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ut =
N∑
i=1

(ki(u)uxi
)xi

+Q(u), t > 0, x ∈ RN

ki(u) ≥ 0, Q(u) ≥ 0, u(t, x) ≥ 0

ki(u) = uσi, σi > 0, Q(u) = uβ, β > 1

A.A. Samarskii, M.I. Sobol (1963), S.P. Kurdyumov (1974), M.I. Bakirova, V.A. Galaktionov, V.A.

Dorodnicyn, G.G. Elenin, N.V. Zmitrenko, E.S. Kurkina, A.P. Mihailov, Y.P. Popov, A.B. Potapov,

M.N. LeRoux, S. Svirshchevskii, H. Wilhelmsson,...

2D,σ1 6= σ2, σi > 0, Q(u) = uβ, β > 1 :

blow-up self-similar solution, describing
directed heat diffusion (Dorodnicyn, Knyazeva)

numerical implementation:
Bakirova, M.I., Dimova, S.N., Dorodnicyn, V.A., Kurdyumov, S.P., Samarskii, A.A., Svirshchevskii,

S.: Invariant solutions of heat-transfer equation, describing directed heat diffusion and spiral waves

in nonlinear medium, Soviet Phys. Dokl. 33(3), 187–189 (1988)
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2D Isotropic medium

ut =
1

r
(ruσur)r+

1

r2
(uσuϕ)ϕ+u

β, 0 < r < ∞, 0 ≤ ϕ < 2π.

Свирщевский, 1985: us(t, r, ϕ) = (1 −
t

T0
)− 1

β−1θ(ξ, φ),

ξ = r(1 −
t

T0
)− m

β−1 , φ = ϕ+
C0

β − 1
ln(1 −

t

T0
), m =

β − σ − 1

2

C0 - parameter of the family of solutions. For C0 6= 0 :

r(t)esϕ(t) = r(0)esϕ(0) = ξesφ = const, s = (β−σ−1)/(2C0).

−
1∂

ξ∂ξ
(ξθσ∂θ

∂ξ
) −

1

ξ2
∂

∂φ
(θσ ∂θ

∂φ
) +

m

(β − 1)T0
ξ
∂θ

∂ξ
−

C0

(β − 1)T0

∂θ

∂φ
+ θ − θβ = 0.
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Two homogenious solutions for T0 = 1
(β−1): θ

0
H ≡ 0, θH ≡ 1

C0 = 0, lim
ξ→∞

θ(ξ, φ) = θ0
H ≡ 0 :

β > σ + 1 : two classes radially nonsymmetric solutions of complex
symmetry were found and investigated (Kurdyumov, Kurkina, Potapov, Samarskii,

1984, 1986.)

Koleva, M.G., Dimova, S.N., Kaschiev M.S.: Analisys of the eigen functions of combustion of a

nonlinear medium in polar coordinates. Math. Modeling 3, 76–83 (1992)

β ≤ σ + 1 : only simple finite support radially symmetric solutions.

lim
ξ→∞

θ(ξ, φ) = θH ≡ 1 :

two new classes of solutions in HS−regime:
– complex symmetry solutions for C0 = 0,
– spiral wave-solutions for C0 6= 0.
Dimova S.N., Kastchiev M.S., Koleva M.G., Vasileva D.P., Numerical analysis of radially nonsymmetric

blow-up solutions of a nonlinear parabolic problem, J. Comp. Appl. Math., 1998, 97, 81-97

Dimova M.G., Dimova S.N., Numerical investigation of spiral structure solutions of a nonlinear

elliptic problems, NMA 2010, LNCS 6046, 395–403, 2011
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2D radially nonsymmetric case, C0 = 0, β = σ + 1

u(t, r, ϕ) = g(t)θ(ξ, φ), g(t) = (1−t/T0)
−1/σ, ξ = r, φ = ϕ,

L(θ) ≡ −
1

ξ

∂

∂ξ

(
ξθσ

∂θ

∂ξ

)
−

1

ξ2

∂

∂φ

(
θσ
∂θ

∂φ

)
+ θ − θσ+1 = 0.

Initial Approximations

θ̃(ξ, φ) = 1 + αy(ξ, φ), α = const, |αy| � 1,

y(ξ, φ) is a bounded at ξ = 0 solution of the linear equation:

−
1

ξ

∂

∂ξ

(
ξ
∂y

∂ξ

)
−

1

ξ2

∂2y

∂φ2
+ σy = 0.

Particular solutions

y(ξ, φ) = Jk(
√
σξ) cos (kφ), k ∈ N.

y(ξ, φ) are 2π/k periodic and have k axes of symmetry:
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k = 1 k = 2 k = 3

Fig. 1: Solutions y(ξ, φ) = Jk(
√
σξ) cos(kφ) to the linearized

equation, k = 1, 2, 3.



7/17

JJ
II
J
I

Back

Close

Jk(z) ∼
√

2

πz
cos

(
z −

kπ

2
−
π

4

)
, z → ∞,

y(ξ, φ) ∼

√
2

π
√
σξ

cos

(√
σξ −

kπ

2
−
π

4

)
cos(kφ), ξ → ∞.

asymptotic for θ(ξ, φ)

θ(ξ, φ) ∼ 1 + γ

√
2

π
√
σξ

cos

(√
σξ −

kπ

2
−
π

4

)
cos(kφ),

γ = const, ξ → ∞.
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The self-similar problem is closed:

L(θ) ≡ −
1

ξ

∂

∂ξ

(
ξθσ

∂θ

∂ξ

)
−

1

ξ2

∂

∂φ

(
θσ
∂θ

∂φ

)
+ θ − θσ+1 = 0,

(ξ, φ) ∈ Ω, Ω = (0, l) × (0, ω), ω = π/k.

boundary conditions

lim
ξ→0

ξθσ
∂θ

∂ξ
= 0, φ ∈ [0, ω],

∂θ

∂ξ
+
θ − 1

2ξ
= −γ

√
2

π
√
σξ

sin

(√
σξ −

kπ

2
−
π

4

)
cos(kφ),

ξ = l � 1, φ ∈ [0, ω],

∂θ

∂φ
(ξ, 0) =

∂θ

∂φ
(ξ, ω) = 0, 0 ≤ ξ ≤ l.
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Numerical method for the self-similar problem

Continuous analog of the Newton’s method (Gavurin, 1958)

0 ≤ t < ∞, θ = θ(ξ, φ, t) :

L′(θ)
∂θ

∂t
= −L(θ), θ(ξ, φ, 0) = θ0(ξ, φ)

∂θ

∂t
= v(ξ, φ, t)

Iteration process

L′(θn)vn = −L(θn)

θn+1 = θn + τnvn, 0 < τn ≤ 1, n = 0, 1, . . . ,

θn = θn(ξ, φ) = θ(ξ, φ, tn), vn = vn(ξ, φ) = v(ξ, φ, tn),

θ0(ξ, φ) = θk(ξ, φ) = 1 + αJk(
√
σξ) cos (kφ), |αy| � 1
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Galerkin FEM for the linear problems at every iteration

Bilinear finite elements

A(θ)V̄ = −B(θ)Θ̄

V = {vn(ξj)}Nj=1, A = LU

τn = min

(
1, τn−1

δn−1

δn

)
, if δn < δn−1,

τn = max

(
τ0, τn−1

δn−1

δn

)
, if δn ≥ δn−1,

δn = max
η∈ω̄h

|B(θn)Θ̄n|, [Puzynin, ..., 1974]
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Numerical method for the parabolic problem

ut =
1

r
(ruσur)r +

1

r2
(uσuϕ)ϕ + uσ+1, 0 < t < T0,

(r, ϕ) ∈ Ω, Ω = (0, R) × (0, ω), ω = π/k,

ruσur(t, 0, ϕ) = 0, t ∈ [0, T0), ϕ ∈ [0, ω],

u(t, R, ϕ) =
u(t, r∗, ϕ)

θ(r∗, ϕ)
θ(R,ϕ), t ∈ [0, T0), ϕ ∈ [0, ω],

u(0, r, ϕ) = u0(r, ϕ) = θk(r, ϕ) ≥ 0, (r, ϕ) ∈ Ω̄,

uσ(t, r, 0)uϕ(t, r, 0) = uσ(t, r, ω)uϕ(t, r, ω) = 0, t ∈ [0, T0), r ∈ [0, R],

u0(0, ϕ) = const, u0(r, ϕ) = u0(r, 2ω − ϕ).

GFEM, based on
- Kirchhoff transformation of the nonlinear heat-conductivity coefficient

G(u) =

∫ u

0
sσ ds = uσ+1/(σ + 1);

- interpolation of the nonlinear coefficients;
- lumped mass matrix.
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semidiscrete problem

U̇ = −M̃−1KG(U) + q(U)

U(0) = U0

Modification of an explicit second order Runge-Kutta method.

Numerical investigations

Aims of the numerical investigations:

- to analyze the evolution in time of the new class of 2D self-similar
solutions,

- to analyze their stability.

In the examples bellow: σ = 2, T0 = 0.5, l = R = 50,
hr = 0.1, hϕ = π/30, α = 0.1, γ = 0.2.
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t = 0 t = 0.497634 t = 0.499014

t = 0.499722 t = 0.499945 t =0.499973

Fig. 2: Evolution of a complex wave in S-regime: u(t, r, ϕ), σ = 2,
k = 1, T0 = 0.5.
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t = 0 t = 0.486748 t = 0.497776

t = 0.499367 t = 0.499856 t = 0.499914

Fig. 3: Evolution of a complex wave in S-regime: σ = 2, k = 2,
T0 = 0.5.
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2D radially symmetric case

ut =
1

r
(ruσur)r + uσ+1, r ∈ R1

+, t > 0, σ > 0.

self-similar blow-up solutions

u(t, r) = ψ(t)θ(ξ) =

(
1 −

t

T0

)− 1
σ

θ(ξ), ξ = r for β = σ+1.

L(θ) ≡ −
1

ξ
(ξθσθ′)

′
+ θ − θσ+1 = 0, 0 < ξ < ∞.

u(0, r) = u0(r) = θ(r), ur(t, 0) = 0.
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(a) (b)

Fig. 4: Self-similar function θ(ξ) computed for σ = 2: (a)α = 0.1;
(b) α = −0.5.

We seek for bounded at infinity solutions, which for a finite R �
1, R < ∞, satisfy the self-similar law:

u(t, R) =
u(t, r∗)

θ(r∗)
θ(R) t > 0

for an appropriate choice of the point r∗ � R.
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Fig. 5: Evolution in time of the self-similar solution u(t, r) and its
self-similar representations. (Zoom in the region near the origin.)


