Peano Kernel
for Harmonicity Differences of Order p

Werner Haussmann and Ognyan 1. Kounchev!

In the present paper we consider linear functionals L which vanish on poly-
harmonic functions of a fixed order p > 1 in a bounded domain D C RY, i. e.
on the kernel of the polyharmonic operator AP, where A denotes the Laplacian
differential operator. For such functionals we prove a theorem of Peano type
(see Peano [13], Davis [6], Sard [15]) which states that

L(f) = [ P@)Af(a)dr

where P is the corresponding Peano kernel (cf. Theorem 1.1). This formula
shows a full analogy with the classical one-dimensional case where (see Davis
[6, p. 69])

Lg) = [ Po(t)g® )i

and where L is a functional X/fllrlishing on the polynomials of degree p, i.e. on
P
dp+1

Another well-known one—dimensional result is that the Peano kernel of the
finite difference operator of order p+ 1 is a univariate B—spline (cf. Tchakaloff
[20], Curry—Schoenberg [5], Schumaker [17]).

The main purpose of the present paper is to introduce the concept of the
harmonicity difference of order p and to study the properties of the Peano
kernel associated with it. The harmonicity difference of order p naturally
arises from a mean value property of the polyharmonic functions of order p
(cf. Bramble-Payne [3], Cheng [4], Picone [14]).

The harmonicity difference of order p enjoys many of the properties of
the one—dimensional finite difference operator. In particular, we prove that
its Peano kernel is (i) compactly supported (ii) radially symmetric with high
order smoothness, and (iii) satisfying an extremal problem which resembles
Holladay’s theorem for one—dimensional splines, see Ahlberg—Nilson—Walsh [1,
Ch. III, §3.1].

the kernel of the operator
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1. Peano Type Theorem

Let D ¢ R?% d € N, be a bounded domain, i.e. an open and connected
set. We denote by H,(D) C C?(D) the set of all polyharmonic functions h of
order p € N, i.e. for which

APh =0 in D,

where AP is the p-th power of the Laplacian operator A with A% := id.

We shall prove a multivariate Peano type theorem for functionals L van-
ishing on H,(D). This theorem corresponds to the classical univariate Peano
theorem for functionals vanishing on polynomials (see e.g. Davis [6]).

We remark that in the multivariate case there are quite few results for
Peano kernels in general domains. The difficulty for constructing such are
pointed out in Shapiro [18] who proved a Peano type theorem for functionals
vanishing on multivariate polynomials.

Denote by R, the fundamental solution for the operator A? in R%, p € N,
which is given by (cf. Aronszajn—Creese-Lipkin [2])

(1.1) Ry(w) = Ry(|z]) = r*"~*(Apalog(r) + Bp.a)

where 7 := |z|, and A, 4 and B, 4 are appropriate constants with A, 4 # 0 only
for even d and p > g. Note that throughout this paper we use the notation
f(z) = f(Jz]) to indicate the radial symmetry of a function f.

The function R, has the property that

(1.2) AR, =R, for0<k<p.

For details we refer to [2].
We consider linear functionals L on C?"(D) which consist of terms of the
following type

(13) Lsau(f) = [ D°f(x)dp(z). (f € (D)),

where S C D is a g¢—dimensional compact manifold (1 < ¢ < d), p is a finite

Borel measure on S, and where D® denotes the partial derivative of order
d

la] =Y a; < 2p where a = (a, ..., aq) € N
i=1
Then we put

(14) L(f) = ELSma(k),uk(f) + Z Z Cozj'Daf(xj>7 (f €O2p(D))u

J=1 |al<2p

where z; € D, 1< j < J, and |ag)| <2p, k=1,.. K.
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For the following we define a constant €2; by

m fordZ?),

1
O.—d fOI'dZQ,

(1.5) Qg =

4

2m2
where o4 := %d) denotes the area of the (d — 1)-sphere Sy_; := {£ € R?
2
€] = 1}. In addition, we define Sy_;(7) :={¢ € R? : [¢] = 7}.
Now we can state the Peano theorem for linear functionals vanishing on
polyharmonic functions:

Theorem 1.1. Let the bounded domain D be such that 0D is a Lipschitzian
graph manifold (see [2, p. 8]). Let L be a linear functional of type (1.4) such
that L(g) = 0 for g € H,(D). Then for all f € C*! in an open neighbourhood
U(D) of D, we have the representation

L(f) = [ Pa)Af(a)da.
where P(z) = —QuK (z) == —QuL,(R,(z — v)).

Here the notation L, means that the functional L is applied with respect
to the y—variable.
In order to prove Theorem 1.1, we need the following

Lemma 1.2.
(i) If |a| < 2p, then

/D (/S DZ Ry (x — y)du(x)> 9(y)dy = /S (Di /D Ry(x — y)g(y)dy) dp(x)
for every g € C(D).
(i) If |o| < 2p then
/DDﬁRp(x—y)g(y)dy = D?/DRp(x—y)g(y)dy
for every g € C(D) and x € D.

Proof : For the fundamental solution R, given by (1.1) we obtain the following
inequalities

(1.6) DR, (x)| < Cy-[aP~ 4710 (| log |z] | + Cy)

for all z € R*\{0} (cf. [2, p. 16]). The log term appears only in the case of
even dimension d and p > d/2.



Let us put N = 2p —d — |«|. The integrals in (i) exist if

1= [ (102 R = y)g(w)ldy ) ) < oc.

Since g € C(D), we obtain
< a —
I < 03/3 (/D | D; By (2 y)\dy> d|p|(x)

<Cuf [ 1 loglel |+ Co)dzdlpl (@),
S JBu(0)

where z =z —y and M > 0 is sufficiently large depending on the diameter of
D. Passing to spherical coordinates we get

M
I < 05/0 PN+ log p| + Co)dp.

The last integral is finite if N +d — 1 > —1, ie. 2p —d — |a| +d > 0,
or |a| < 2p which holds by assumption, hence the theorem of Fubini and
Lebesgue’s theorem of dominated convergence yield the desired result.

A similar argument proves (ii). O

Proof of Theorem 1.1: We apply the second Green formula with respect to D
(cf. [2, p.10]) to the function f which is possible since f is C? in an open
neighbourhood of D:

Qq 'Z;Z:% /aD <Alf(97) aix Ria(r —y) — Rz — y)aix Alf(:t)) do ()

(1.7) Qq /D R,(z—y)AP f(x)dx = {0 ifydD.
Here n, is the inner normal vector to 9D, and o is the area measure on 0D.

The function

v ) = 0% [ (A7 5 Rioe =) = (o = 1) 508 1(0)) dot)

is in C*°(D) and APu(y) = 0, since for x € 9D we have
AZJ)RlH(x —y)=0, for [ +1<p.

Here A(,) means the Laplace operator with respect to the y-variable. (Note
that Ry, is the fundamental solution for A*! hence ARy (x —y) = 0
since 0D >z #y€ D.)



Hence from (1.7) we have for y € D

(18) Fy) = uly) = Qu [ Ryla—y)A"f(w)da

Now let us apply L to both sides of (1.8):

(1.9) L(f) = L(w) = L, ( [ Ryl — )N f(@)dr)

Since u € H,(D) we have Lu = 0.

The second term on the right hand side of (1.9) is a sum of repeated
integrals of the type appearing in Lemma 1.2, hence it is possible to interchange
the order of integration, i.e. we have from (1.9)

L(f) = =S [ Ly (By(o — ) A f ()i = [ Pla) A f(@)do

with P(z) = —QqL,(R,(z —y)). O

Remark. (i) For simplicity sake, further in this paper we will refer to the
function K as to the Peano kernel rather than to its multiple P, which is
P=-—QK.

(ii) Examples of linear functionals vanishing on harmonic functions are
provided by Gauss’ mean value theorem. E. g., if g € D, then the functional

1

(1.10) Lf = f(wo) — o 8Bh(x0)f($o+h§)d‘7£

vanishes for all harmonic functions in D provided that By (z) is contained in
D.

In this paper we consider the harmonicity difference of order p which is a
generalization of the functional (1.10) vanishing on the space of polyharmonic
functions.

On the other hand, the balayage principle considered in Schulze-Wildenhain
[16, p. 259] generates functionals of type (1.4) vanishing also on polyharmonic
functions.



2. Harmonicity Differences of Order p

We introduce the harmonicity difference of order p as a natural generaliza-
tion of the classical univariate finite difference of even order. For this purpose
we need the following notation:

For a domain D Cc R?, d > 2, for f € C(D), x € D and h > 0 such that
the open ball By(z) := {y € R? : |z —y| < h} is strictly contained in D,
i. e. Bp(z) C D, we denote by

1

o ghd-1

1
pfah) = — [ fla+he)dog = fo, o T+ 9)o ()

the surface mean of f over 0B (x). Here do¢ denotes the area element of the

(d — 1)-sphere S;_; and do(y) is the area element of the sphere S;_;(h). For
h =0 we have u(f,x;0) = f(x).

In [9] the harmonicity difference (of order 1) was defined by

Anf(a) = ulfimh) — f@) =— [ (Flathe) — f(z))doe

04 JSq-1
By the mean value property of harmonic functions it is obvious that A, f(x) =
0 for every harmonic function f. This is also true for d = 1. In this case har-
monic functions are polynomials of degree at most 1. Note that in the case
d = 1, where we have o; = 2 and the O-sphere Sy = {—1,1}, we get

21)  Mfl) = G+ h) — 2f@) + fa-h) = SALF)

where A? is the classical univariate symmetric difference of order 2.
Every (univariate) symmetric difference A f(z) = (A2)Pf(z) of even
order 2p can be expressed as

(22)  (APS() = AFf(a) = S(-1) <2j‘.p>f(x+(p—j)h)

=0
p ) 2p
= —1 pﬂ( _)AQ- f(x).
S, )t
Motivated by (2.1) and (2.2), we replace A? by A, and we define (with
the appropriate normalization factor @) the harmonicity difference of order
p

p by
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(2.3) AYf(z) = ( )Xi: p“’( 2p> ANjpf(x Xi: Ajyf(x

Note that for x € D, h > 0 has to be sufficiently small such that the ball
By (z) is contained in D.

Remark. According to (2.2) and (2.3) we have for radially symmetric func-
tions f(z) = f(|x|) the equation AP f(0) = (?’)Aif(()).

As is well known, the univariate difference A} f(z) vanishes for polynomials
of degree at most 2p—1. Similarly, the harmonicity difference A? f () vanishes
for polyharmonic functions of order p. This is stated in

Theorem 2.1. Let p € IN, h > 0 and x € D such that By,(z) C D. Then for
any f € C?P(D) satisfying AP f = 0 we have

A f(z) =0

Throughout this paper we shall use simultaneously the standard notations
A for the Laplacian differential operator and A, for the univariate difference
operator with stepsize h, and A, for the harmonicity difference. There should
be no confusion.

In order to prove Theorem 2.1 we shall use the Pizzetti—Nicolescu formula
(see Nicolescu [12]). This formula provides a representation of the mean value
wu(f,z;h) for a function f € C?*(D), p € N, in terms of A’f, 1 < j < p.
To state the Pizzetti—Nicolescu formula we need the linear integral operator J
defined for a given h > 0 by

Td_ 1

t
J(dst) = /0 <r _ td—_2> o(r)dr  for¢ e Cl0,h], 0<t<h
if d > 3. In the case d = 2, J is defined by
to
J(dst) = / rlog ~(r)dr for ¢ € C[0,h], 0<t<h.
0 T

The powers of J are defined as usual by J! := J, and J*™! := J(J*) for k > 1.
We mention that, when ¢ = 1 is the constant function, then

agp(d — 2)Pt?P for d > 3,
T(L;¢) = L o for d = 2
ITTPER mess



where p > 1 and

1
Y pld(d + 2).. (d + 2p — 2)

(p>1,d>2).

Note that as, = We put aqy = 1.

1
4p(ph)?”

Now we can give a proof of the Pizzetti-Nicolescu formula (see also Nico-
lescu [12]).

Proposition 2.2.
(i) Suppose f € C?**(D). Then for any ball By(z) strictly contained in D, the
following equation holds

p-1 L for d > 3
plf wsh) = f2)+3 ] agh™ N f(2)+ I (n(A"f, x5-); h)~{ @—2p =7
=t 1 for d = 2.

(ii) The remainder in the Pizzetti-Nicolescu formula can be written as

JP(u(APfa;-) k) = p(APf,a;9,h) - JP(1; h)

adthP(d —2)P ford > 3,
= APf(&ep) -

agph2p for d = 2,

for a suitable &, , € By(x).

Proof : (i) By the Poisson formula (cf. Aronszajn—Creese-Lipkin [2, formula
(2.16")]) we have

Q) f0) = — [ f@)de(r) — O [ Gl y)Af @),

04 JoBy(y) h B (y)

where G is the Green function of the ball By(y) given by (see [2, formula

(2.12)])

(2.5) G(z,y) = Ri(z—y) — Rl(h-ﬁ)
1

Ri(r—y) — —  ford>3,
= Ri(z—y) — Ri(h) = o

—log|x —y| + log h ford =2,
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due to the fact that (see [2])

|z|>~¢  for d > 3,
Ri(z) =

—log |z| ford=2.

The first integral in (2.4) is equal to u(f,y; h), and the second integral becomes
(after a change of variables)

(2.6) h
Qq /Bh(y) Gz, y)Af(x)dx = Qq /Sdl/o Gly + 1€, ) Af(y + r€)r?drdoe.

Since by (2.5) we see that

Gly+rey) = 72 e RS

—log r+1log h ford=2,

depends only on r. Put Go(r) := G(y + 7€, y). Then the integral on the right
hand side of (2.6) becomes

h h
Qd/ GO(T)/S Af(y+r€)doer®tdr = Qdad/ Go(r)r (A f, y;r)dr.
0 41 0
By the definition of J for both cases d > 3 and d = 2, we see that

pw(f,ys k) = f(y) + QaoaJ(W(Af, y;-), h).

This is the assertion for p = 1; the case p > 2 is proved by induction. For the
calculation of the constants we use the fact that

L for d > 3,
Quog = ¢ d—2
1 for d = 2.

(ii) follows from (i) using the mean value theorem of integration. 0O
For the proof of Theorem 2.1 we need, in addition, the following elementary
property of the binomial coefficients:

Proposition 2.3. For 0 <k <p—1 we have

2

(2.7) (2p) i(_l)pH(prj)j% = (=1)P 6,

where g, denotes the Kronecker symbol.
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Proof : First we consider k = (. Here we have

jé(_l)pﬂ(pipj) - é(_l)p_j<p2—pj>

ie. (2.7).
For k >0, k < p—1, we apply (2.2) with f(z) = 22 and h = 1. Since f
is a polynomial of degree less than 2p we have

0 = AFf(0) = ]Z:(—DP”( N )A§f<0>

P+

2
= Z(—DW( g .>2j2’“,
P+
which gives (2.7). O

Proof of Theorem 2.1: Consider

p _ i Pty 2p T
AP f(z) = (25) ;( 1) <p+j>Aghf( )
_ i % pTJ 2p x — X
= BV (7)) wtrasm) — s
_ 2 e 2P p_la' WA (x
1
9 9 ‘ for d > 3,
+ s (1) TP (u(AP £ ;)5 jh) - (d—2)P
()= <p+‘7> { 1 ford=2

Here we have used Proposition 2.2 (i). The first term vanishes by Proposition
2.3, hence

1
” Z(—l)p“( 2p ) TP (AP £, a; ~);jh)~{ (d—2)
()= 1 ford=2.

for d > 3,

Thus A f(x) = 0 for every function polyharmonic of order p. O
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3. Peano Kernel for the Harmonicity Difference Operator

We will need the following

Lemma 3.1. Let 7 > 0. For p > 1 the mean value integral

1 1
L(y,7) = /L(Rp,y;T):U—d / R,(té—y)doe = ppr / R,(z—y)do(z)
Sq—1

Sa-1(7)
1s a spherically symmetric function of y, and has the following properties:
(i) APL(y,7) =0 for |y[ # 7;
(ii) A*L(y,7) = L,_x(y,7)  for everyy and for0 <k <p—1;
(iii) The functions

y — AL (y,7) (k=0,...,p—1),

and

0
— —A*L(y, T k=0,...,p—2

are continuous of the variable y € R, After putting t := |y|, we get
o

(i) t— %Ip(tﬁ) (k=0,...,2p—2)

s continuous for every t > 0;

(iv) APy, 7) = Ly, 7)

is equal to a constant for |y| < T, and is equal to Ry(y) for |y| > .

Proof : The spherical symmetry follows since R,(z) = R,(|z]),z € R*\{0}.
Let |y| = |y1]| and A be an orthogonal transformation such that Ay; = y. Then
we have do¢ = do,, where An = ¢, and |7 —y| = |TAn— Ay, | = |A(Tn—uy1)| =
|71 — y1|. Hence I,(y1,7) = I,(y, 7).

Property (i) follows from AfR,(x —y) = 0 for z # y. In addition, (i) is
implied by (1.2).

Property (iii) follows from the fact that the function

T — D;‘Rp(x — )
has a weak singularity at the points y € Sy 1(7) for every multi-index «,

la] < 2p—2.
Indeed, for a small ball B.(y), y € Sq—1(7) we have a diffeomorphism
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F BE(y) - Bel(o)
such that F(y) =0 and
F(B.(y) N S4-1(7)) € BV (0) c R ¢ R
with
(3.1) Clr —y| <|F(x) — F(y)| < Ci|lx —y| forz € B.(y).

Note that B,(y) denotes a d—dimensional ball of radius r > 0 centered at v,
whereas BV (y) denotes a (d — 1)-dimensional ball.
From this we get with (1.6)

Dy Ry(w = y)| < Cof F(x) = F(y)|P~71- (| log | F(z) — F(y)| |+ Cs).

Indeed, by taking e > 0 small enough, for an exponent 2p — d — |a| > 0 we
have
=y < Ky - P (x) = F(y)P e

due to the left—hand side inequality in (3.1), and for an exponent 2p — d — || <
0 we have
o =y < K - | F(x) = F(y) P

due to the right-hand side inequality in (3.1). We also have
| log |z —y|| < Ks- (] log |[F(z) — F(y)| | + K4)

due to the right-hand side inequality in (3.1) with positive constants K7, ..., K.
By changing the variables we obtain

J = / D2R,(z — y)do(z) | = |74 / D2 R, (7€ — y)do

Be(y)NSg—1(7) Be ()NS4-1

£
T

<Cu [ P dogul | + Cr)du
B:, (0

Passing to spherical coordinates we get

2 op—d—|a| d—2
(3.2) J< 06/ p=d=lol 4=2(| 1og p | + Cy)dp < o0,

0
for 2p—d—|a|+d—2 > —1, i.e. for 2p—|a| > 1. Since A*I, (k=0,...,p—1),
resp. —— A", for k =0,...,p — 2, are linear combinations of derivatives of

dly|
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I, (with respect to y) of order < 2p — 2, it follows by (3.2) that they are
continuous.

Property (iii’) will follow from (iii) using the spherical symmetry and

0? (d—1) 0
3.3 A + .
o DT AP T Tyl oyl
Indeed, this implies
82 s—1 s—1 (d - 1) 0 s—1

For s = 1 this yields the result for k = 2.
Then we proceed by induction on s. (For k = 1 the result follows from (iii)).
Property (iv) is a classical property of the single layer potential (see e.g.

Sobolev [19, p. 212] for the case d = 3). Indeed, for y € B,(0) we have
AlL(y,7) =0 fory e B.(0),

from (i), i.e. [; is a harmonic function inside the ball B;(0). Since it is a
constant for |y| = 7 , it follows that I is equal to I1(7,7) in B;(0).
For every y ¢ B.(0), the function

r — R;i(z —y) is harmonic in B,(0).
According to the mean value theorem for harmonic functions we get
[1(y,7'):R1(0—y):R1(y) O

We can write the function I, in an explicit way:

Proposition 3.2. The integrals I,(y, ) satisfy (fort >0, p > 1)

p—1
> duilyl* for |yl <,
S aat  Ry_i(lyl)  for |y| >,
k=0
where (d)
1 (¢
dpr = 5 P = 2 R,
= Ay ) = e ey 4y )

for k=0,...,p, and the coefficients aq. are those of Proposition 2.2.

Proof : Since API,(y,7) = 0 for |y| < 7 (see Lemma 3.1,(1)), and [,(y,7) is
spherically symmetric, we shall see that I,(y, 7) is a polynomial in |y|?, i.e.

p—1
(3.5) Ly, 7) =Y dulyl”™ for |y| <.
k=0
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In order to prove (3.5), we proceed by induction: For p = 1, I; is a harmonic
function by Lemma 3.1(i). Since [; is spherically symmetric, it is constant by
the maximum principle.

Now assume that the statement is true for p — 1. Since AIL,(y) = I,-1(y),
by induction hypothesis we have

p—2
AL(y) = cxlyl*, cr € R.

k=0

Since Aly|? = (20)(20 — 2 + d)|y|*~2, we get that the function

p—1
.: Ck—1 2%

satisfies A¢ = Al,. Hence A(¢p—1,) = 0. Since ¢ — I, is spherically symmetric,
it follows that ¢ — I, is equal to a constant, hence I, is of the desired form.
Due to the continuity of I,(y, 7) the formula holds for |y| = 7 as well. In order
to compute the constants d, consider

p—1
AN dulyl®)| = d A (1y*) = -(0,7)
=0 Yy

=0

. Ry (1§)dog = Rp k() - = /Sd_ dog = Ry k(7).

0q JSq—1 04d

The explicit value of d, follows from [2, p. 2].
For |y| > 7 we compute I,(y, 7) by the Pizzetti-Nicolescu formula (Propo-
sition 2.2). O

Lemma 3.3. Using the notation as in Lemma 3.1 we get: The derivative

0

0 0
_~ AP-1 - - _
a‘y‘A ]P(yaT) a|y|]1(y77—) atll(th)

where t = |y|, satisfies

0 0 1
§[1(7+ 0,7) — &[1(7 —0,7) = =

ford =2, and

911(7 +0,7) — 211(7 —0,7)=(2—d)r*™,

ot ot

for d > 3.
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Proof : In order to prove this we differentiate the formula (3.4). For |y| < 7
we have

Ap 1[ (‘y‘ dek‘y‘ dpp-1-C,

hence

9,

—Li(t—0,7) =0.

(9t 1( aT)

On the other hand for |y| > 7 we get (using AR, = R,_—; if k+j <p—1,

and AVR, , =0fork+j>p—1):
1A=
A7) (l;)adkT%Rp_k(\y\))

= adoRl(\yD = Rl(|y|)

Hence 9 5
all(T—i-O T) = &Rl( )|t:T,
which is equal to
2(—logt) _ ! for d =2
ot - T ’
and to
%(tQ_d)‘tT =2—-d)r% ford>2.

This concludes the proof. O

Theorem 3.4. The Peano kernel for the harmonicity difference operator (at
the point x = 0) is equal to P, = —Q - K,,, where

(3.6) Ky(y) = Ap(Bp(- = y))| = doly(y) + ZA Lp(y, jh)

=0 ] 1
_ 2 S 2p .
with \; = 2—(—1)p+]< .), for1<j<p, and
(%) Pt
P
Ao == A= (=1)

=1

The kernel K, (and P,) is spherically symmetric and satisfies
(i)  APK,(y)=0  forly|# jh, j=0,..,p.

(ii) The functions

0
AFK,(y) (k=0,...,p—1), andmAkK(y) (k=0,...,p—2)

15



are continuous for y # 0.

(iii) Let j =1,...,p. Then for T = jh, we have
0 0

——AP'K — ——APK
T PO i
1
-\ { - = ford =2,
- T
(2—d)r'=%  ford> 3.

Proof : The value of \y comes directly from Proposition 2.3, while the spherical
symmetry follows from Lemma 3.1. Properties (i) and (ii) come from Lemma
3.1, and (iii) follows by Lemma 3.3. O
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4. B—spline Properties of the Peano Kernel

We will prove that for p = 2¢, ¢ € IN, the Peano kernel Kj, corresponding to
A% is a solution to an extremal problem which is characteristic for splines,
and also satisfies boundary conditions typical for B—splines.

Let us restrict ourselves to the case 4¢ > d, for which Kj, is continuous.
Choose a number A > 0 and put

77j = Kgq(jh,), ] :0,,2(]

Theorem 4.1. Let g € IN and h > 0.
(i) The kernel Koy has compact support:

supp Kaq C Bagr(0) = {y € R |y| < 2qh};

(11) For 4q > d, the kernel Ky, is a solution of the following extremal problem

(4.1) min /132 h(o)(Aqu(x))2dx

where the functions u range in the Sobolev space H?1(Bag(0)) (see Lions—
Magenes [11]) subject to the interior interpolation conditions

(4.2) uw(@)=mn;  |z[=jh, 0<j<2q
and to the boundary conditions
(4.3) Afu(z) =0,  |z[=2¢h, 1<k<q-—1,

%Aku(x) =0, |x| =2gh, 0<k<qg-—1,

0
where — s the inner normal derivative at the points of the sphere S(0,2qh).

on

Proof : The proof of (i) follows from the fact that for every y with |y| > 2qh
the function Ry (r —y) — as a function of z — is polyharmonic of order 2q in
the ball Bygy,(0). Since Ky, = ARy, (- —y), we can apply Theorem 2.1, hence
Ky (x) = 0 for |y| > 2qh.
Let us remark that (i) is true not only for p = 2¢ but for all p.

From (i) and Lemma 3.1 (iii) it follows that Kj, satisfies the boundary
conditions (4.3). We remark that (i) implies 7, = 0.

Now let us prove (ii):

1. Let g € H?Y(Bgy,(0)) and consider
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(4.4) /B o A () AT ()

2q
Due to formula (3.6), we have AKy, = MoRy(y) + > Ajl,(y,jh). The
j=1
first term on the right hand side is in L?(Bagnie(0)), while the I,(y, jh) are
continuous in R? by Lemma 3.1 (iii). Hence AYK5, € H°(Byyu.-(0)). Due to
the regularity theorem for elliptic operators (see Lions-Magenes [11, p. 125])
it follows that Ko, € Hp%(Bagnic(0)). This implies Ky, € H?I(Byg(0)).
We evaluate the integral in (4.4) using the Green formula (cf. [2, (2.9)] - which
is also valid for functions in the relevant Sobolev spaces, see Lions-Magenes
[11, Remark 2.2 on p. 120]).
We apply the Green formula to every spherical layer B;j;1)4(0)\B;xr(0) =
Dj,1<j<2¢-1

/D. ATKy(x)Alg(x)dz

q—1 P 5
= Z ‘/(r)D_ <Alg(x)%A2q—l—lK2q(x) _ A2q_1_lK2q(x)%Alg(x)> dO’(.T)
=0 J

since according to Lemma 3.1 (ii) A?* Ky, (z) = 0 in D;.
2. For the ball Dy := By(0) we have by definition

/Do ATKy, () Alg(x)dx

2q
= Mo [ ATRy(2)Ag(x)dz + SN / AL, (z, jh)Alg(z))dz.
Do j=1 Do

The first term can be computed with the aid of the second Green formula (see
2, p. 10]) which is

Aoz L ( (1) DM Ry () Nq—l—lRQq(x)%Ng(x))da(x)

Ao

—9(0)

(4.5) —Xo /Do ARy, () Alg(z)dx = 2,

(with Qg as in (1.5) ).
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To the second term we apply the first Green formula, which yields

(46) S0 [ AT (o, 1) ATy )i

J=1

2q g9l 0 0
ZEZ&EZAD(Ab@k%A%**bAaﬂw—A%**bﬁﬁjm5;Nﬂw>wﬂ@-
1=0 0

j=1
Summing up (4.5) and (4.6) we obtain

ARy (2)Atg(x)dx
Do
q-1 l 5 l l |
= /aD <A g(:c)a—mq—l— Koy(z) — A%7K o, 70) 5 A g(x)> do ()
=0 0
1

according to Theorem 3.4 for the constant ).

3. Now we sum up the formulas obtained in 1. and 2. for all D; (j =
0,...,2¢ — 1). Due to Lemma 3.1 (iii) we get

q q
(4.7) AM@AKMMAM@M

Y A Ry a), gla)dole)

7j=1
q—1 o 0 1-1 0 " -
_ Aq K h _Aq_ — _ _Aq K Aq_ _ d
; </S(0,2qh)( 2q(x>] )an g9() n gq(x) g(x)) CT(.CE)) ’
where {iAzq_lez(x)}j denotes the jump of the normal derivative at the

point z € S(0, jh), which is equal to

0 3 D) )
8_nA2q IKQ‘I(y)‘\w:jh—O - (9_nA2q 1K2q(y)‘\y|=jh+o
9 a2 9 241
— MA K2q(y)‘\y|:jh—0 - MA KQQ(y>‘\y|:jh+0>

which is a certain constant (independent of y) due to the radial symmetry of
Ko,

4. Finally, we consider all functions u € H??(Bay,,(0)) which also satisfy
(4.2) and (4.3). Then we have

/32 h(o)(Aquq(x) — A%(x))*dx

19



= /32 h(o)(Aqu(x))Qdaj -2 (A%u(z) — AK (7)) A Ky (x)dx

BQqh (0)
— AIK 2dzx.
ngh(o)( 2q (x)) x

Let us now apply (4.7) to the second term on the right—hand side by putting
g = A%u(x)—A1K,,(x). since Note that the function Ky, belongs to H*!(Ba,,(0))
as seen in part 1. of this proof. We obtain

/32 h(o)(Aqu(x) — ATKoy (7)) AT Koy (x)dx

2q—1

+Z/

504 (o A By (1)} ) — K () (0

=5 gy (A B ) AT ) — i)

_%AqHKQq(x)Aq_l_l(u(x) — Kyy(x)))do(x).

All terms on the right side are zero since Ky, and u satisfy the matching
interpolation conditions (4.2) and (4.3).
Thus we obtain

(4.8) /B o (BT ()P = / (A%u(z))dz

Bagn (0)
— Atu(z) — A Ky (7))’ dx
[ (Aula) = A 1)
which proves the minimum property. O
Theorem 4.2. The solution to problem (4.1-4.3) is unique.

Proof. 1. Let f € H?I(Ba,,(0)) be another solution to problem (4.1-4.3).
Let us put v = f — Ky;. Then by (4.8) we obtain

(4.9) /B o Br0@)de =0

2. On the other hand from (4.3) it follows that

(4.10) AFy(x) =0, lz| =2gh, 0<k<q-—1,
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%Akv(;ﬂ) =0, |z| =2gh, 0<k<qg-—1

Also, by Theorem 3.4 we have that the functions A*v(x), 0 <k < ¢ — 1, and
(0/0n)AFv(z), 0 < k < ¢ — 1, have the same boundary values (traces in the
sense of Lions—-Magenes [11, Ch.1.7]) when taken from both sides of the sphere
|z| = jh for j =1,2,...,2¢— 1.

3. For every domain D;,0 < j < 2¢ — 1, the second Green formula yields:

ik 0 0
Qq lz_;) /é)Dj (Alv(x)%RlH(x —y) — R (x — y)%Alv(x))da(x)
_ VA _Joly) ifyeD;
Qq /D]- R,(x —y)A%v(x)dr = { 0 ify ¢ D,
We sum up these formulas for 7 = 0,...,2¢g — 1. Due to the statements about

the traces made above, we obtain:

ify e D
0 f, e -psne={ 00 D

~ 2q
where D = Bog,(0) \ | Sjn(0).
j=1

Equality (4.9) implies that v(y) = 0,y € D, due to the inequalities

(y)| < \/B“Rq(x—y)Aqv(x)dx\

< \//quh R2(x — y)dx / (Adv(z))?dz = 0.

BQqh

Since v(x) =0, for |z| = jh, j = 1,...,2q, we obtain that v is identically zero
in By, (0). This finishes the proof. O

Remark. The kernel Ky, is an example of a polyspline. These were introduced
as solutions of a problem of type (4.1) — (4.3) and studied in [7, 8, 10].

21



References

[1] AHLBERG J. H., NILSON, E. N. and WALSH, J. L., The Theory of Splines
and Their Applications, Academic Press, New York, 1967.

[2] ARONSZAJN, N., CREESE, T. M. and LIPKIN, L. J., Polyharmonic Funct-
tons, Clarendon Press, Oxford, 1983.

[3] BRAMBLE, J. H. and PAYNE, L. E., Mean value theorems for polyhar—
monic functions. Amer. Math. Monthly 73, part 11, (1966), 124-127.

[4] CHENG, M.-T., On a theorem of Nicolescu and generalized Laplace ope—
rator, Proc. Amer. Math. Soc. 2 (1951), 77-86.

[5] CURRY, H. B. and SCHOENBERG, I. J., On Polya frequency functions,
IV: The fundamental spline functions and their limits, J. Analyse
Math. 17 (1966), 71-107.

[6] DAVIS, P. J., Interpolation and Approzimation, Dover, New York, 1975.

[7] KOUNCHEV, O. 1., Definition and basic properties of polysplines, C. R.
Acad. Bulgare Sci. 44, No. 7, (1991) 9-11.

[8] KOUNCHEV, O. 1., Basic properties of polysplines, C. R. Acad. Bulgare
Sci. 44, No. 8, (1991) 13-16.

[9] KOUNCHEV, O. I., Harmonicity modulus and applications to the approxi—
mation by polyharmonic functions, In ” Approzimation by Solutions of
Partial Differential Equations” (B. Fuglede et. al. eds.), 111-125,
Kluwer, Dordrecht, 1992.

[10] KOUNCHEV, O. I., Minimizing the integral of the Laplacian of a function
squared with prescribed values on interior boundaries — theory of poly—
splines, I, submitted.

[11] LIONS, J. L. and MAGENES, E., Non-Homogeneous Boundary Value Pro-
blems and Applications, Vol. I, Springer, Berlin—Heidelberg—New York,
1972.

[12] NICOLESCU, M., Sur les fonctions de n—variables harmoniques d’ordre p,
Bull. Soc. Math. France 60 (1932), 129-151.

[13] PEANO, G., Resto nelle formule di quadratura espresso con un integrale
definito, Rend. Accad. Lincei (5%) 22 (1913), 562-569.

[14] PICONE, M., Nuovi indirizzi di ricerca teoria e nel calcolo soluzioni di
talune equazioni lineari alle derivate parziali della Fizica—Matematica,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)4 (1935), 213-288.

[15] SARD, A., Linear Approzimation, Math. Surveys, No. 9, Amer. Math.
Soc., Providence, RI, 1963.

22



[16] SCHULZE, B.—W. and WILDENHAIN, G., Methoden der Potentialtheorie
fur elliptische Differentialgleichungen beliebiger Ordnung, Birkhauser,
Basel-Stuttgart, 1977.

[17) SCHUMAKER, L. L., Spline Functions: Basic Theory, Wiley, New York—
Chichester—Brisbane—Toronto, 1981.

[18] SHAPIRO, H. S., Integral representation of remainder functionals in one
and several variables, In ”"Multivariate Approximation” (D. C. Hand—
scomb, ed.), 69-82, Academic Press, London—New York—San Fran—
cisco, 1978.

[19] SOBOLEV, S. L., Partial Differential Equations of Mathematical Physics,
Pergamon Press, Oxford, 1964.

[20] TCHAKALOFF, L., On a representation of the Newton fractions in the
theory of interpolations and its applications, Annuaire Univ. Sofia
Fak. Phys.— Math. 34 (1938), 353-405 (Bulgarian, French summary).

Werner Haussmann
Department of Mathematics
University of Duisburg
47048 Duisburg

Germany

Ognyan I. Kounchev

Institute of Mathematics
Bulgarian Academy of Sciences
1113 Sofia

Bulgaria

23



