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Abstract

We analyze the Peano kernels arising from different mean value
properties for polyharmonic functions in the ball and in the annulus.
We show examples where the Peano kernel arising from a mean value
property of Bramble-Payne is not positive. To the contrary, the mean
value properties which we prove in the annulus generate Peano kernels
which are positive. All such Peano kernels have compact support and
are polysplines.

We will work in the space R%, d > 2.

For a domain D C R d > 2, for f € C(D), x € D and p > 0 such that
the open ball B,(z) := {y € R? : |z —y| < p} is strictly contained in D, i.
e. B,(z) C D, we denote by
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the surface mean of f over 0B,(x). Here doe denotes the area element of
the (d — 1)-sphere S;_1, do(y) is the area element of the sphere Sy_1(p), and
o4 = 27rg/F(g) denotes the area of S;_1. For p = 0 we have M(f,x;0) =
f().

Denote by R, the fundamental solution for the operator A? in RY, p > 1,
which is given by (cf. Aronszajn-Creese-Lipkin [1])

Rp(x) = Rp(|x|) = T2p_d(Ap,d log(r) + Bp.d), (1)

where r := |z|, and A, 4 and B, 4 are appropriate constants with A, 4 # 0
only for even d and p > g.



The function R, has the property that

A*R, = R, 4 0<k<p), (2)
APR,(z) = 0 (lz| >0, pe N). (3)

For details we refer to [1].
We will work in the annulus A (a,b) where 0 < a < b, which is given by

Afa,b) ={z € R :a <|z| <b}.

First we prove the following

Theorem 1. Every function A which is polyharmonic of order p and ra-
dially symmetric in the annulus A (a,b), 0 < a < b, is uniquely representable
in the form

@) =h() =Y e + 3 o (r) r=le), @)

where R}, is the fundamental solution for the operator A* given above.
Proof. We will provide a proof whose elements will also be used later.
Since the radial part of the Laplacian is
9 d-10
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the radial symmetry of h implies

APh(z) = APh(r)=0 (x € A(a,b))

and the operator AP is given by

1 0 o
o= (5 ?

and has continuous coefficients in A (a, b) . Note that 0 < a <.
By the general theory of ordinary differential equations, the space

N:={feC?([a,b]) : APf(r) =0, a<r<b} (6)
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has dimension 2p. We will show that the system of functions {us, ..., up, up+1, ..., U2y }
where

ug (r) - =2 (k=1,....,p), (7)
Upr (1) = R (1) (k=1,...p)

is a linearly independent system of solutions on the interval [a, b].

Indeed, by (3) we see that all functions u; € N. Let us prove that they
are linearly independent.

For odd d that is evident since then by (1) we have

Ry (r) = By gr®*? (k=1,...p)

and the exponents 2k —d are odd, so they do not coincide with the exponents
of the functions 7?*, k=0, ...,p — 1.

For even d we have that the functions {uyi1,...,u2} = {Ri,...,R,}
belong to two groups, namely

{BdeQk_d} (k) = 0, ceey g - 1) 5

d
{Ak,dTQk_d log(r) + Bk,dr%_d} (k =5 ...,p) )

Since in the second group the terms r?*=4B; ; k = %, ..., p are multiples of
some of the functions {uy,...,u,} = {r%, k=0,....p— 1} , it follows that
the linear independence of {uy,...,us,} is equivalent to the linear indepen-
dence of the sytem

{1, r2, P2 2 72 Jogr, rPlogr, ..., r? % log 7“} )
We make the change of variables
v=2logr,
i.e., 7 = e2, and obtain the equivalent system of functions in the variable v :

d d d
_ _d _dy4q _ _d
{1,6”,...,6(” Do, o 2”,6( 2t )”...,e v U,ve”,...,ve(p 2>”}.

The last system is well-known to be linearly independent from the theory of
linear ordinary differential equations, [8]. Hence, the functions {uy, ..., us,}
are linearly independent as well.



Now we have to justify the use of radially symmetric polyharmonic func-
tions only.

Theorem 2. Let h be polyharmonic of order p in the annulus A (a,b) .
Then its symmetrization M (x) = M (r) := M (h,0;|z|) = M (h,0;7) is
polyharmonic of order p and satisfies

APM (z) = APM (r) =0 (x € A(a,b)).
Proof. From John [5, end of Chapter 4, p. 88] it follows that
A M (hyz;r) = M (Ah,z;r) = A M (h,x;r), (8)

hence

M (APh,x;r) = APM (h,x;7) .

Now put z = 0 in order to end the proof.

Combining Theorem 1 and Theorem 2 we get

Theorem 3. For every function A which is polyharmonic of order p in
the annulus A (a, b), we have the following equality

p—1 p
M (h,0;7) =) ewr®™ + Y prRi (1)
k=0 )

for some appropriate constants ci, px.

Indeed, by Theorem 2 we get that M (h,0;r) satisfies APM (h,0;r) = 0,
and, hence, by Theorem 1 it has the representation (4).

Before stating our main result we introduce the notion of generalized
divided differences, cf. Karlin-Studden [6], Schumaker [9].

In the proof of Theorem 1 we have seen that the system of functions
{uz }27 | is a solution in [a, b] to the following ordinary differential equation

1 0 Lo
s = [ (5]



The operator L has the form (see [6, p. 19])

L = ri AP
= Dgp...Dng

g rd—lg Lg Td_lg
or or ) “rd-1or or

where (in the notations of Karlin-Studden [6, p. 19]) we have
DOf = f:
f(r)

Dif) = goaey U=V

with the weights given by

w, = 1,
d—1,
w3 = ...=Wyp-1=T 3
1
Wy = w4:...ZUJ2p:m.

Consequently, the system {uk}ip: | is an extended complete Chebyshev system
(ECT) following the terminology in [6, p. 379, Theorem 11.1.2].

It is easy to see that the operator L is self-adjoint. Indeed, take the
operators (see Schumaker [9, p. 373, (9.27)])

Dyf = f
Dife) = — 2 r0y izt 2

Wap—i+1 or

then the adjoint operator is (see Schumaker [9, p. 372, (9.26)])
L*=D;, - DD}

which is obviously identical with L. It follows that the dual system (see [9,
p. 372, (9.25)]) coincides with the system {u;}:", .

Let the points a < r; < ... < rgp+1 < bbe given. For an arbitrary function
f in [a, b] we define the determinant

. . Uy (7‘1) Uy (Tl) f (Tl)
D ( ul, ...7u2p+} ) = det
1y -0y U2p, U1 (T2p+1) c Ugp (T’2p+1) f (T2p+1>
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Now we extend the system {uy}> .7, by putting us,1 (1) = r*. The obtained
system {uk} ! will be again ECT, since if we put Wopt1 = rd%l, we have
the dlfferentlal operator

0 1 0
Y Y Ap
arrd—lL 87‘Ar
and wugy.q (1) = r? satisfies
0 1 5 0,2 0
Br T = gt = g Cra =0

since APr?r = C’pd for come constant C), 4. The linear independence of the
system {uk}kp *1 follows like in Theorem 1.

Following Schumaker [9, p. 368], we put for the generalized divided dif-
ference of a function f with respect to the system of functions {uk}ipz L

D ( 1:17-.-;17;227"!‘}. > 9p+1
1y -5 U2p,
71y s Topia] f = K = Zﬁbkf (r;) -

1y -5 T2p41
Uty .-y U2p, U2pt1

Now we prove the following

Theorem 4. Let the points 0 < a <7 < ... <7941 < b be given. Then
every function h which is polyharmonic in the annulus A (a,b) satisfies the
mean value property

2p+1

Zuj (h,0;7;) = 0.

The Peano kernel K of the functional £ (which exists by [3]) is positive for
x € A(a,b) and is zero for x ¢ A(a,b).
Proof. By Theorem 3 we have that the function u(r) = M (h,0;7)
satisfies
APM (h,0;7) =0 (a <r<b),

i.e. u € N, and by Theorem 1 is a linear combination of the system {uk}z”: -
By Theorem 9.7 in Schumaker [9] we have that

2p+1

(71, ooy Top1] U = Z,u] (h,0;7;) = 0.



According to [3, Theorem 1] for the Peano kernel of the linear functional
L which vanishes on polyharmonic functions of order p we have that for an

arbitrary function f € C% (A (a, b)) the following equality holds
2p+1

LU =Y mM (L0 = [ K@) &) (@) do,
o Aab)

where
K (m) = —Qy [7“1, X r2p+1]y Rp (‘T - y) )

Lo =y
Q=1{ =
‘ { (d—12)ad (d 2 3) :

with

Now we turn to the one-dimensional functional

2p+1

L(h) =) s (r)
j=1
which is zero for the solutions of the ordinary differential equation
Lh(r)=0 (a<r<b).
The Peano kernel of [ is given by, cf. Schumaker [9, Theorem 9.24],

2p+1

b
Zujh(%’) = /Kl(T)Lh(T)dT

b
= /K1 (r)r® AP (1) dr.

Note that L = L*, i.e. L is self-adjoint as noted above.

Now what concerns the multivariate kernel K, since the spherical mean
M (R, (x —-),0;r) is radially symmetric as a function of x (which is easy
to prove like in HauBmann-Kounchev [4, Lemma 4]) we see that K (z) is
radially symmetric as well.



On the other hand using equation (8) we obtain

/ K (2) APf (z) da

A(a,b)

- /b / rUK (r) AP f (r€) drdog

a Sd—1

b
= /O'dM (rd_lK (r) AP f (r);0; r) dr
b

= ad/rd_lK (r) M (AP f(r&);0;7)dr

b
= ad/rd_lK(r) APM (f;0;7)dr

a

The last expression is precisely the remainder of the Peano kernel in the
one-dimensional case, i.e. we have that K (r) = 04K (r). According to
Theorem 9.22 in [9, p. 380], the kernel K is positive inside (a,b) and zero
outside . Hence, K is positive inside A (a, b) and vanishes outside. The proof
is finished.

Remark 1. Let us remark that the kernel K is polyspline in the sense
of [7]. Indeed, due to the fact that K is the Peano kernel for the operator
L, which has order 2p, it follows that K; is a spline and has continuous
derivatives up to order 2p — 2, i.e.

(%)jm € C ([a,b]) (j=0,..2p— 2).

On the other hand, by the definition of a polyspline, the kernel K has to
satisfy

NEK e C(RY (J=0,...,p=1),

%NK e C(RY (j=0,..,p—2);



here we use the fact that % is the normal derivative to the spheres S (0;74) .
Due to the radial symmetry of K (x) we obtain that the above is equivalent
to the following

NK = Lg rd—lﬁ jKe(j(Rd) (7=0,...,p—1)

rd=19r or Y ’
0 . o1 9 o\’
T AJ - 2 |- = d—1 >~ d S o
anA K B L“d—lﬁr (r 87")} K e C(RY) (j=0,...,p—2).
Since a > 0 the last implies inductively that

oY\’ g .

o K e C(R%) (j=0,..,2p—2).

But that is obviously true by the above since K; (1) = 04K (r) .
Remark 2. In [3] we considered mean value properties for the polyhar-
monic functions in a ball, i.e. a = 0, given by

h(0) = i'ﬁM (h,0;7;)

where 0 <7 < ... <r,. They arise from a mean-value property of Bramble-
Payne, [2].

The system of functions which are polyharmonic and radially symmetric
in the ball are u; = 7?*, k =0,...,p — 1. They are solutions to the following
ordinary differential operator

L=D,-- D
where
0
D, = —
! or
01
D, = —= > 2.
J orr J =

So far, the coefficients % are singular at 0. The Peano kernel will be given by
p
p(h) =h(0) = Yo wih(r) = [ K (2) A% a).
j=1
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But the Peano kernel has a definite sign.
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