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Abstract

Recently the authors have proved existence and uniqueness of cardinal
polysplines of order p. In this paper it is shown that a cardinal fundamental
polyspline Ly : R™ \ {0} — R of order p possess the following symmetry
property:

Ly (r™'0) =r""*PLy(r6)  forallr >0,0 €S" .

The proof is based on symmetry properties of univariate cardinal inter-
polation L—splines for a certain class of linear differential operators L.

1 Introduction

A main result in the area of cardinal polynomial splines is the existence of
cardinal interpolation splines for certain classes of data, proved by Schoenberg
[9]: suppose that a bi-infinite sequence of real numbers y;,j € Z of power
growth with exponent v > 0 be given, i.e. that there exists C' > 0 such that
ly;| < C - |j|” for all j € Z, and suppose further that p is an odd integer. Then
there exists a unique cardinal polynomial spline S of polynomial degree p such
that the following conditions hold:

S(4) =y, forall j € Z, and

1

IS (z)] < O(|z|") for all x € R. @

Hence S is a cardinal spline of power growth on the whole real line interpolat-

ing the data (y;);.,. Furthermore, the interpolation spline has the following

symmetry property: The spline S is even (which means that S (—z) = S (z)

for all z € R) provided y_; = y; for all j € Z. In particular, the so—called

fundamental interpolation spline (the one satisfying (1) with data y; = 0 for
j#0and yp=1) is even.

The existence and uniqueness results of Schoenberg were generalized to car-

dinal L—splines by Ch. Micchelli in [5], [6], where L is a differential operator



with constant real coefficients. In this paper we are interested in symmetry
properties of the interpolation cardinal L—splines and the fundamental cardinal
L—spline. Intuitively, it is clear that the interpolation L—splines will have sym-
metry properties only if the differential operator L has certain kind of symmetry
properties which we formulate below.

Let us assume that the operator L is defined by the expression

N+1 d

j=1

Hence L is characterized by the (unordered) vector A := (A1, A2, ..., An41) and
throughout the paper we will assume that all A; are real. We call A to be nearly
symmetric with respect to ¢ € R if there exists a permutation 7 of the set
{1,.., N + 1} such that —X\; = ¢+ A(;) for j = 1,..., N 4 1, or, symbolically,
—A = c+A. In the case ¢ = 0 we call A symmetric; indeed then A is a symmetric
set with respect to 0.

Let us denote by Lo the fundamental L—spline', i.e. the interpolation
L—spline for the data yo = 1 and y; = 0 for all j € Z, j # 0. Then our main
result states that if A is nearly symmetric with respect to ¢, then Lg satisfies the
following symmetry property:

Lo (—z) = e“ Lo (x) for all x € R.

This leads to a symmetry property of the cardinal interpolation L—splines which
is analogous to the polynomial case. Furthermore we prove that the basis
L—spline (or the T B—spline) which we denote by Q@ (recall that it has support
equal to the interval [0, N + 1]) satisfies the following symmetry property

Qr (N+1—2x)=¢e""Qx () for all z € R.

These results are finally used to prove the symmetry properties of the funda-
mental polysplines.

2 Symmetry of the Euler—Frobenius polynomial

Let us recall briefly the definition of a cardinal L—spline: Let L be a linear
differential operator L (of order N + 1) with constant coefficients. The set of
all homogeneous solutions is defined by

Up:=Upr={feC®[R): Lf(z)=0inR}.

It is well known from Ordinary Differential Equations that Uy is the linear
space generated by all functions of the type x +— e*%z where j € {1,..., N + 1}
and the integer ¢ > 0 is smaller than the multiplicity of A;. Then a function
u: R — R is called a cardinal L—spline if

IWe hope that the reader will not mix the operator L and the fundamental spline Lo;
the notation for the last has been systematically used by Schoenberg, and the authors have
decided to follow this tradition.



e for each j € Z there exists f; € Ur such that u(t) = f;(t) for all ¢t €
(4,5 +1) and

e u is N — 1 times continuously differentiable.

Define e = {eAJ‘ :j=1,..,N+ 1} . In the theory of cardinal L—splines the
function Ay: R x (C\ e?) — C (cf. [6], p. 223) defined by

efEZ

1 1
AA(x,A)zf/ _ .
2mF Hj:ll(z_)\j)e -2

dz (2)

is of fundamental importance. Here I is a closed simple curve in the complex
plane surrounding all \;, j = 1, ..., N+1 whereby the zeros of the function e* — A
lie in the exterior of I'. We will call Aj (x,\) the Euler-Schoenberg function.
The Fuler-Frobenius function is defined by

N+1
IMp (2, A\) := Ap (2, M) - H (e)‘j - ). (3)

Jj=1

For z = 0 it is a polynomial of degree at most N in the variable A (Corollary
2.1 in [6]) and IIA (0, A) is called the Euler-Frobenius polynomial.

Proposition 1 Let A be nearly symmetric with respect to ¢ € R. For all A ¢
eAUe U {0} and all x € R the following equality holds for
1

—) = (=1)NT X el==De 4, (z,Ae™). (4)

Ap (1—33,/\

Proof. Let A = (A1,..., Any41) and define —A = (=X, ..., —An+1). Then for
allz € R and A ¢ e® Ue ™ U {0} we have (see [6, p. 213])

l) = (DY ALy (@), (5)

AA (1—%,)\

Assume now that A is nearly symmetric with respect to ¢ € R. A straightforward
computation shows that for all z € R and \ ¢ e* Ue™* U {0}

A_p(z,)) = ey (z,Xe™€) . (6)
Combining equation (5) and (6) the proof is accomplished. =

By taking = 0 in (4) using Aa (1, A) = AAx (0, A) (see [6]) we obtain the
equality

1 1 1
_1\V+1 —c —c) — — ) == —
(-1) e ¢ Ap (O,/\e ) Ap (1, )\) 3 Ap (O, )\) .
It follows that

(DM €7 Ay (0,0e7C) = Ay (0, %) (7)



Suppose now that A = p; is a zero of the function A — Ay (0, A) . Put p; = eu;.
Then the identity (7) tells us that v; := 1/p; is again a zero. It follows that
Wi - v; = e °. Since all zeros are negative and simple it follows that for each
1; there exists exactly one v; which is reciprocal. Hence, we have proved the
following important result:

Proposition 2 Assume that A is nearly symmetric with respect to ¢ € R and
let un—1 < ... < p1 < 0 be the zeros of A — Ap(0,)) in (—00,0). Then
pitn—j =e € forallj=1,....,N -1

Proposition 3 Let A be nearly symmetric with respect to ¢ € R. Then the
FEuler—Frobenius polynomial 11 satisfies the equality

I (2, de™¢) = ANe~ (@D em3(N+Deqy (1 — g, 1) (8)

Proof. It is easy to see that \y+...4+Ay41 = —% (N +1)csince A\j+ M) =
—cfor j=1,..N + 1. Define rp (A\) = H;V:ﬁl (€M = X). Since Aj + Ar(j) = —¢
it follows that 5 (Ae™¢) is equal to

N+1

1 1
(_)\)NJrl et +FAn41) H <e>\w(j) — X) — e~ 5 (N+1)e (_)\)NH TA (X) .

Jj=1

The last equation with (4) shows that the Euler-Frobenius function ITj (x, Ae™¢)
(which was defined by Ap (z,Ae™¢) - rp (Ae™€) in (3)) is equal to

1 N+1 1 1 N+1 1
A 1— - —1 = —(z—1)c | (N+4+1)e (_ + il I
d(1m g ) (N Jere e e (N (£

This is just the statement. m

3 Symmetry property of the basis L—spline (),

Define the function s (\) := H;V:tl (e‘AJ‘ - /\) and let s;, 7 =0,..,N +1 be
the coeflicients of s (M), i.e. sp (A) = Z;-\Zgl s;M. Due to the choice of the real
numbers s; it is straightforward to prove that the following cardinal L—spline

has support in the interval [0, N + 1],

N+1

Qa(z) = s;-Ax(z+1-4,0) lp) (2). (9)

Jj=0

We call Q, the basis-spline or B-spline or TB-spline.? It has the property that
Qa (z) >0 for all z € (0, N + 1) and Q4 is unique up to a positive constant.

21t is the analog to the B—spline in the polynomial case, see e.g. [11].



Proposition 4 Suppose that A is nearly symmetric with respect to the constant
ceR.If S (x) is a cardinal L—spline with respect to A then e=°*S (m —x) is a
cardinal L—spline with respect to A for every integer m.

Proof. Define f (z) := e=“*S (m — z) for all z € R. Clearly f is (N — 1)-
continuously differentiable. We know that S is on each interval (4,5 + 1),j € Z,
a solution of the given differential operator L, i.e., that the restriction S; of S to
(4,4 + 1) gives a function in Uy . Hence S is a linear combination of exponentials
r%eM® with j € {1,..., N + 1} and s is an integer smaller than the multiplicity
of Aj. Now consider f; (x) = e™"S; (m —x). Since —\; = ¢ + Ay it follows
that f; is in Ux and the proof is complete. m

Theorem 5 Suppose that A is nearly symmetric with respect to the constant
c € R. Then for all x € R the following equality holds

Qa (N +1—2) = e@e z(N+DeQ, (1).

Proof. Define f(z) := e *Qpx (N +1—2z) > 0 for all € R. Clearly f
is (N — 1)-continuously differentiable and it has support in [0, N + 1]. The last
Proposition shows that f is an L—spline with respect to A. Then the above-
mentioned uniqueness property of the basis spline Q5 yields that there exists a
constant D > 0 such that f = DQ,. By putting = 3 (N + 1) one obtains the
constant D and the proof is accomplished. m

The following fundamental formula relates the Euler-Frobenius function with
the basis—spline QA (cf. [6, p. 221 and p. 222])

N 4 (—1)N
RY (V) :Z)\N_]QA (z+])= m'HA (@,A). (10)
=0

The following result will be needed in the next section

Proposition 6 Suppose that A is nearly symmetric with respect to the con-
stant ¢ € R. Then the polynomial P (\) = RY (%) AN s proportional to the
polynomial Tx (0, Ae™€) , or more precisely,

PY(A) = (=) AeNe 10, (0, 2e7°) .

Proof. Since A\ + ... + An41 = —1 (N + 1) ¢ the equation (10) yields

1 1 1
P (\) := R (X) AV = (—1)V ez (NN, <a, X) .

Now we use the symmetry property of the Euler-Frobenius function ITj (z, Ae ™€)
in (8) applied to @ = 1 — = and obtain that

Pg(\) = (=1)N emcaeN+De 01, (1—a,Xe™).

Now take oo = 0 and use the fact that Ap (1, ) = pAa (0, 1) and the proof is
accomplished. m



4 Symmetry of the fundamental L—spline L,

We come to the main point of our study. Let us now consider interpolation
problems for cardinal L—splines. Let us fix a number o € [0,1). A cardinal
L—spline L,, is called a fundamental L—spline with respect to « if Ly (o) =1
and L, (a+j) =0 for all j € Z, j # 0 and if it decays exponentially, i.e. if
there exist two constants A, B > 0 such that

|L (z)| < Ae=Bl#l for all € R. (11)

The existence and uniqueness of fundamental L—spline L, with respect to «
was proved by Micchelli in [6, p. 213] under the assumption Ap (o, —1) # 0.
Let us recall from [10, p. 271] the construction of the fundamental L—spline:
Define as in the last section the function

N
PR (N) =R} G) AV =3 NQa (a+7).
j=0

Assume now that the function A — 1/Pg (A) is holomorphic on the annulus
{R1 < |\ < Rz} in the complex plane such that R; < 1 < Ry. We consider the

Laurent series
oo

1 ,
= Wi,
PR 2

j=—o0

Then the fundamental L—spline can be defined by

o0

Lo (z):= Y w;Qa(z—3j). (12)

j=—o0

The following Proposition provides in fact an improvement of the constants
A and B in the above inequality (11) but only on the half axis > 0. It is so
far essential for the proof of our main result

Proposition 7 Let A be nearly symmetric with respect to ¢ > 0 and suppose
that Ap (0,—1) # 0. Then there exists € > 0 and A > 0 such that

|Lo (z)] < Ae~(cte)e for all x > 0.

Proof. 1. For the proof we need at first a result about the zeros of \ —
Apr(0,N). Let py—q < -+ < g < =1 < pg—1 < -+ < 1 < 0 be the zeros
of A — Ap (0,)) in (—o00,0). By Proposition 2 we know that upur—1 = e °.
Clearly Ax (0, 1) # 0 for all g with g < g < pg—1. Since |pug| > 1 it follows that
|pp—1] = “L—lkle*c < e~¢. We conclude that there exists € > 0 such that |pur_1| <
e~ °7¢. By taking € > 0 somewhat smaller we can also assume that || > e°.
Since Ap (0, ) has zeros only in (—oo, 0] we conclude that Ax (0, ) # 0 for all
e~ ¢7¢ < |A| < e®. This shows that

IIx (0,A) = 7ra (A) Ax (0,0) £0 for all e7¢7° < |\ < €°.



By Proposition 6 PY (\) = (=)™ AeNe.Il, (0, Ae™¢). We conclude that Py(\) #
0 for all X satisfying e=¢ < |A| < e“Te.

2. Put My := max,co,n+1) |@a (y)]. We want to estimate Lo (x) as defined
in (12). Note that only j € Z with z — j € (0, N + 1) contributes non-trivially
to the sum (12) so we consider only j satisfying x — N — 1 < j < z. Denote
by [z] the largest integer k € Z with k < z. Note that j can be represented as
j=[z] = N —1+k with k € Ny. Then the series Lo (z) can be estimated by

Lo ()] < Do Wil Ma=Ma- Y |k -
JEZ,[z]-N—-1<j k=0

Above we have shown that Pf (\) # 0 is holomorphic on the annulus A (Ry, Rs)
where Ry = e¢7¢ < 1 < e = Ry. For any r with Ry < r < Ry we have the
following well known Cauchy estimates (see [1, p. 107]) for every j € Z,

s (13)

w;| < ma;
| J| = W:}i

PR ()

Hence the following inequality holds where we take r = e“*¢ 3 >1

1 o0
|Lo (z)] < Mj max —— pr ANk
IX=r [PR (M) ,;0

1 1
— M —[’E] N+1 )
ANETPr YT T

s

Since 0 < [z] < x we have —z < —[z] < —z + 1. Since r > 1 we see that
=l < pp=* = e~ and we obtain the inequality
|Lo (z)| < Ae=®™nr for all z > 0.
Since r = e“t2¢ the proof is complete. m
We will prove now the following Theorem which shows that the symmetry
property of the T'B—spline @, is shared also by the fundamental L—spline L.

Theorem 8 Let A be nearly symmetric with respect to ¢ € R and suppose that
Ap (0,—1) # 0. Then the fundamental L—spline Ly has the following symmetry
property:

Lo (—x) = e“ Lo (x) for all z € R.

Proof. 1. Define M (z) = e “*L (—x) . By Proposition 4 the function M is
a cardinal L—spline and clearly we have M (0) = 1 and M (j) =0 for all j € Z,
Jj # 0. If we know that M is of exponential decay (or of polynomial growth)
then the uniqueness property for the interpolation spline implies that M = L
and the proof is done.

2. Let us prove that M is of exponential decay: Assume at first that ¢ > 0.
For y = —x with = > 0 we obtain by the last Proposition

IM ()] = ¢ - | Lo (&)] < e A=+ = Ac=2lv,



For x > 0 we estimate (note that ¢ > 0)
|M (z)| = e " |Lo (—2)| < |Lo (—2)| < Ae~cl=2l = pe—el=l,

It follows that M is of exponential decay and the first case is proven.

3. Let us consider the case ¢ < 0. Note that T defined by T (z) = Lo (—x)
is a fundamental cardinal spline with respect to —A. Further, it is obvious that
—A is nearly symmetric with respect to —c. By the first case applied to T' we
obtain

Lo(x) =T (—x) =e T (x) = e Lo (—x)

and the proof is complete. m
For interpolation L—splines we have the following symmetry result:

Theorem 9 Let A be nearly symmetric with respect to ¢ € R and suppose
that Ap (0,—1) # 0. Let (yj)jez be a bi—infinite sequence of power growth, say
ly;| < Alj|" for all j € Z. Then there exists a unique interpolation L—spline Sy
of polynomial growth, i.e. satisfying

) =y, for all j € Z,
S0 (2)] < O (|2[") for x — o0,

which has the symmetry property
So (—x) = e Sy () forallz € R
if and only if y_; = e“Iy; for all j € Z.

Proof. We refer to [6] for the existence and uniqueness of Sp. The unique
interpolation L—spline Sy is defined by the series (cf. [6, p. 213])

So () = Z yeLo (x — k). (14)

k=—oc0

The necessity of the condition follows by putting x = j € Z and Theorem 8.
For the sufficiency note that by Theorem 8 we have

So(—2)= > yiLo(—z—j)= > y;e ™ Lo(x+ )

j=—o00 j=—o00

= e Ny Lo (@ = j) = e So ().

j=—0c0

The proof is complete. m



5 Symmetry of Polysplines

A function?® S : R"\ {0} — C is called a cardinal polyspline (on spheres) of order
pif S is (2p — 2) —times continuously differentiable and the restriction of S to
cach open annulus A; := {z € R" : ¢/ < |z| < €/} is a polyharmonic function
of order p for all j € Z. Recall that a function f defined on an open set U in
the euclidean space R™ is polyharmonic of order p if f is 2p-times continuously
differentiable and APf (z) = 0 for all z € U where A is the Laplace operator
and AP its p—th iteration.

Before we can explain the results we have to recall at first some notations:
Denote by Yy (), k € No,l =1, ..., a; an orthonormal basis of the space Hy
of all spherical harmonics of degree k with respect to the measure dff and the

L2-norm )

= ([ o an)’

where w,, denotes the surface area of the sphere S*~!. The Fourier—Laplace
coefficients of a square integrable function f : S"~! — C are defined by

1
Jop=— f(0) Yy (0)do (15)
Wn Jsn—1
for all k € Ny, and | = 1,...,a;. The Li—Sobolev norm of exponent s of a
square integrable function f : S ! — C is defined by*

Il =D > 1 fwal - (L +E)° (16)
k=0 l=1

In a recent paper the authors discussed the interpolation results for poly-
splines and proved the following Theorem: assume that for all j € Z the data
function d; be given on the sphere ¢/S™~! of radius ¢/, and assume that the
functions f;: "' — R defined by f; (f) := d; (eJG) have finite L;—Sobolev
norms for s =2 (p— 1) + n/2 — 1. If the estimate

Id; (76) 1. < C1il" = C floge’|"
holds for all § € S”~!, and j € Z, then there exists a polyspline S of order p
interpolating the data functions d;, i.e.

S (e76) = d; (¢0) forall € S"™1, j € Z, (17)
and obeying the estimate

S (rf)] < O (Jlogr[") (18)

3The first author introduced in 1991 polysplines in a more general setting, see [2].

4Note that this quantity may be infinite for some functions in L.



for all € S*! and r > 0, i.e. S satisfies the same growth condition as the
data functions.
It is a remarkable fact that the polysplines S of order p are of the form

0o ag

S(x) =Y Ske(logr)Yii(0), (19)

k=0 (=1

where for all £ and ¢ the functions S, ¢ : R — R are cardinal L—splines of
order p with respect to a linear differential operator L = Ly ), defined by a
non-ordered vector A (k,p). The last is given by

with
Ay (kyp) ={k,k+2,....,k+2p—2}, (21)
A_(k,p)={-k—-n+2,-k—n+4,..,—k—n+2p}. (22)

It is evident that A (k,p) is nearly symmetric with respect to ¢ =n — 2p.

Theorem 10 Let S be the interpolation polyspline for the data d; (650) as de-
scribed above in (17) and (18). Then S satisfies the symmetry property

S(r='0) =r""?*S (r0) forallr >0, § € S"*
if and only if
fi(0) = em=Pif(9) foralljeZ, 6 eS" L

Before we prove the Theorem we will discuss the special case of ” fundamental
polysplines”.

Let us define a fundamental polyspline Ly : R™ \ {0} — R for the data
function f: S"~! — C as the polyspline of order p such that for each j € Z the
interpolation condition

Ly (e70) = 6j0f () for all @ € S"~*
holds as well as the following growth condition
|Ly (r0)| < Me=¥lo8" || f|| 0o forallr >0and @ € S"71.  (23)
The existence of the fundamental polyspline Ly is proved in the following:

Theorem 11 Let g be a natural number such that ¢ > p—1+ [%} . Then for any
2q-continuously differentiable function f: S"~' — R there exists a fundamental
polyspline Ly of order p such that condition (23) holds with constants M > 0
and € > 0 independent of the choice of the data function f. Furthermore, the
Sfundamental polyspline satisfies the symmetry property

Ly (r='0) =r""? Ly (r0) for allr >0 and € S" 1,

10



Proof. Existence is proved in [4]. For our purposes we need only the defining
formula for Ly from [4]. Let fi; be the Laplace-Fourier coefficient of f defined in
(15). The fundamental polyspline Ly : R™\ {0} — R is defined by the following
series (cf. [4]):

co  ag

Lf (7”9) = Z Z fk,l . L()’k (log 7”) . Yk,l (9) .

k=0 l=1

Here Lo denotes the fundamental cardinal L—spline with respect to the dif-
ferential operator L which is defined through the vector A (k) = A (k,p). By
Theorem 8 we know that Lo ; (—v) = e’ Lo (v) for all v € R. It follows that
Lo (log 7"_1) = Lo (—logr) =1Ly 1 (logr) . Hence we obtain

oo ag

Ly (r710) = 303" fua- Lo (logr ™) - Yiea (6) = Ly (1)

k=0 l=1

for all » > 0 and § € S*~!. This ends the proof. m

Finally we will prove Theorem 10:

Proof. For each f; we can define a fundamental polyspline Ly, as in The-
orem 11. The interpolation polyspline is defined for all » > 0 and § € S*!
by

S(rf) = Z Ly, (re79).

The proof is now straightforward using the last Theorem. m
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