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Abstract

We show that the scaling spaces de�ned by the polysplines of order

p provide approximation order 2p: For that purpose we re�ne the re-

sults on one{dimensional approximation order by L�splines obtained

in [2].
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1 Introduction

In the last decade the approximation order of shift-invariant subspaces of the

space L2 (Rn) of all square-integrable functions on the euclidean space Rn has

been investigated extensively, e.g. in the survey paper [10] approximately 100

references are given. The problem can be formulated in a rather general way:

suppose that (Vh)h2I is a family of subspaces of L2 (Rn) (not necessarily shift-

invariant) where I is subset of (0;1) having 0 as an accumulation point. One

has to estimate the rates of decay of the approximation error

E (f; Vh) := inf
n
kf � sk

L2(Rn) : s 2 Vh

o
(1)
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for h tending to 0: If W is a subspace of L2 (Rn) endowed with a norm k�k
W

we say that (Vh)h2I provides approximation order m with respect to the norm

k�k
W

if there exists a constant cW such that for every f 2 W and for every

h 2 I

E (f; Vh) � cW � hm � kfk
W

: (2)

Usually W is the potential space Wm

2 (Rn) for m 2 (0;1) de�ned as the

subspace of those f 2 L2 (Rn) such that

kfk
W

m

2
(Rn) := (2�)

�
n

2




(1 + j�j)
m bf (�)




L2(Rn)
<1: (3)

In this note we want to prove that cardinal polysplines of order p provide

approximation order 2p:

The motivation for the present work comes from the fact that polysplines

are useful for solving multivariate interpolation problems [4], [5], [6] and they

are of importance for the multivariate Wavelet Analysis, cf. the monograph

[9]. Recall that a function S : Rn n f0g ! C is called a cardinal polyspline
1

(on annuli) of order p if S is a (2p� 2)-times continuously di�erentiable

and the restriction of S to each open annulus
�
x 2 Rn : el < jxj < el+1

	
is

a polyharmonic function2 of order p for l 2 Z: The reason for calling such

polysplines "cardinal" is found in Theorem 3 where it is seen that after ex-

panding S in a Fourier{Laplace series of spherical harmonics the coeÆcients

Sk;l (log r) are cardinal L�splines in the usual sense of the word, cf. Mic-

chelli's paper of 1976 [8].

Introducing a parameter h > 0; by Ph we denote the set of all functions

S : Rn n f0g ! C which are (2p� 2)-times continuously di�erentiable and

whose restriction to each open annulus Ah;l :=
�
x 2 Rn : ehl < jxj < eh(l+1)

	
is a polyharmonic function of order p for l 2 Z: Then the scaling spaces of

polysplines of order p, shortly PVh; are de�ned as the L2
�closure of Ph \

L2 (Rn) ; h > 0:

The main result is the following:

Theorem 1 The sequence (PVh)h>0 provides approximation order 2p where

p denotes the order of the polysplines. More precisely, there exists a constant

1The �rst author introduced in 1991 polysplines in a more general setting with arbitrary

interfaces, see [3] and [9].
2Recall that a function f de�ned on an open set U in the euclidean space R

n is

polyharmonic of order p if f is 2p{times continuously di�erentiable and �pf (x) = 0 for

all x 2 U where � is the Laplace operator and �p its p�th iterate.
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C > 0 such that for all h with 0 < h < 1 and f 2 L2 (Rn) the following

inequality holds

inf
n
kf � gk

L2(Rn) : g 2 PVh

o
� C � h2p �

�Z
Rn

�� jxj2p ��pf (x)
��2 dx� 1

2

:

Note that in place of the norm (3) we have a semi{norm on the right{hand

side which is zero on the polyharmonic functions of order p:

The paper is organized as follows: in the next Section we discuss the

approximation order of cardinal L�splines by using important results from

[2]. In Section 3 the main result will be proven.

2 Approximation order of cardinal L�splines

Let us recall Theorem 4.3 in the fundamental paper [2]: Suppose that for

every h > 0; the space Sh is the L
2 (Rn){closure of the linear space generated

by the shifts 'h (� �m) ; m 2 Z
n of the functions 'h 2 L2 (Rn) (so Sh is the

shift-invariant space generated by 'h) and that Vh =
�
s
�
�

h

�
: s 2 Sh

	
: Then

the family (Vh)h2I provides approximation order m with respect to the norm

k�k
W

m

2
(Rn)de�ned in (3) if and only if there exists D > 0 such that for all

h 2 I and for almost all x 2 C := [��; �]
n

j�'h
(x)j � D � (h+ jxj

m
) ; (4)

where

(�'h
(�))

2
:=

P
�2Zn;�6=0 jc'h (� + 2��)j

2P
�2Zn

jc'h (� + 2��)j
2

� 1:

We will need a re�nement of that result. For our purposes it will be

useful to consider instead of (3) di�erent norms. In the following we replace

the function (1 + jxj)
m

by a measruable function Q(x) with the following

properties: (i) the zero set Q�1 (0) of Q is a set of Lebesgue measure zero

and (ii) there exists a constant D1 > 0 such that���Q�x
h

���� � D1

1

hm
for all x =2 C := [��; �]

n
: (5)

Suppose further that there exists a constant D2 > 0 such that for all x 2 C

and for all 0 < h < 1

j�'h
(hx)j � hmD2 jQ (x)j : (6)
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An analysis of the proof in [2] shows that then the following inequality holds

(for us the constants D1 and D2 de�ned in the formula will be very impor-

tant!)

E (f; Vh) �

 
D2 (2�)

n

2 +
1

D1 (2�)
n

2

!
� hm �




Q (�) bf (�)



L2(Rn)

: (7)

Let us recall some facts about L�splines: Let L be a linear di�erential

operator with constant coeÆcients of order N + 1; say

L =M� :=

N+1Y
j=1

�
d

dv
� �j

�
where � := (�1; :::; �N+1) : (8)

Then a function u : R ! R is called cardinal L�spline on the mesh hZ

(h > 0) if u is (N � 1)-times continuously di�erentiable and if for every

l 2 Z there exists fl 2 UL := ff 2 C1 (R) : Lf = 0 g such that u (t) = fl (t)

for all t 2 (lh; (l + 1) h). The set of all cardinal L�splines for the operator

L = M� on hZ will be denoted by ShZ(�). The scaling spaces Vh (�) are

de�ned by

Vh (�) = L2(R) -closure of ShZ(�) \ L2 (R) : (9)

Let Q� be the basic spline which can be de�ned by its Fourier transform by

cQ� (�) =

Q
N+1

j=1

�
e��j � e�i�

�Q
N+1

j=1 (i� � �j)
: (10)

Theorem 2 Let N 2 N be �xed. Then there exists a constant D > 0 such

that for all � = (�1; :::; �N+1) 2 R
N+1

and for all f 2 L2 (R) the following

inequality holds

E (f; Vh(�)) � hN+1
�D



P� (�) bf (�)




L2(R)
; (11)

where the polynomial P� (x) =
Q

N+1

j=1 (ix� �j):

Remark 3 Note that if we used the usual Sobolev norm (3) then we could

not be able to obtain the sharp constant D of inequality (11); the last is the

main virtue of Theorem 2.
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Proof. By the above we have to check (5) and (6). Note that for Q :=

P� we have the estimate

���P�

�x
h

����2 = N+1Y
j=1

��x
h

�2
+ �2

j

�
� �2(N+1) 1

h2(N+1)
(12)

for all jxj � � and for all h > 0: Hence it suÆces to show that

j�'h
(h�)j

2
� h2(N+1)

jP� (�)j
2
X

�2Z;�6=0

1

(� j�j)
2(N+1)

(13)

The trivial inequality (�'h
(�))

2
�

P
�2Z;�6=0

jc'h(�+2��)j2
jc'h(�)j2 and the estimate

jc'h (� + 2��)j
2

jc'h (�)j
2

=

���dQh� (� + 2��)
���2���dQh� (�)

���2 =

N+1Y
j=1

���� i� � h�j

i (� + 2��)� h�j

����2

yields

j�'h
(h�)j

2
� h2(N+1)

N+1Y
j=1

�
�2 + �2

j

� X
�2Z;�6=0

N+1Y
j=1

1

(h� + 2��)
2
+ h2�2

j

:

Since (h� + 2��)
2
+ h2�2

j
� (h� + 2��)

2
� (2� j�j � jh�j)

2
we obtain for

0 < h < 1 and j�j � � the estimate 2� j�j � jh�j � � j�j (since � 6= 0)

arriving at (13).

3 The approximation order of Polysplines

Let Sn�1 = fx 2 Rn ; jxj = 1g be the unit sphere. Each x 2 R
n will be

written in spherical coordinates x = r� with r � 0 and � 2 S
n�1: Recall

that a function Y : Sn�1 ! C is a spherical harmonic of degree k 2 N0 if

there exists a homogeneous harmonic polynomial P (x) of degree k such that

P (�) = Y (�) for all � 2 Sn�1. The set Hk of all spherical harmonics of degree

exactly k is a linear space of dimension ak := dimHk =
�
n+k�1

k

�
�
�
n+k�3

k�2

�
:

We denote by Yk;l with l = 1; 2; :::; ak a base of Hk. For a detailed account

we refer to Stein{Weiss [12].
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Let u : (R1; R2)! C be in�nitely di�erentiable and Yk 2 Hk . Then it is

well known that � (u (r)Yk (�)) = Yk (�)L(k)u (r) where we have put

L(k) =
d2

dr2
+
n� 1

r

d

dr
�
k (k + n� 2)

r2
: (14)

By iteration we have �pu = Yk (�) �
�
L(k)

�p
u (r) : Let us put for convenience

�+ (k; p) := fk; k + 2; :::; k + 2p� 2g ;

�� (k; p) := f�k � n+ 2;�k � n+ 4; :::;�k � n + 2pg :

The space of solutions of the equation L
p

(k)
f (r) = 0 which are C1 for r > 0

is generated by a simple basis: for j 2 �+ (k; p) [ �� (k; p) the function rj

is clearly a solution, while for j 2 �+(k; p) \ ��(k; p) we obtain a second

solution rj log r: It will be convenient to make a transform of the variable r

to v = log r: Then a solution of the form rj will be transformed to ejv and

a solution of the form rj log r is transformed to vejv. We see immediately

that all solutions to the equation L
p

(k)
f (r) = 0 are transformed to solutions

of the equation M�(k)g(v) = 0 where M�(k) is de�ned by (8) with respect to

the vector

�k := (k; k + 2; :::; k + 2 (p� 1) ;� (k + n) + 2; :::;� (k + n) + 2p) : (15)

The dependence on the parameter p and n will be suppressed throughout the

paper.

A proof of the following can be found in [6], [9, Theorem 9.7].

Theorem 4 Let S : R n
n f0g ! R be a polyspline of order p: Then the

Laplace-Fourier coeÆcient Sk;l : R ! R de�ned by

Sk;l (v) :=

Z
Sn�1

S (ev�)Yk;l (�) d� (16)

is a cardinal L�spline with respect to the linear di�erential operator M�(k):

We want to characterize the L2 (Rn)-closure PVh: It is a temptation to

assume that for S 2 PVh the Fourier-Laplace coeÆcient de�ned through

formula (16) will be in Vh (�k) ; i.e. in the closure of ShZ(�k)\ L2 (R) : This

is not true since the transformation rule will give us an additional weight for

f 2 L2 (R
n): Z

Rn

jf (x)j
2
dx =

Z 1

0

Z
Sn�1

jf (r�)j
2
rn�1d�dr: (17)

Fortunately, this problem can be easily solved, see e.g. [7].
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Theorem 5 De�ne �k =
�
n

2
; :::; n

2

�
+�k: Then for each k 2 N0 ; l = 1; :::; ak;

the following map, de�ned on Ph \ L2 (Rn) by

S 7�! Sk;l (v) := e
n

2
v

Z
Sn�1

S (ev�)Yk;l (�) d�; (18)

maps into ShZ

�
�k

�
\L2(R; dv); and by continuity it can be extended to a map

from PVj ! Vj
�
�k

�
: Further, PVh is isomorphic to Vh :=

L
k2N0 ;l=1;:::;ak

Vh
�
�k

�
:

Proof of Theorem 1. Let f 2 L2 (Rn) and g 2 PVh. Then by the

tranformation rule (17)

kf � gk
2

L2(Rn) =

Z 1

0

Z
Sn�1

jf (r�)� g(r�)j
2
rn�1d�dr: (19)

Let fk;l and gk;l be the Laplace Fourier coeÆcients of f and g respectively as

de�ned in (16). Note that v 7�! gk;l (e
v) := e

n

2
vgk;l (e

v) is in Vh
�
�k

�
. Since

Yk;l (�) constitutes an orthonormal basis we obtain

kf � gk
2

L2(Rn) =

1X
k=0

akX
l=1

Z 1

�1

jfk;l (e
v)� gk;l (e

v)j
2
envdv: (20)

Taking g 2 PVh such that kf � gk
2

L2(Rn) attains the i�mum is equivalent to

take for each k 2 N, l = 1; :::; ak the expressionZ 1

�1

��en2 vfk;l (ev)� gk;l (e
v)
��2 dv

to be minimal, where gk;l 2 Vj
�
�k

�
: Theorem 2 applied to � = �k (hence

N + 1 = 2p) shows that there exists a constant Cp > 0 which only depends

on p (and not on the values �j in �k) such that

E
�
e
n

2
vfk;l (e

v) ; Vh
�
�k

��
� h2p � Cp




P�k
�
\e

n

2
vfk;l (ev)





L2(R)

: (21)

Put Gk;l (v) := e
n

2
vfk;l (e

v) : A simple computation (using Parseval's identity

and the fact that di�erentiation becomes multiplication via Fourier trans-

form) shows that

1

2�




P�k
�dGk;l




2
L2(R)

=

Z 1

�1

��M�k
Gk;l (v)

��2 dv:
7



A calculation shows that M�k

�
e
n

2
vfk;l (e

v)
�
= e

n

2
vM�k (f (ev)) : Then (20)

and (21) yield

E (f; PVh)
2
� h4p � 2�C2

p

1X
k=0

akX
l=1



 en2 vM�k (f (ev))


2
L2(Rn)

:

The next theorem applied to the case p = q �nishes the proof.

Theorem 6 Let p; q 2 N0 and de�ne kf (x)k
2

q;p
:=

R ��jxj2q ��pf (x)
��2 dx

for f 2 L2 (R
n) : Then

kf (x)k
2

q;p
=

1X
k=0

akX
l=1

Z ��ev(2q�2p+n

2
)M�k (fk;l (e

v))
��2 dv

where fk;l(r) are the Laplace-Fourier coeÆcients of f de�ned as in equality

(16).

Proof. Assume that f(r�) = fk;` (r)Yk;` (�) : Since �
pf (x) = L

p

k
fk;` (r)Yk;` (�)

we obtain

kf (x)k
2

q;p
=

Z 1

0

Z
Sn�1

���r2qLp

(k)
fk;` (r)Yk;` (�)

���2 rn�1drd�:
The integration over � only gives a factor 1: Now we change the variable

r = ev and apply the identity (L
p

k
fk;l) (e

v) = e�2vpM�k (fk;l (e
v)) ; see e.g.

Theorem 10.34 in [9]. Then

kf (x)k
2

q;p
=

Z ��e2vqe�2vpM�k (fk;l (e
v))
��2 envdv:

Finally we see that for arbitrary f 2 L2 (Rn) the result follows via the or-

thogonal decomposition of f in spherical harmonics.

References

[1] Adams R., Sobolev Spaces, Academic Press, New York{San Francisco{

London, 1975.

[2] de Boor, C., DeVore, R.A., Ron, A., Approximation from shift-invariant

subspaces of L2

�
R
d
�
: Trans. Amer. Math. Soc. 341 (1994), pp. 787{806.

8



[3] Kounchev, O.I., De�nition and basic properties of polysplines,I and II,

C.R. Acad. bulg. sci., 44 (1991), No. 7 and 8, pp. 9-11, pp.13-16.

[4] Kounchev, O.I., Render, H., Multivariate cardinal splines via spherical

harmonics. Submitted.

[5] Kounchev, O.I., Render, H., The interpolation problem for cardinal

splines. Submitted.

[6] Kounchev, O.I., Render, H., Symmetry of interpolation polysplines and

L�splines, Trends in Approximation Theory, K. Kopotun, T. Lyche, and

M. Neamtu (eds.), Vanderbilt University Press, Nashville, TN, 2001.

[7] Kounchev, O.I., Render, H., Wavelet Analysis of cardinal L�splines

and Construction of multivariate prewavelets, Proceedings of Tenth Ap-

proximation Theory Conference, St. Louis, 2001, to appear.

[8] Micchelli, Ch., Cardinal L�splines, In: Studies in Spline Functions and

Approximation Theory, Eds. S. Karlin et al., Academic Press, NY, 1976,

pp. 203-250.

[9] Kounchev, O.I.,Multivariate Polysplines. Applications to Numerical and

Wavelet Analysis, Academic Press, Boston 2001.

[10] Jetter, K., Plonka G., A survey on L2�approximation order from shift-

invariant spaces, In: Multivariate Approximation and Applications (N.

Dyn, D. Leviatan, D. Levin, and A. Pinkus, eds.), pp. 73-111. Cambridge

University Press, 2001.

[11] Meyer, Y. Wavelets and Operators, Cambridge University Press, 1992.

[12] Stein, E.M., Weiss, G., Introduction to Fourier Analysis on Euclidean

Spaces, Princeton University Press, Princeton, 1971.

9



Address for correspondence:

1. Hermann Render

e-mail: render@math.uni-duisburg.de;

Institute of Mathematics, University of Duisburg, Lotharstr. 65, 47048

Duisburg, Germany

2. Ognyan Kounchev

e-mail addresses: kounchev@cblink.net; kounchev@math.uni{duisburg.de;

kounchev@math.bas.bg

Institute of Mathematics, Bulgarian Academy of Sciences, Acad. G.

Bonchev St. 8, 1113 So�a, Bulgaria;

10


