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Boussinesq type equation with linear restoring force (BErf)

β2utt − uxx − β1uttxx + uxxxx + mu + (f (u))xx = 0,
x ∈ R, t ∈ [0,Tm),Tm ≤ ∞,

u(x ,0) = u0(x), ut (x ,0) = u1(x), x ∈ R

β1 ≥ 0, β2 > 0,– dispersion coefficients, m > 0

u0 ∈ H1(R), (−∆)−1/2u0 ∈ L2(R) u1 ∈ H1(R), (−∆)−1/2u1 ∈ L2(R)

Nonlinearities

f (u) = a|u|p−1u, p ≥ 2, a = const > 0

transverse deflections of an elastic rod on elastic foundation
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Important functionals

Conservation low: E(t) = E(0) for every t ∈ [0,Tm),

E(t) =E(u(·, t),ut (·, t)) =

1
2

(
β2

∥∥∥(−∆)−1/2ut (·, t)
∥∥∥2

L2
+ β1‖ut (·, t)‖2

L2 + ‖u(·, t)‖2
H1

+m
∥∥∥(−∆)−1/2u(·, t)

∥∥∥2

L2

)
− a

p + 1

∫
R
|u(x , t)|p+1 dx

Potential energy functional J(u):

J(u) =
1
2
‖u‖2

H1 +
m
2

∥∥∥(−∆)−1/2u(·, t)
∥∥∥2

L2
− a

p + 1

∫
R
|u(x , t)|p+1 dx

Nehari functional I(u):

I(u) = J ′(u)u = ‖u‖2
H1 + m

∥∥∥(−∆)−1/2u(·, t)
∥∥∥2

L2
− a

∫
R
|u(x , t)|p+1 dx
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Potential well method
Nehari manifold N : N = {u ∈ H1 : I(u) = 0, ‖u‖H1 6= 0}

Critical energy constant d : d = inf
u∈N

J(u)

Depth D of the potential well: D = inf
u∈H1\{0}

sup
λ≥0

J(λu) > 0

d = D

(a) (b)
Figure: (a) Schematic illustration of J(u) as a function of u ∈ H1; (b) Cross section of J(λu) as a

function of λ for a fixed u ∈ H1.
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Potential well method

Theorem (Global existence)

Suppose u0 ∈ H1, (−∆)−1/2u0 ∈ L2, u1 ∈ L2, and (−∆)−1/2u1 ∈ L2. If
0 < E(0) < d and I(u0) > 0 or ‖u0‖H1 = 0 then problem BErf has a
unique global solution defined for every t ∈ [0,∞).

Theorem (Finite time blow up)

Suppose u0 ∈ H1, (−∆)−1/2u0 ∈ L2, u1 ∈ L2, and (−∆)−1/2u1 ∈ L2. If
0 < E(0) < d and I(u0) < 0 then the weak solution of BErf blows up
in a finite time.

d = inf
u∈N

J(u) ≥ d0 =
(p − 1)

2(p + 1)

1

(aC(p+1)
p )

2
p−1

> 0

Cp = sup
v∈H1,‖v‖1 6=0

‖v‖Lp+1

‖v‖1
=

1√
2(p + 1)

(
(p − 1)(p + 3)

Γ( 4
p−1 )

Γ2( 2
p−1 )

) p−1
2(p+1)
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Potential well method

W = {u ∈ H1 : I(u) > 0} ∪ {0}, V = {u ∈ H1 : I(u) < 0}

Theorem (Sign preserving properties of I(u(t))

Suppose u0 ∈ H1, (−∆)−1/2u0 ∈ L2, u1 ∈ L2, (−∆)−1/2u1 ∈ L2 and
0 < E(0) < d .

If u0(x) ∈W then u(x , t) ∈W for every t ∈ [0,Tm).
If u0(x) ∈ V then u(x , t) ∈ V for every t ∈ [0,Tm).

Here Tm is the maximal existence time interval of the weak solution
u(x , t).
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High energy blow up method

β2utt − uxx − β1uttxx + uxxxx + mu + (a|u|p−1u)xx = 0,
x ∈ R, t ∈ [0,Tm),Tm ≤ ∞,

u(x ,0) = u0(x), ut (x ,0) = u1(x), x ∈ R

Definitions

(u, v) =

∫
R

uv dx , u, v ∈ H1,

〈u, v〉 = β2

(
(−∆)−1/2u, (−∆)−1/2v

)
+ β1(u, v),

u, v ∈ H1, (−∆)−1/2u ∈ L2, (−∆)−1/2v ∈ L2

E(0) =
1
2

(
β2

∥∥∥(−∆)−1/2u1

∥∥∥2

L2
+ β1‖u1‖2

L2 + ‖u0‖2
H1 +m

∥∥∥(−∆)−1/2u0

∥∥∥2

L2

)
− a

p + 1

∫
R
|u0(x)|p+1 dx
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High energy blow up method

Theorem (Sign preserving properties of I(u(t))

Suppose u0 ∈ H1, (−∆)−1/2u0 ∈ L2, u1 ∈ L2, (−∆)−1/2u1 ∈ L2, and
‖u0‖H1 6= 0. If either

(i) 〈u0,u1〉 ≥ 0, m0

√
p−1
p+1 〈u0,u1〉 ≥ E(0) > 0

or m0 = min
(

m
β2
, 1
β1

)1/2

(ii) 0 ≤ 〈u0,u1〉 ≤ m0

√
p−1
p+1 〈u0,u0〉,

m2
0(p − 1)

2(p + 1
〈u0,u0〉+

〈u0,u1〉2

2〈u0,u0〉
≥ E(0) > 0

is satisfied then I(u(t)) < 0 for every t ∈ [0,Tm).

Moreover if t̃ < Tm, where t̃ =


1

m0

√
p−1
p+1 in case (i);

p+1
2(p−1)m2

0

〈u0,u1〉
〈u0,u0〉 in case (ii),

then I(u(t)) ≤ − p+1
2 〈ut (t),ut (t)〉 for t ∈ [̃t ,Tm).

N. Kutev, N. Kolkovska, M. Dimova - AMiTaNS’14 Global behaviour of the solutions to Boussinesq type equation 10/19



High energy blow up method

Theorem (Finite time blow up)

Suppose u0 ∈ H1, (−∆)−1/2u0 ∈ L2, u1 ∈ L2, (−∆)−1/2u1 ∈ L2, and
‖u0‖H1 6= 0. If either

(i) 〈u0,u1〉 ≥ 0, m0

√
p−1
p+1 〈u0,u1〉 ≥ E(0) > 0

or m0 = min
(

m
β2
, 1
β1

)1/2

(ii) 0 ≤ 〈u0,u1〉 ≤ m0

√
p−1
p+1 〈u0,u0〉,

m2
0(p − 1)

2(p + 1
〈u0,u0〉+

〈u0,u1〉2

2〈u0,u0〉
≥ E(0) > 0

is satisfied then every weak solution of BErf blows up for a finite time
t∗ <∞, where either t∗ < t̃ or

t∗ ≤
2〈u(̃t),u(̃t)〉

(p − 1)〈u(̃t),ut (̃t)〉
, t̃ =


1

m0

√
p−1
p+1 in case (i);

p+1
2(p−1)m2

0

〈u0,u1〉
〈u0,u0〉 in case (ii).
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Comparison between Potential well method (PWM)
and High energy blow up method (HEBM)

method u0, u1 I(u0) E(0)

PWM no conditions I(u0) < 0 0 < E(0) < d

HEBM 〈u0,u1〉 ≥ 0 no arbitrary high

(i) m0

√
p−1
p+1 〈u0,u1〉 ≥ E(0) > 0 conditions positive

HEBM 0 ≤ 〈u0,u1〉 ≤ m0

√
p−1
p+1 〈u0,u0〉 no arbitrary high

(ii)
m2

0(p − 1)

2(p + 1
〈u0,u0〉+

〈u0,u1〉2

2〈u0,u0〉
≥ E(0) > 0 conditions positive

Conclusions:
Subcritical initial energy: 0 < E(0) < d – PWM
Supercritical initial energy: E(0) > d – HEBM
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Choice of initial data

u0(x) = r(w(θx))′x , u1(x) = rq(w(θx))′x ,

w : w ∈ H2, ‖w‖H2 6= 0;

θ, r ,q − constants

parameters:

β1 = β2 = 1, m = 1, m0 = 1, a = 2, p = 2 (f (u) = 2|u|u)

d0 =
6

5a2 ≤ d = inf
u∈N

J(u) ≤ J(v0),∀v0 ∈ N

0.3 ≤ d ≤ 9.59601581

Example 1 : w(x) = − 2
e2x + 1

+
1

e(0.4x−2) + 1
+

1
e(0.4x+2) + 1

Example 2 : w(x) =
1

cosh(x)

N. Kutev, N. Kolkovska, M. Dimova - AMiTaNS’14 Global behaviour of the solutions to Boussinesq type equation 13/19



Family of finite difference schemes

B

(
vn+1

i − 2vn
i + vn−1

i
τ2

)
− Λxxvn

i + β2Λxxxxvn
i −mvn

i

=
a
3

Λxx

(
|vn+1

i |3 − |vn−1
i |3

vn+1
i − vn−1

i

)
,

B = (1 +
m
2
τ2)I − (β1 + στ2)Λxx + στ2β2Λxxxx

vn
i – a discrete approximation to u at (xi , tn), τ is a time-step

Λxx vi =
vi+1−2vui +vi−1

h2 , Λxxxx vi =
vi+2 − 4vi+1 + 6vi − 4vi−1 + vi−2

h4
, σ - parameter

Properties:
Convergence: The schemes have second order of convergence in space and
time O(|h|2 + τ2).

Stability: The schemes are unconditionally stable for σ > 1/4.

Conservativeness: The discrete energy is conserved in time, i.e.
Eh(v (n)) = Eh(v (0)), n = 1, 2, . . .
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Potential well method, numerical experiments

Example 1: β1 = β2 = 1, m = 1, m0 = 1, a = 2, p = 2, d ≥ d0 = 0.3

θ = 1.2, r = 0.3, q = 0.0057

Ẽ(0) ≈ 0.22850225 < d0 ≤ d , Ĩ(u0) ≈ 0.44530787 > 0
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Potential well method, numerical experiments

Example 1: β1 = β2 = 1, m = 1, m0 = 1, a = 2, p = 2, d ≥ d0 = 0.3

θ = 1.2, r = 6.1515, q = 0.0057

Ẽ(0) ≈ 0.24786145 < d0 ≤ d , Ĩ(u0) ≈ −100.24924380 < 0

Figure: Profiles of the numerical solution u(x , t) at evolution time t = 0 and
t=1.29; t∗ ≈ 1.30 – blow up time.
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High energy blow up method, numerical experiments

Example 1: β1 = β2 = 1, m = 1, m0 = 1, a = 2, p = 2,
t̃ =
√

3/3 ≈ 0.57735027, d < 9.56015811

S = 10 > d − fixed, θ = 1.2, r = 5.7789, q = 0.27 :

Ẽ(0) ≈ 10.50341845 > S > d , t̃ ≈ 0.58, t∗ ≤
2〈u(̃t),u(̃t)〉
〈u(̃t),ut (̃t)〉

≈ 1.91

Figure: Profiles of the numerical solution u(x , t) at evolution time t = 0 and
t=1.26; t∗ ≈ 1.27 < 1.91 – blow up time.
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High energy blow up method, numerical experiments

Example 2: β1 = β2 = 1, m = 1, m0 = 1, a = 2, p = 2,
t̃ =
√

3/3 ≈ 0.57735027, d < 9.56015811

S = 10 > d − fixed, θ = 1.2, r = 9.0881, q = 0.25 :

Ẽ(0) ≈ 10.09279508 > S > d , t̃ ≈ 0.58, t∗ ≤
2〈u(̃t),u(̃t)〉
〈u(̃t),ut (̃t)〉

≈ 1.60

Figure: Profiles of the numerical solution u(x , t) at evolution time t = 0 and
t=1.29; t∗ ≈ 1.30 < 1.60 – blow up time.
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Thank you
for your attention!

N. Kutev, N. Kolkovska, M. Dimova - AMiTaNS’14 Global behaviour of the solutions to Boussinesq type equation 19/19


