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Presentation outline

@ Introduction
@ Potential well method
© Finite time blow up for arbitrary high positive initial energy

© Numerical experiments
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Boussinesq type equation with linear restoring force (BE,)

ﬂZUtt — Uxx — ﬂ1 Utixx + Uxxxx + MU + (f(u))xx — 07
XER, te[0,Th), Tm < oo,
U(XaO)ZUO(X)v Ut(X,O):U1(X), xeR

81 >0, (B> > 0,—dispersion coefficients, m >0
up € H'(R), (—A)"2up e L3(R) wuy € H'(R), (—A)~"2uy € L3(R)

Nonlinearities

f(u) = alulP~'u, p>2, a=const>0

@ transverse deflections of an elastic rod on elastic foundation
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Important functionals

Conservation low: E(t) = E(0) forevery te [0, Ty),
E(t) :E(U(-, t)v Ut('v t)) =

1 2
2 (22 2y a0, + sl 0l + ot 01

2
AV 1/2 . p+1
+mH( A)"Veu(-t) L2) p+1/\uxt dx
Potential energy functional J(u):
=1/2,0. p+1
Jw) = gl + 5 [-a) 2w 0, - 25 [ utpt ox

Nehari functional /(u):

() = I (uu = ulfs +m[(-2)""2u(, 1)

2
- a/ lu(x, B[P+ dx
L2 R
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Potential well method

Nehari manifold N N={ueH": I(u)=0, |u|g # 0}
Critical energy constant d: d = inf J(uv)
ueN
Depth D of the potential well: D= inf supJ(Au) >0
ueH'"\{0} x>0
d=D
J(u) J(Au)
TN
// :
0 0

(b)
Figure: (a) Schematic illustration of J(u) as a function of u € H'; (b) Cross section of J(Au) as a
function of X for a fixed u € H'.
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Potential well method

Theorem (Global existence)

Suppose up € H', (~A)~"2up € L2, uy € L2, and (—A) 2wy € L2 If
0 < E(0) < dand I(up) > 0 or ||up||yr = 0 then problem BE;; has a
unique global solution defined for every t € [0, o).

Theorem (Finite time blow up)

Suppose ug € H', (—A)~"2uy € L?, uy € L2, and (—A)~"2uy € L2, If
0 < E(0) < d and I(up) < 0 then the weak solution of BE,; blows up
in a finite time.

i (p—1) 1
A2 = 50559) (g
[V||Lps 1 r(%) i
Co= sup L = p—1)(p+3)=L1~
P e w0 VI 2(p+1) <( I )rz(p%)
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Potential well method

W={ueH: I(u)>0}u{0}, V={ueH': I(u) <0}

Theorem (Sign preserving properties of /(u(t))

Suppose ug € H', (—A)~"2uy € L2, uy € L2, (—~A)~"?uy € L? and
0< E(0) <d.

o If up(x) € Wthen u(x,t) € W forevery t € [0, Tp).
@ If up(x) € V then u(x,t) € V for every t € [0, Tp).

Here T,, is the maximal existence time interval of the weak solution
u(x,t).
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High energy blow up method

/BZUtt — Uxx — ﬂ1 Uitxx + Uxxxx + MU + (a|u|l)71 U)xx - 07
XER, te[0,Th), Tnm < oo,
U(X,O) = UO(X)v Ut(X,O) = U (X)7 xeR

(u,v)z/uvdx, u,veH',
R

<U, V> = 62 <(—A)_1/2U, (_A)_1/2V) + 51(U7 V)a
uveH', (-A)"2uel? (-A)"V2vel?

EO) = 5 (=202 |, + sl + ol +m]|(-2) 20

a P+1d
2 [ It o

2
1.2
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High energy blow up method

Theorem (Sign preserving properties of /(u(t))

Suppose up € H', (—A)“/2u0 €12, uy €12, (—A)“/2u1 €12, and
|Uollyy # O. If either

(i) <U07U1> >0, m01/2+1 (Uo, U1> > E(O) >0

or my = min (B—’”z ﬂl1>1/2
(i) 0 < (uo,tn) < moy/ Bt Huo, Uo),
mi(p—1) (Uo, Uy)?
———(Up, — > F(0 0
2(p+1 U, L) 2(uUo, up) — (0)>

is satisfied then /(u(t)) < 0 for every t € [0, Tp).

o U Y~ in case (i);
Moreover if t < Tp,, where t = {mo p+ (i)

p+1 (Uo,u1) ¥
2(p—1)E (Uo.00) in case (ii),

then I(u(t)) < —25 (ug(t), ur(t)) for t € [t, Tm).
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High energy blow up method

Theorem (Finite time blow up)

Suppose ty € H', (~A)~"/2u € L2, uy € L2, (—A)~"/2u; € 12, and
[l # O. If either

() (uo,us) >0, moy\/B=t(wo, ur) > E(0) >0

or mo = min (ﬂ—”; 6%)1/2
(i) 0 < (uo, ) < moy/ ZH (Uo, Uo),
mi(p—1) (Ug, tn)?
, =277 > F(0 0
2(p+1 \tho, L) 2(uUp, Uo) — ©)>

is satisfied then every weak solution of BE,; blows up for a finite time
t. < oo, where either t, < t or

Lo 2lu®) {;, et incase (i)

(b — 1)(u(D), u(t)’ S (e in case (i).
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Comparison between Potential well method (PWM)

and High energy blow up method (HEBM)

method Ug, Ut 1(up) E(0)
PWM no conditions (up) <00< E(0)< d
HEBM (Up,u1) >0 no arbitrary high
(i) Mo/ B (U, t) > E(0) > 0 conditions|  positive
HEBM 0 < (U, uy) < My ’;%(uo, Uo) no |arbitrary high
(ii) %(uo, Up) + éL(IZ;fJLZi > E(0) > O|conditions| positive
Conclusions:

@ Subcritical initial energy: 0 < E(0) < d — PWM
@ Supercritical initial energy: £(0) > d — HEBM
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Choice of initial data

Uo(X) = r(w(0x)),  th(x) = ra(w(6x)),

w: weH? |w|ge#0;
0, r,q — constants

parameters:

ﬁ1:ﬂZZ1!m:1!m0:1aa:2!p:2(f(u):2|u‘u)

= 57 <d= |nf J( )<J(Vo),VVo€N
03<d< 9.59601581
E leq: B 2 1 1
Xxample 1 : W(X)__ezx+1 T g0a2) 11 T 042 14
1
E le2:
xample w(x) = cosh(x)
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Family of finite difference schemes

i XX \,N XXXX | ,N n
B 7'2 — /\ Vi + ﬂ2/\ V,' - mV,'
n+1,3 n—1,3
_ é/\xx |Vi ‘ B |Vi |
- n+ n—
3 V; 1 V4 1 ’
I I
_ m 2 2\ A XX 2 XXXX
B=(1 +§T ) — (81 + o7 )N* + o7 5o\
@ v/ - adiscrete approximation to u at (x;, ty), T is a time-step
@ Ay = W# Ay, Vigo —4Vi1 + 6V, —4vi 1+ Vo & - parameter

h ’ h*

Properties:

@ Convergence: The schemes have second order of convergence in space and
time O(|h|? + 72).

@ Stability: The schemes are unconditionally stable for o > 1/4.

@ Conservativeness: The discrete energy is conserved in time, i.e.
Ep(vM) = Ep(v®), n=1,2,...
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Potential well method, numerical experiments

Example1: 1 =5=1,m=1,my=1,a=2, p=2,

=12, r=0.3, q=0.0057
E(0) ~ 0.22850225 < dy < d, I(up) ~ 0.44530787 > 0
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0.02 \||\M {
02 ‘
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‘ }““\‘“” MU‘
o 002
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0.04 004
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me”\‘\m\ o w'\“lM ““ g ol
o |
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Potential well method, numerical experiments

Example1: 51 =6=1,m=1,my=1,a=2, p = 2,

=12, r=6.1515, g=0.0057

E(0) ~ 0.24786145 < dy < d, I(up) ~ —100.24924380 < 0

t=0 t=1.29

-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30

Figure: Profiles of the numerical solution u(x, t) at evolution time t = 0 and
t=1.29; t. ~ 1.30 — blow up time.
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High energy blow up method, numerical experiments

Example1: 3y = =1, m=1,my=1,a=2,p=2,
t =+/3/3 ~ 0.57735027,

S=10>d —fixed, 60=12, r=57789, g=027:

E(0) ~ 10.50341845 > S > d,  T~058, t, < 24 U) _ 4 g9
(u(t), ur(t))

6 3x10°
t=0 t~1.26
3
Oﬂ \ 0 — -
-30 20 10 0 10 20 30 -30 20 10 [ 10 20

Figure: Profiles of the numerical solution u(x, t) at evolution time t = 0 and
t=1.26; t. =~ 1.27 < 1.91 — blow up time.
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High energy blow up method, numerical experiments

Example2: 3y = =1, m=1,my=1,a=2,p=2,
t =+/3/3 ~ 0.57735027,

S=10>d—fixed, 6=12, r=90881, g=0.25:

E(0) ~ 10.09279508 > S > d, t~ 058, t, < 2(u(), ut) 4 6o

5x10°
4 [ =
/ t=0 t=1.29
4 4
-30 20 -10 0 10 20 30 -30 20 -10 [ 10 20 30

Figure: Profiles of the numerical solution u(x, t) at evolution time t = 0 and
t=1.29; t* =~ 1.30 < 1.60 — blow up time.
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Thank you
for your attention!
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