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Abstract

Radial Basis Functions (RBF) have found a wide area of applications.
We consider the case of polyharmonic RBF (called sometimes polyhar-
monic splines) where the data are on special grids of the form Z x aZ™
having practical importance. The main purpose of the paper is to consider
the behavior of the polyharmonic interpolation splines I, on such grids
for the limiting process a — 0, a > 0. For a large class of data functions
defined on R x R"™ it turns out that there exists a limit function [I. This
limit function is shown to be a polyspline of order p on strips. By the
theory of polysplines we know that the function I is smooth up to order
2 (p — 1) everywhere (in particular, they are smooth on the hyperplanes
{4} x R™, which includes existence of the normal derivatives up to order
2(p—1) ) while the RBF interpolants I, are smooth only up to the or-
der 2p — n — 1. The last fact has important consequences for the data
smoothing practice.
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1 Introduction

Let us remind that a polyharmonic cardinal spline of order p is a tempered distri-
bution u on the euclidean space R™ which is 2p—n—1 continuously differentiable
and such that

APy (z) =0 for all x € R™ \ Z"™.

Here Z™ is the lattice of points in R™ all of whose coordinates are integers,
AP is the p-th iterate of the Laplace operator defined as usually by Au =

2 . . . . . .
Z?Zl %, and p is a natural number > 1. Such distributions were considered in
J

the fundamental work [14] of Madych and Nelson (see also [15]) where their basic
properties were provided. One of the key results is the existence and uniqueness
of solutions of the cardinal interpolation problem for fixed p € Z with 2p > n+1:
given a sequence of numbers d,,, m € Z", of polynomial growth there exists a
unique polyharmonic spline u of order p such that u (m) = d,, for all m € Z™.
For notational reasons it is more convenient for us to work in the euclidean
space R™*! instead of R™. It is well known, and we will provide the basic tech-
niques further on, that the interpolation result of Madych and Nelson can be
generalized to the situation where the lattice Z"*! is replaced by a lattice T, of
the form
Iy :=27Z xaZ" (1)

where a is a positive real number and aZ" is the set {am : m € Z"}. For a
discrete subset I' of R™"! we define the set SH? (R"*1,T) of all tempered
distributions v on R™*! which are 2p — n — 2 continuously differentiable and
such that

APy () =0 for all z € R"T1\ T.

The main question we want to address is the following: what happens with
the interpolation problem if a > 0 tends to zero? More precisely, assume the
data functions d; : R” — R with j € Z be given. By the above there exists I, €
SH?P (R™,Z x aZ™) such that

I, (j,am) = d;j(am) forallme Z",j € Z. (2)
We ask for convergence of the type
I, (z) — I (z) fora—0

where I (x) is an appropriate function of x € R**!. Assuming that dj =0
for |j] > N and that the data functions d; and their Fourier transforms d for
j=—N,...,N are decaying fast enough (consult Theorem 11) we will estabhsh
the ex1stence of a limit function I (z) where the convergence is pointwise. In case
of N =0, i.e. if the data are non—zero on a single hyperplane, the limit function
is described by the formula (further we use the notation x = (t,y) € R x R™ )

iy, §> its 7.
T JRn 52 + |§| EkeZ ( s+27rk) +1¢2)”




By our results in [1], [2] (see also [7, Section 9.1]), the above integral is a cardinal
polyspline of order p on strips in the sense of the following Definition.

Definition 1 The continuous function u (t,y) defined on R"*! is called cardi-
nal polyspline of order p on strips if u(t,y) is 2p — 2 times continuously
differentiable on the whole R™*Y (in particular, this means that the derivatives
in the normal direction, coinciding with t, are everywhere continuous up to or-
der 2p—2 ), and for all (t,x) € (j,7 + 1) x R™ the function u (t,y) satisfies the
equation APy (t,x) = 0.

Before all let us note an immediate consequence of the above definition:
according to the local regularity theorem for elliptic equations v € C*° inside
every strip (4,7 + 1) x R™, cf. e.g. [5].

The conditions which we invoke and the data sets in Theorem 11 are slightly
stronger than the conditions which are necessary to guarantee the interpolation
results for polysplines. For convenience of the reader we shall provide the inter-
polation result for polysplines from the references [1], [2], although the whole
result itself is not needed in the paper, except for the conclusion that the limit
function is C?P—2,

For formulating the result we need the spaces B, (R™) of all tempered dis-
tributions f whose Fourier transforms fare measurable functions and satisfy

1= [ [F@fa+iende <o

(see Definition 10.1.6 in Hérmander [5]).

Theorem 2 Let the data functions f; be given such that f; € Bap—o (R™) N
C?P=2(R™), and assume that the following growth condition holds,

1filloyo <CQA+1G)  foralljez, (3)

for some v > 0. Then there exists a polyspline S of order p on strips, satisfying
the interpolation conditions

SUy)=fily)  forallyeR",
as well as the growth estimate
IS (t,y)] < D (14 |t]") for all y € R™.

We mention also Theorem 9.3 and Theorem 9.4 in [7] where the case of
compactly supported and periodic data functions f; in Sobolev and Holder
spaces has been studied.

The main question treated in the present paper about the relation between
the polyharmonic splines and polysplines is motivated by the existence of many
practical data sets which are collected by satellites, airplanes, scanners, etc.,
(see [7, Chapter 6], [12]), where the sample points lie on whole curves (in par-
ticular, on parallel lines). Usually such data are dense enough on the data



tracks and if one applies the interpolation polyharmonic splines to them the
above convergence question for a — 0 makes sense. The practical experience
with polyharmonic and other Radial Basis Functions shows that there appear
artifacts (called sometimes pock marks) in the immediate vicinity of the data
points which are apparently due to the lower smoothness of the polyharmonic
splines. On the other hand the interpolation polysplines do not exhibit such
effects, see the comparison in [7, Chapter 6.

Let us introduce some notations and terminology: the Fourier transform of
a function f : R™ — C is defined by

]?(w) = /n e How) f (z) dx.

We shall often apply the Poisson summation formula for a function f : R" — C,
which reads as

1 ~/m i
_— N ’<m7£> —
) Z f(b)eb Z (&4 2mbm).
mezn mezn
Let us recall that the Poisson summation formula holds (see [16] p. 252, Corol-
lary 2.6) if
F@I<AQ+) ™ ad [F)| <A@ +h™ @
In particular for @ > 0 condition (4) implies
D f(am)| <A D (1 fam]) "0 < co. (5)
mezn mezn

Throughout the paper it will be assumed that 2p > n 4+ 2 since this is the
condition providing existence of interpolation polyharmonic splines [14]. On
the other hand let us remark that the existence of the interpolation polysplines
needs no such restriction, see [1], [7].

2 Interpolation with polyharmonic splines

We say that L, , is a fundamental polyharmonic spline of order p for the grid
I'y whenever L, , is in SH), (R"‘H, Fa) and

L,o(0)=1and L, ,(y) =0forall y eI, \ {0}.

Let us recall how fundamental polyharmonic splines can be constructed by
Fourier analysis, [14]: the fundamental solution of AP is given by

B @yl e for odd n + 1,
b eni1p 2P 1og |2 for even n + 1,



where the norming constant ¢y41, is chosen such that APE, (z) = § (z). The
generalized Fourier transform of E, is given up to a factor by

P w) = w7 (6)

For the lattice 'y, = Z x aZ" (assuming a > 0) define the dual lattice I'} of 'y,
by

2
T* = 277 x 7",
a
Fundamental for interpolation problems is the function
SpaW)i= Y Plw+7"). (7)
y*el's

A basic theorem in the theory of Radial Basis Functions tells us that

a" : ? (W)
Lya - (zw) _F\X) g
p (x) (271’)n+1 ~/]Rn+1 ¢ Sup,a (UJ) “ (8)

provides a fundamental polyharmonic spline of order p for the grid Iy, see e.g.
[14], [3], [4], [6]. Moreover L, , is of exponential decay: there exist constants
C > 0 and n > 0 such that

|Lp.a (z)] < Ce 2 for all 2 € R™H1.

The last rests upon the fact that for each a > 0 there exists € > 0 such that the
functions

and w — ()

1
Scp,a (w) S‘P’a (w)
defined for w € R"*1\ T'* can be extended analytically to the strip

w

S(e)i={2=(21,.,2n41) EC*" : [Imz| <efor k=1,..,n+1}.

In particular, there exists a constant M, > 0 such that for all w € R**! holds

1
0< < M,. 9
Spa (w) ©)
Assume now that (dy)_ ;. 4z 18 @ sequence of polynomial growth: define
Li(@)=)  dyLpa(z—7). (10)
vel,

By standard techniques provided in the above references it follows that I, be-
longs to SH? (R"™!,Z x aZ™) and satisfies I, (y) = d, for ally € Ty = Zx aZ",
and I, is of polynomial growth as well.

We specialize our discussion to the case of data functions d; : R — C equal
to zero for j € Z,j # 0 and we put f := do. Then we define L, , s as the
polyharmonic spline of order p for the grid I, satisfying

Lp.a.s ((0,am)) = f (am) and Lap f ((j,am)) =0 (11)



for j € Z\ {0} and for all m € Z". By (10), Ly o,f is given by
Lpas (ty) = 3 f (am) Lpa ((ty — am)). (12)
mezr

Proposition 3 Suppose that f : R™ — C satisfies (4) and let a > 0. Then the
polyharmonic spline Ly, o ¢ of order p for the grid 'y given in (12) satisfies the
equality

Lpa,s (ty) = 5= // oty ) (Z f <£+ —m)) 7Sfis(f)§)dsdg.

mezn
(13)
Proof. By (8) and (12) follows
((ty— ¢ (w)

af (ty) f(a —~ / elty—am)w) T g,

p f m%n ) (2m)" T Rn+1 S‘P’a w)

We put w = (s,£) € R x R™ and by the theorem of Fubini we obtain

_ (s,
L a t y n f am // its 1(y f) ilam,&) T\ S) dé-d

pat (60) = o 2 . Spa(5,€)

mezn

By estimate (5) we can interchange summation and integration, hence

— L —i{am,&) its @(875)
L;D,a,f (t;y) - (27‘(‘)”+1 /' <Z f am >/Ret _Sw’a—(sjé_) deé

meZL™
(14)
The Poisson summation formula shows that

Z f(am)e*ome = 3~ f<§+—m> (15)

mezn mezn

Inserting (15) in (14) implies (13). The proof is complete. m
In the following we want to give a compact formula for L, 4 f.
We provide the following definition:

Definition 4 Assume that 2p > n+ 1. For all (s,§) € R"™1\ ({0} x 22Z") we
define the function

1 — 27 i(y,m
B P (Safvy) = Z 5 ;De a (v, > (16)
mezn (82 + |£ — 27Ta,71m| )

Clearly, for each s # 0 the function £ — By, (s,€,y) is well-defined since
2p > n + 1. Note that B,y (s, &, y) has poles at {0} x 2ZZ". Since

|Ba,p (Sa§7y)| < Bap (57570) < Sw,a (575)



we have for all £ € R™ and s # 0

0 S }Ba,p (57571/)} < B »P (85570) S 1

Se.a (5,6) Spa(s,€)
The following Theorem contains a basic result which has the meaning that
the map f +— Ly, is in fact a pseudo-differential operator. For its proof

we need some subtle estimates, proved later in Theorem 6, which show the
integrability of the symbol (of the operator)

Ba,p (Sv 57 y)
Sep.a(5,€)

with respect to the variable s € R.

(17)

Theorem 5 Suppose that f : R™ — C satisfies (4), let a > 0, and let B, p be
as in (16). Then the polyharmonic spline Ly, q 5 of order p for the grid Ty in
(12) satisfies the equality

p (869
Lpas(t,y) / / its gily.£) () 2L > T goge. 18
part (by) =50 | w(s 13 (18)
Proof. We interchange summation and integration in (13) and obtain
27 3 @(8,5)
Lpa(t, Kl f s T dsde.
pot (1) %m%n/n/ (e 2m) e gE g

Substitution ( = £ + %’Tm yields

(——m ltS ( g %m)
Lpas(ty) ~or Z /n/ ” f(C) Se.a (SvC_ QTﬁm) e

meZ"
(19)
By periodicity, Sy.a (s,( — ZZm) = Sy (s,¢). Again we want to interchange
summation and integration which will be now a more subtle problem: for m =
(mq,...,my) we define

1 ™
N (57§7y) = Z ; pe—%l@,m)’
meZ,|m;|<N (82 + £ — 2ma~1tm| )

which converges pointwise to By, (s,§,y) for fixed @ > 0 and y € R™. Then

3 its 7 B (S,£7y)
i(y,C) ,its N
/Re e f (&) 75,%& .8 dsdg.

We have to find an integrable majorant for the integrand. Clearly,

N (s,E,y)' < nga(?;i())) ‘f(g)‘.

1
Lpas(t,y) = lim —/

; its 7o B
eI F(©)

hy (s,6,y) = Sp.a(5,€)




In Theorem 6 in the next Section we show that there exists a constant C > 0
such that for all s # 0, all {,y € R", and all0 <a <1

c n
Bap (5:6,0) < <52 (145"
By (9) and (17) we obtain

hN (Safvy) S CM(Z

FO|a+lsh" s  forls| =1, ¢eRY  (20)

for |s| < 1 we apply inequality (9). Since the right hand side of (20) is integrable
the proof is complete. m

3 Estimates of the function B, (s,&,0)

In this Section we assume that p is a positive integer such that 2p > n+ 1. From
(16) follows immediately

1
|B€17P (57§7y)| SBG,P (85570): D
m%Z:” (82 +1&— 27ra*1m|2)

The following estimate is crucial for the proof of our main result.?

Theorem 6 Let p € N satisfy 2p > n + 1. Then there exists a constant C' > 0
such that for all |s| >0, all £ € R™, and for all 0 < a < 1 holds

C n
|Ba,p (5,&y)| < 52 (I+[s)".

Proof. Let £ = (&1,...,&,) . Since € — By (s,€,0) is 2ma™ ' Z"-periodic we
can assume that |§;| < wa~! for i =1,...,n. Then || < \/n-ma~! and

|¢ —2ma™ 'm| > 2ma™" |m| — vnma™t = wat (2m| — V/n) .

Hence for m € Z™ with |m| > \/n we have |¢ — 27ra‘1m|2 > 72472 |m|*. There-

fore |Bap (5,€,0)] < Iy + Iy where It = 3, cpn i<y (52+\§—27}'a*1m\2)p and

— 1 : 2 —1,,12 2
I = Zmezmlm‘z\/ﬁ m Since s< + |£—27ra m‘ > 5% we can

estimate
1 1

7 <
(82 +1€- 27ra*1m|2)

52p

and this gives a simple estimate for the finite sum ;. The sum I can be esti-

mated by
1 1

<2p _ P
5P neimmo (1 + 72 (as) |m|2)

I, <

2We thank the anonymous referee for providing us with the present simple and elegant
proof.



A comparison via an integral will give us the second estimate: by a symmetry
argument it suffices to consider m € Z™ with non-negative components. Since

— 71) . . . .
the function z — (1 + 72 (as) > x2) is decreasing one obtains an estimate

Z 1 < / L dz.

_ p — _ P
ez >0 Tor all =1, (1 + 72 (as) "2 |m|2) (1 + 72 (as) 2 |x|2)

By a simple substitution argument we can estimate the integral by C (1 + s)" .
The summation over all m € Z" such that m; = 0 for fixed 7 can be reduced to
a lower dimensional case. m

4 The main result

In this Section we prove our main result. Let f be a function representing the
data on the hyperplane R™ (here we identify R™ with {0} x R™ ). Recall that
Ly, a5 is a polyharmonic spline of order p for the grid I', given by (18):

1 i its 7 Ba ’ S
Lp,a’f (t,y) = % /n /Rel(%()eztsf (5) ﬁdsdf.

Moreover for w = (s,£) with s € R and £ € R™, by (7) follows

Sea@)= Y B+ =33 .

-
y*€Ty keZ mezn ((s + 27rk)2 + ¢ - 27m*1m|2)

It is clear that for w ¢ I the convergence of the sum is locally uniform since
2p > n+ 2.
For (s,&) € R™™1\ (Z x {0}) let us define a function S, by putting

1
e ((s+27k)" + 1€

Sp (875) =

D"

Our main result Theorem 9 says that the polyharmonic splines L, 4 ¢ (¢,y) con-
verge pointwise to the function

. . G
Loty = & i{y,€) its dsd 21
f(t y) o7 /n‘/Re € (82+|§|2)p5p (S,g) ’ 5 ( )

provided that
11, = [ |FO] (1+167) de < .
R’Vl

In (1], [2] we have shown that L is indeed a polyspline of order p (see the Intro-
duction), in particular, Ly is 2p — 2 times continuously differentiable. Further,
the following interpolation property holds: for all y € R™,

Ly(0,y)=f(y) and Ly (G,y) =0 j€Z, j#0. (22)

10



We mention that the polyspline Ly satisfies the following decay estimate: for
every multi-index « such that |a| < 2 (p — 1), the partial derivative D* satisfies

DLy (t,y)| < Ce | f]l,  forallt€R, y eR",
for some constant C' > 0 and n > 0, see [2].

Lemma 7 For a — 0 the function B (s,€,y) converges uniformly on com-
pact sets (of the variables (s,€,y) ) to @ (s,&,y).

The proof is straightforward.

Theorem 8 Suppose that 2p > n+ 1. Then S, 4 (s,£) converges uniformly on
compacta K in R such that KN (27Z x R") = @, to the function

) 1
Sp (5,€) = ;Z ((S +ork)? + |§|2)

D

Proof. Let us put Sy 4 (8,8) = >_,,czn Spom (5,&,a) where

1
Sp,m (8,5,&) ZZZ -
kez ((s +27k)° + |€ + 27rma*1|2)

Note that Spm (s,¢,a) = By (|¢ +2mma~!|,s,0) where n = 1. By Theorem
6 (applied to the case n = 1) there exists C' > 0 such that for all s € R and for
all [+ 2rma™!| # 0 (where { € R, m € Z", a > 0)

1+ |+ 2mma™!|

|€+ 27rma*1|2p .

[Spm (5,8,0)] < C

(23)

Let K C R"™! be a compact set such that K[ (27Z x R™) = &; choose a small

ap > 0 such that |aé| < & for all 0 < a < ap < % and (s,£) € K. Then for

Im| > 1 we have |a| < & [27rm/|, which implies
|2rma™" +¢| > a7 (27 |m| — |ag]) > o w|m| > 2.

Hence, for all (s,€) € K, all 0 < a < ag, and all m € Z™, m # 0 holds

a?r~1 a
? (a—|— |a§—|— 27rm|) < DQHﬁ,
m

2p—1
|Sp,m (8,57 CL)| S D
|m

where D5 is a suitable constant. It follows that

1 1
<a” Dy )y g

S%a (87 5) -
i (s +2mh) +16°)” o I

Since 2p — 1 > n, the last series converges. The proof is finished. m

11



Theorem 9 Suppose that f : R™ — C satisfies the decay condition (4) and that
~ 2\ P
F© (1+1¢?)

is integrable. Then the polyharmonic splines Ly q ¢ of order p for the grid I',
defined in (12) converge pointwise for a — 0 to the function defined in (21).
Moreover the function Ly, ¢ in (21) is a polyspline in the sense of Definition 1.

Proof. By Theorem 8 we know that uniformly on compact sets for a — 0
holds

he (8,€) == e“y’Oe“Sf(g) Bap (8,€,9) i ei(y,C)eitsf(C)

Sgp,a (Saf) (82+ |§|2)psp (575)

The proof will be finished by an application of Lebesgue’s convergence theorem
for a — 0 where the majorant for h, (s,€) will be provided below. By Theorem
6 there exists a constant C' > 0 such that for all |s| # 0, all £ € R”, and all
a>0
|Bayp (5,6, 9)] < Cs™2 (1 +s])".
-p

Further, by Proposition 10, S, 4 (s,§) > Sp (s,§) > (772 + |§|2) for all s €
R\ {0} and for all £ € R™. Using (17) for |s| < 1 and the above estimates for
|s| > 1 one obtains the result to be proved. m

Proposition 10 For all £ € R™ and s € R with s # 0 we have

QQJ<W+WY

The proof is trivial and uses the 2r—periodicity in s.
We now turn to the problem when finitely many data functions d; : R — C
are given, i.e. for some N we have d; = 0 for |j| > N. Then

N
Ip,a (tvy) = Z Lp,a,dj (t -7 y) (24)
j=—N
is a polyharmonic spline of order p on the grid I', such that

for all j = —N,..,N and for all m € Z". For |j| > N we have clearly
Ip.q (j,am) =0 for all m € Z". Similarly, we can define

N
Tp(ty) = Y Lpa; (t=jy)
j=—N

12



which is a polyspline interpolating the data functions d; : R" — C for j =
—N,...,N, ie.
Jp (Gry) = dj (y)

forally € R"and j = —N, ..., N. Since by Theorem 9 each summand Ly, 4.4, (t — 7,¥)
converges to Ly q; (t — j,y) the proof of the next theorem is obvious:

Theorem 11 Suppose d; : R™ — C satisfies the decay condition (4) and that
~ P
4; (&) (1+1¢*)

are integrable for j = —N,...,N, and d; = 0 for |j| > N. Then the polyharmonic
splines I, o 5 of order p on the grid Ty defined in (24) converge pointwise for
a — 0 to the polyspline J, (t,y).

The results of the present paper may be further improved in at least two
directions. In the first direction, one may consider data d; (x) which are non-
zero for infinitely many j € Z. This brings so far some new technical problems
which will be resolved in a forthcoming paper.

In the second direction, one recalls that the existence of Madych’s inter-
polation polyharmonic splines has been proved in [15] for data which have a
polynomial growth. It is very natural to ask if we are able to prove the results
of the present paper for data d; (y) which have a polynomial growth in y. This
problem is not trivial even in the case of finitely many non-zero d;’s (i.e. non—
zero for |j| < N for some fixed N ), and it is intimately related to studying
solutions of elliptic PDEs on non—compact domains. This is another problem
which requires a further development.

A lot more advanced program for further research is to consider the conver-
gence problem for data which do not lie on regular grids — the lack of explicit
representation for the polyharmonic splines for really scattered data needs to
develop other more subtle techniques which would correspond to the ”a priori”
estimates for elliptic boundary value problems.

The authors would like to thank the anonymous referee for the remarks
which have contributed essentially to the readability of the paper.

References

[1] Bejancu, A., Kounchev, O., Render, H., Cardinal interpolation with bihar-
monic polysplines on strips. Curve and surface fitting (Saint-Malo, 2002),
41-58, Mod. Methods Math., Nashboro Press, Brentwood, TN, 2003.

[2] Bejancu, A., Kounchev, O., Render, H., The cardinal interpolation on hy-
perplanes with polysplines, submitted.

[3] Buhmann, M.D., Multivariate Cardinal Interpolation with Radial-Basis
Functions, Constr. Approx. 6 (1990) 225-255.

13



[4]

[5]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

Buhmann, M., Micchelli, C.,; On radial basis approximation on periodic
grids, Math. Proc. Camb. Phi. Soc. 112 (1992), 317-334.

Hoérmander, L., The Analysis of Linear Partial Differential Operators
II. Pseudo-Differential Operators, Springer-Verlag, Berlin-Heidelberg-New
York-Tokyo, 1983.

Jetter, K., Multivariate Approximation from the Cardinal Interpolation
Point of View. Approximation Theory VII, E.W. Cheney, C.K. Chui and
L.L. Schumaker (eds.), pp. 131-161.

Kounchev, O.I., Multivariate Polysplines. Applications to Numerical and
Wavelet Analysis, Academic Press, London—San Diego, 2001.

Kounchev, O., Render, H., Multivariate cardinal splines via spherical har-
monics, submitted

Kounchev, O., Render, H.,Wavelet Analysis of cardinal L-splines and Con-
struction of multivariate Prewavelets, In: Proceedings ” Tenth International
Conference on Approximation Theory”, St. Louis, Missouri, March 26-29,
2001.

Kounchev, O., Render, H., The approximation order of polysplines, Proc.
Amer. Math. Soc. 132 (2004), no. 2, 455-461.

Kounchev, O., Render, H., Polyharmonic splines on grids Z x aZ" ! : Error
estimates. In preparation.

Kounchev, O., Wilson, M., Application of PDE methods to visualization of
heart data. In: Michael J. Wilson, Ralph R. Martin (Eds.): Mathematics of
Surfaces, Lecture Notes in Computer Science 2768, Springer-Verlag, 2003;
pp. 377-391.

Liu, Y., Lu, G., Simultaneous Approximations for functions in Sobolev
spaces by derivatives of polyharmonic cardinal splines, J. Approx. Theory
101 (1999) 49-62.

Madych, W.R., Nelson, S.A., Polyharmonic Cardinal Splines, J. Approx.
Theory 60 (1990), 141-156.

Madych, W.R., Nelson, S.A., Multivariate interpolation and conditionally
positive definite functions, II; Math. Comp., 54(189) ( 1990), 211-230.

Stein, E.M., Weiss, G., Introduction to Fourier Analysis on Euclidean
Spaces, Princeton University Press, Princeton, 1971.

Addresses:

1. Ognyan Kounchev, Institute of Mathematics and Informatics, Bulgarian

Academy of Sciences, Acad. G. Bonchev St. 8,

1113 Sofia, Bulgaria; e-mail: kounchev@math.bas.bg; kounchev@math.uni-
duisburg.de

14



2. Hermann Render, Departamento de Matemdticas y Computation, Uni-
versidad de la Rioja, Edificio Vives, Luis de Ulloa, s/n. 26004 Logrofio,
Spain; e-mail: render@math.uni-duisburg.de; herender@dmc.unirioja.es

15



