of the univariate splines.

In section 5 we prove existence of polysplines when D; are parallel layers,
thus making the present paper completely independent of [3,4,5]. We also prove
that the approximating power of the polysplines (when the width of the layers
goes to zero) is exactly 4q, i.e. completely similar to that of the univariate
splines. The proofs are based on the reduction of the polysplines to Tcheby-
cheffian splines in one dimension (cf. [11, Ch. 9]).



The main technical device is Lemma 3 in Section 4, which provides uniform
boundedness of a family of L-splines depending on a parameter.

Let us remark that the polysplines are genetically related to the theory of
polyharmonic splines [9,10] and radial basis functions, (cf. [2,8]), since in view of
the formula of Green [1, p. 10] they are ”integrals over surfaces” of fundamental
solutions to the polyharmonic equations up to order 2q. Due to this fact the
polysplines enjoy bigger smoothness compared to the radial basis functions.

2 Definition of Polysplines

Let ¢ > 1 be an integer.
In [3,4,5] for bounded domains D, the interpolation polyspline of order 2gq,
is defined as a solution to the following extremal problem:

/D{Aqu(x)}de — inf, (2.1)

where the infimum is taken over the family of functions u(x) such that

u(z) = f(x), z=€S, (2.2)
Afu(z) =0, z€dD, k=1,...,q—1, (2.3a)
(0/on)A*u(z) =0, z€dD, k=0,...,q—1. (2.3b)

In [3,4,5] the uniqueness and the existence is proved in the Sobolev spaces.

Let us put T;; = 9D, () 9D;. We shall denote by u;(z) the restriction of u to
the subdomain D;. There it is proved that in a bounded domain D the solution
u to problem (1.1-3) satisfies the following properties:

A%y;(z) =0, z€D;, j=12,...,N; (2.4)
Afu(z) =0, z€dD, k=1,...,q—1; (2.5a)
(@/on)A*u(z) =0, z€dD, k=0,...,q—1; (2.5b)
APu;(z) = APuj(z), = €Ty, (2.6)

fori,j=1,2,...,N,i# j,and p=0,1,...,2¢g — 1;

(0/0n;)APu;(z) = (0/0n;)APuj(x), =« € Ty, (2.7)

fori,j=1,2,...,N,i#j,and p=0,1,...,2¢ — 2.

Equalities (1.4-7) should be considered like equalities between boundary val-
ues of functions in a Sobolev space (traces) (cf. [7]).

The space of all such polysplines will be denoted by PS»,(D) or, simply, by
PS.

It is not difficult to modify the techniques of [5] based on apriori estimates
for elliptic boundary value problems (cf. [7]) and to prove the equivalence of



(2.1-3) and (2.4-7)&(2.2) when the domain D is unbounded, and the data f
decay at infinity, e.g. f € Lo.

In the next section we consider the particular case when D; are parallel
layers, i.e. when S is a union of parallel hyperplanes and D itself is a layer
between two parallel hyperplanes. By a Fourier transform we reduce problem
(2.4-7)&(2.2) to Tchebycheffian splines [11].

3 Polysplines on Parallel Layers

We use the notation z = (t,y), t €R, y €R""1. Consider the numbers t; <

. < ty. Put D; = {& €R” : t; <t < tj41}, and consider the domain
D= U;\;l D;. We assume that the data f are a function f(t,y) given at least
fort=t;,j=1,...,N.

Proposition 1 Let u be a solution to problem (2.4-7)6(2.2) and u; € H*(D;).
Then it satisfies

(0% J0tP)u;(tjs1,y) = (OF Jot* ujpa (tjr,y),y € R, (3.1)

fork=0,1,...,4¢—2,j=1,...,N —2;

(0" /otF)u(tr,y) =0, yeR™Y, (3.2a)
(0% JotFyun_1(tn,y) =0, ye R (3.2b)
both for k=1,...,2¢ — 1, and
ui(ty,y) = f(t;,y), yeR"™H j=1,....N—1; (3.3a)
un-1(tn,y) = f(tv,y),y €R" 7. (3.3b)

Proof. We will show how (3.1) follows. For p = 0, from (2.6-7) we obtain

wj(tis1,y) = wjs(tjp1, ),y € R™H,
and
(0/0tyuj(tir1,y) = (/0)uja(tjs1,y), y RN
Consequently, for every multi-index « for which the derivatives exist, we have

Dguj(tiy1,y) = Dyujpr(tjpr,y), y e R, (3.4)

and
(5‘/8t)D5uj (tj+1,y) = (a/at)D;‘uj+1(tj+1,y), [ES Rnil.

For p =1 (2.6) gives
Ayuj(tivr,y) + (0% /) u(tiz1,y) = Ayujra(tjs1,y) + (0% /087 ujs1 (tj1,y)

for y eR™7L.



Since (3.4) implies Ayu;(tj11,y) = Ayujy1(tjr1,y), we obtain
(0208 )u;(tj11,y) = (0% /0% )ujsn(tjs1,y), y € R

Thus we have established (2.1) for £ = 0,1, 2. Further we proceed by induction
on p.
The rest of the equalities are proved in a similar way. m
Remark 1. Proposition 1 implies that on the hyperplanes t =t; where the
data are located the polyspline u has a smoothness bigger than that of the
corresponding fundamental solution of A%? | resp. the radial basis generated by
it (cf. [2,8,9,10]) . Outside these hyperplanes it is a real analytic function [1].
In particular, for ¢ = 1,u; satisfies A%u; = 0 in D;, and Dyu;(ty,y) exists if
Dy f(t,y) exists. Also, (8%/9t*)u(t,y) is continuous throughout the whole D.
For a C? smoothness only the mixed derivatives (9%/9t0yy)u;(t;,y) are missing.
We make the Fourier transform F,_.¢ on the y-variable which reduces the
above problem to a one-dimensional.

Proposition 2 For every £ ER"™! the function Fu(t,§) = Fy_¢[u(t,y)] is a
L-spline with knots t; and data Ff(t;,§) = Fy_¢[f(t;,y)], where the operator
L is given by Le = (9%/0t> — £2)%9 . Even more, Fu(t,€) is a Tchebycheffian
spline. (For the definition of Tchebycheffian and L-splines see [11, Ch. 9 and
10)).

Proof. The proof easily follows from Proposition 1. To all equalities (3.1-
3), we apply the Fourier transform Fj_.. and simply replace u;(t,y) through
Fu,;(t,€). In fact, property (3.1) implies that Fu;(t,&) € C’fq_2[t1,t1\;].

On the other hand, since the Fourier transform maps the Laplace operator
A, into 02/0t? — €2, it follows that A% is transformed into L¢. Thus the
equation A?%u; = 0 in D; is transformed into the ordinary differential equation
LeFuj(t,£) =0, t; <t < tj+1. The last, together with the C*?~2 -smoothness
means exactly that Fu(t,§) is a L¢-spline.

The equality

Leg(2)

(0/ot—| € [)*1(0/0t+ | & |)*
= e 2081t (529 9120) 218l (929 /9120 ) e 1N g (1)
follows from the easy-to-check one
(0/0t — \) = eM(9/0t)e Mg(t), NeR.

Consequently, for the Tchebycheffian spline properties [11, §9.1], we have the
functions w; given by wi(t) = el wouy1(t) = e 2l and w; = 1 for j =
2,...,2¢,2qg+2,...,4q. m

4 Some Estimates of L-splines
A very important problem is to study how the L-splines behave when the coef-

ficients of the operator L vary.
We prove the following fundamental:



Lemma 3 Let v(t,§) be a L¢-spline with data v(t;,&) =~j,j =1,...,N , and
boundary conditions (coming from (3.2)):

(0" /0t*)o(t1,€) = (8*/0t")o(ty,y) =0, EeR™,
k=1,...,2¢—1. Then

= t,6)|I<C =C i e R,
lvlc Jnax | v(t, &) IS C vl | nax vl €

where the constant C' depends on the knots t; but not on &.

Proof. We will use the explicit formula for v.

1. Let vy denote the restriction of v to the interval [tx,t¢x+1]. Then the
theory of ordinary differential equations provides that

vk(tvg) = Pk(t7£)€|§|t + Qk(ta g)e*|§|t, k= ]-, ce 7N - 13

where Py (t, &), Qr(t,£), are polynomials in ¢ of degree < 2¢ — 1.
Further we will be interested in the behavior of Py and @y for large values
of &, i.e. for | £ |> & for some & > 0.

2. Due to Proposition 2 we have the system, (A):

(&7 /01 ) (Pl + Que™ 1) — (87 /017 ) (Prar eV + Qpae™ V) = 0,

T lt=tgg

for j=0,...,4q — 2;

Pk‘+le|glt +Qk+1ei‘£‘t = Vk+15 k= 17"'7N_2a

_\t:tk+1

and the boundary conditions

(07/07)(Preltlt + Qe 1) = _ 0, j=1,...,2¢;
Plelglt + Qle_lglt Sy 15
(& /) (Py 16l + Qe = _ 0, j=1,...,2

Py_1elflt 4 Qy_je kIt = IN-

T lt=tyNn

3. The basic observation is that after putting P, = Ppellteer Qo =
Qpprelélter (in fact, by dividing the columns by the corresponding exp) the
above system has the following form, (Agy1):
e~ 1Elt1(97 1017 (Prelélt) 4+ Oy (e 61T
—el&t1 (97 10t (Qpyre 1) = 0,

T lt=tyn

for 7 =0,...,4q — 2;

02(6_‘§‘T)+Qk+1 = Yk+15 k= 1,...,N—2,

T lt=tpyq



and the boundary conditions, (Aq):

O3(e” 1T + elet (37 /ot7) (Que 1) =, _, 0, j=1,...,2¢

T lt=tg
O4(e Ty + @ =|mr, V1
and the system (Ay):
e 1SN (97 /ot ) (Py —1el11) + O5(e 81Ty =, 0, j=1,...,2¢;
Py_1+ Og(e™kIT) Zle=ty TN
where 7' = ming<j<n(t; — t;_1), and the functions O(.) satisfy O(e~l¢IT) <
Ce 81T with a constant C' > 0 independent of | £ |.

4. Since (0/0t — N\ g(t) = eM(0/0t) e~ g(t), A €ER, we see that the above
system with respect to the new unknowns P, Qk, has only polynomials of &
and t on the left-hand side, thus up to O(e~I¢/T) it is splitted into blocks.

We have that the determinant of the system (A) is

N
A = He\f\(ti—ti—l)A(g) — e|§|(tN—t1)A(€)
=2
= 0= [A4 () + () As(e)],

where A;(€) is the determinant obtained by cancelling the O(.) terms, and
Ay (€) is a bounded function of £.

We have A;(€) = Hff:l Ag(€), where Ay, is the determinant of the system
(Ag) with cancelled O(.) terms.

Due to the above we may put zero where O(.) terms occur in the systems
(Ag). This will perturb the unknowns Py, Qj, only up to order O(e~l¢IT).

5. It is clear that the determinant Ay is a polynomial of £&. We will prove
that Ax # 0. The last is equivalent to solubility of the corresponding block
system (Ay) for every ~g, or, equivalently, to prove that if v = 0 then the
system has only trivial solution.

6. Let Kk =2,...,N — 1. We will use an idea of spline theory. Let us put
g(t) = Prelélt for t < tpy1, and g(t) = Qryre I for t > t511. Then for every
function f € H?I(R) the following identity holds:

/R (0/01— | € )*g(t)(0/0t— | € )% f(t)dt

= {jump of (9/0t— | £ )*4(8/0t+ | €)* g(t) at t = tyr1}f(tet)
= {jump of (9/0t)* " g(t) at t = tx11}f (trs1)-
The proof follows after making 2q integrations by parts, on the intervals (—oo, tj11)

and (tx41,00), and uses the fact that (87/9t7)g(t) is continuous for j = 0, ..., 4q—
2.



7. We put f = g and obtain
/R (00— | € |)g(t)}2dt

= {jump of (3/9t)" 1" g(t) at t = ty11}g(tri1)-

Since g(tk+1) = Yk+1, from 1 = 0 it follows that

(@01 patoyae—o.
hence (9/0t— | £ [)?9g(t) = 0, t €R. For t > t;, 1 this implies

(0/0t— 1 € )*"[Qusa(t)e™ 1] = el1(8/01)*[Qrya (e~ = 0,

which is possible only if Qr41(t) = 0.

This gives

(a/at)J (Pk:<t)e|£|t) =|t=tr41 07 j = Oa ce 74q - 27

or, equivalently, (0/ot+ | £ |)ij(t)‘t=tk+1 = 0. By induction on j this implies
((9/875)JP;€(t)h:tk+1 =0,7=0,...,49 — 2, hence Py(t) = 0.

This proves that the system (Ag),k = 2,...,N — 1 is solvable, i.e. the
determinant Ay # 0.

It is simpler to prove that A; # 0, and Ay # 0.

Thus we obtain that Al(f) is a polynomial of | £ | which is not zero, and
hence A(€) # 0 for | £ |> &.

8. Now let a be a coefficient of Pg(t). Thanks to the theorem of Cramer in
linear algebra we have

a=A7A,/A

where A, is the matrix of the system (A), in which the column of a is replaced
by the right-hand side containing the data ~y;y;. Following the manipulations
of p. 3, we see that
a = (1/elS1) (A, /A),
where A, = Ay (&) + O(e EIT)A, . (€) and Ay 4(€) is a polynomial in | £ | of
degree < (1+24...+(4¢g—2))N = (2¢ — 1)(4g — 1)N.
In a similar way, for the coefficients b of Q41 we obtain the representation

b= el (A, /A).

9. Thanks to the above, we have the representation

2q—1
Pe(t) = Pro(t,&) = {vms1 + D (a1 — ) i (O)+ || v | O(e™KIT) e eltrsn,

i=1



where «;(€) has at most polynomial growth in | £ | of degree < (2¢—1)(4¢—1)N.
In order to prove that

| Pe(t, &)l [e< C |1~ |

it suffices to see that
TP e T < Cij
for 0 <7 <tpy1—tg, 0<| €< 00,and 1 <i<2g—1,0<j < (2¢g—1)(4g—1)N,
where we have put 7 =t — t.
Indeed, C;; = (i + j)! satisfies the above. Notice that it is very essential
that 7 > 1!

This establishes the estimate of || Py (t,£)elél* ||. In a similar way we estimate
| Qr(t,&)e™ €1 ||, and finally || vy, ||. =

5 Existence and Approximating Power of Polysplines

Let us denote by F~! = Fe_., the inverse Fourier transform.
Throughout the rest of the paper we assume that N > 2q.

Theorem 4 Let the data f(t;,y) € Lo [Rg_l] ,j=1,...,N. Then there exists
a unique solution u to problem (2.4-7)€(2.2), i.e. interpolation polyspline, such
that u; € H>*(D;) .

Proof. Let us denote by x;(t,€),7 = 1,...,N, the L¢-spline such that
x;(t;,€) =1 and x;(t;,§) =0 for i # .

Let us put
Fu(t,§) = fj Ff(t,)x;(t,€).
ult,y) = FH[; Ff(t;,€)x;(t, ).

The last expression makes sense since x;(¢, ) is bounded by Lemma 3. The rest
follows from Proposition 1 and Proposition 2. m

Let us remark that the existence Theorem 4 shows that Lemma 3 is implicit
in the method of apriori estimates for elliptic boundary value problems.

By Lo[t1,tn] we denote, as usually, the space of bounded functions in [t1, ty]
(cf. [11, p. 14]).

Further we make use of the results on Tchebycheffian splines proved in [11,
Ch. 9]. In particular, we use the operator @ introduced in §9.7 there, which
maps the space of data L[ti,tn] into the space of L¢-splines with knots at
§={t1,...tx}. Put 6 = maxi<j<n-—1(tj11 —t;). We extend the operator @ in
a natural way to functions f defined in D by putting

Fu(t,f) = Qﬁ(t) = Qf[Ff(tﬁE)vj = 15""N]’ §€ Rn717



where Q¢(t) is a Le¢-spline on [t1,¢x], and we choose the same points for the
extended grid for every ¢ €R"~!. The resulting extension is now given by

u(tvy) = Q[f] = F_lQﬁ[Ff(tjvf)aj = 17"'7N]‘

In order that the last expression make sense it is sufficient to have

I Qe Il FF () I naitr,in)€ L1(RETH).

Indeed, we have

for every ¢ ER"~1, which implies that Q¢(t) € Ll(]Rgfl).

In [11, §9.7] the approximating power of Tchebycheffian splines is studied
using the operator Q. On the right-hand side there appears a constant C7, cf.
Theorems 9.37, 9.38. In our case, for the operators ()¢ we have the constant
C1 = Ci(§).

In the present paper we will avoid a thorough study of the asymptotics of
the constants C'(§) =|| Q¢ || and C4 (&), by implementing them in the definition
of the necessary space of functions.

For every two integers p > 0 and ¢ > 1 we introduce the space F'L,, ;(D) of
measurable functions g(¢,y) such that the following integrals are bounded:

2q .
N =S / (L4 | € )79 || DIFg(t, ) o0 Ca(€)dE < o,
=0 /R

and
/ | DIFg(t, &) [l Lo jtr,tn) CE)dE <00, j=0,...,4¢— 1.
Rn—l

The following result on the approximating power of the polysplines holds:

Theorem 5 Let f € FL, (D). Then for every j =0,1,...,4¢ — 1, and multi-
indexr o € Zﬁfl, | a |< p, the following inequality holds:

| D2DI(f = QF)ty) s CT U N().

Proof. Since f € FL,,(D), according to the definition of the operator Q

and the properties of the Fourier transform (cf. [12]) we have that D;‘Df Qf(t,y)
makes sense and

1= DD f(t,y) — DIDIQf(ty)

= /Rn*l(—i@"eigy(DiFf(t,5) — DIQcFf(t,€))d¢ < 0.



The estimate of Theorem 9.38 in [11] gives

1T Looitrtn) <

<07 [ 16D EeFF0) liiam) Cr(E)e

2 4
<5 / (14 | € )220 | DIFF(4,€) o ttrin) Cr(€)dE
j=0/R*71

=3NS < .
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