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ON A NONSTANDARD BOUNDARY VALUE PROBLEM
FOR THE LAPLACE OPERATORIN THE PLANE*

Petar Popivanov

This paper deals with a nonstandard boundary value problem(BVP) for
the Laplace operator in the plane. On the boundary of a bounded simply
connected domain, say the unit disk, |Vu| = m is prescribed and it is shown
that in general the corresponding bvp possesses infinitely many solutions
which can be classical or generalized depending on the function m > 0,
m € C°, respectively m > 0 a.e., logm € L1, m € L,, p > 1. We shortly
discuss the same problem in doubly connected domain.

1. Introduction

This paper deals with the following nonstandard non-linear boundary value prob-
lem (bvp):

(1) Au=0 in Bi={2?+y*<1}={zeCl:|z|] < 1}
[Vul|=m(p) >0 on Sy ={2?+y>=1}={2€Cl: 2] =1},

x=rcosp,y=rsinpg, —7 < ¢ <m, m(p+2r) =m(p), Vo. Later on we shall
assume that ¢ € [—m, 7], m(—m) = m(n).

We have used the notion “nonstandard bvp” as in general for each fixed m > 0
(1) possesses infinitely many solutions. Concerning the approach in investigating
(1) we are looking for a solution having the form u = RF(z), where F(z) is
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some regular (holomorphic) function in the unit disc By. In order to satisfy
the boundary condition |Vu| = m(y) on the unit circle S; we shall use several
well-known properties of the regular functions belonging to the classical Hardy
functional classes HP, 0 < p < oo and the Nevanlinna class N. Certainly, in
many cases is very important F' € C°(By) as it implies that u € C°(B;). Assume
that A is the 3-dimensional Laplace operator and instead of the interior bvp (1)
we study the exterior bvp (1) with u(co) = 0. The 3-dimensional problem (1)
(m = m(0,¢)) is called Backus problem and it has significant applications to
gravity and geomagnetic intensity surveys (see [2]). Some papers are devoted
to (1) ([2], [6], [10]) but we try here to propose a further development on the
subject dealing with boundary functions m vanishing on some closed subset F
of 51 having zero Lebesgue measure. The simplest case is when E contains
finitely many points but much more interesting is the case when E C S is
closed, contains infinitely many points and is of measure zero. Unfortunately, in
the latter case we can solve (1) only for specially constructed smooth functions

m, m| = 0, m > 0 on S;\F. We point out that then we find either boundary

functions m flat at E and belonging to some Gevrey class G4(S1), s > 1, or
C*" smooth functions having zeroes of finite order &, > 0, where {e,} is some
appropriately chosen sequence. As HP spaces are involved in our investigations,
we shall have not only classical solutions v € C%(B;) NC*(B;) but also harmonic
solutions u = RF admitting the boundary values m(p) almost everywhere (a. e.)
on Sy : [Vu| =m(p) a. e. on [—7, 7] 3 ¢, m(p) being measurable, m(y) > 0 a.e.

We also discuss (1) in the case when the corresponding domain is an annulus
and find explicit formulas for some solutions. Because of the lack of space we
omit the details and the corresponding proofs.

There is an exuberance of classical papers and monographs dealing with dif-
ferent aspects of the boundary behaviour of regular functions in B; and the
corresponding functional spaces. We quote a small part of them here, namely the
monographs containing the results to be directly applied in our paper: [4], [5],
[71, 18], 191, [12], [13], [14].

2. Formulation of the main results
To begin with, we shall propose three definitions useful in studying the bvp (1).

Definition 1. The function u € C?(B1)NCY(By) is called a classical solution
of (1).

Definition 2. The function u satisfies the bvp (1) if u € C?(B1) N C°(By)
and |Vu| € CO(By).
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Definition 3. The harmonic in By function u satisfies (1) if u € C°(By)
and a. e. on Sy there exist the non-tangential (angle) boundary values
g, 5 2.4) (@o.p0) €51 U (25 Y) = (uz)" (0, yo) andlimp, 5z y) s (@o.g0)es) Uy (T Y) =
(uy)* (20, y0), (uz)*, (uy)* being measurable on Sy and |(Vu)*|(xo, yo) = m(xo, yo)
a. e. on Si.

Theorem 1. (Existence results)

(1) The bup (1) possesses a solution u in the sense of Definition 3 iflogm € L,
forme L, 1<p<ooandm>0 a. e.

(ii) The bup (1) has a classical solution u if 0 < m(p) € C1(Sy).

(iii) The bup (1) has a solution in the sense of Definition 2 if m € C°(Sy),
0<m(p) for o #pp, k=1,....,n, m(pg) =0 for k=1,...,n and logm(p) €
Ly (equivalently, [* log™ m(p)dp > —o0).

(iv) The bup (1) possesses a classical solution if m € C1(Sy), 0 < m(p) for
©F Q1 0k, M) =0 fork=1,...,n and [T _log” m(¢)dp > —occ.

(v) Let E C Sy be an arbitrary closed subset of S1 of measure zero containing
infinitely many points. Then one can find a function m € CY(Sy), m|g = 0,
m > 0 on S1\ E, logm € Li(—n,m), and such that (1) possesses a classical
solution for this boundary data m.

As usual, log™ x = max(log z,0), log~ x = min(0, log z, 0) for z > 0.

Remark. Consider bvp (1) and suppose that 0 < m(p + 27) = m(p), Ve
and log m(y) can be prolonged analytically in the strip ¢ + ih, |h| < gg. Then
(1) has a harmonic solution in the disc B, 1505 €0 > 0.

The bvp does not possess unique solution.

Example 1. Let m = 1. Then (1) possesses infinitely many classical so-
lutions. To verify this we look for a regular function F(z) in Bj, F' # const,
F € CY%B;) and such that [Fljg, = 1. Certainly, there exists then 29 € By
such that F'(zp) = 0. Let F' be a rational function. It is well known then that

_ iy m TN Z—Oy . . .
F(z)=€e72"11F—; Tars where v € R is a constant, m, n are non-negative inte-

gers, 0 # ai € By, k=1,...,n. F(z) is a finite Blascke product and ’f_?;;‘ =1
for |z| = 1. Consider the holomorphic function g(z) = [ F(A)dA, |z] < 1+ e,
gg > 0 and define u(z,y) = Rg € CY(Bi1c,) N C?(By). Evidently, Au = 0 in
Bi, ¢'(z) = ug +ivy = uy —iuy if g(z) = u + tv. Therefore, |Vu| = |¢/(2)| in
Bl+50 = |V’LLMS1 = |F||51 =1.

Let the regular functions Fy, F in By be defined by the formulas

(2) Fi(2) = Pi(2)Pa(2)h1(2)
(3) F3(2) = Pi(2)Pa(2)ha(2),
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where hy o are regular in |z| < 1, hyo € C%(By), hi1a(2) # 0 in By, Pi(z) =
[[41(2 — aj), |a;| < 1, multiple roots of the polynomial Py being admissible
and PQ(Z) = H?Zl(z — bj)aj, Qj > 0, ‘bJ’ =1,45=1,...,n,ie. P € CO(El)
(Definition of the branches of (z — b;)% in B; and their link with the conformal
mappings B; — Polygons C C! can be found in [5]). Below we discuss the
uniqueness problem for solutions with prescribed zeroes in Bj.

Theorem 2. (Uniqueness) Assume that uy and ug satisfy (1) in the sense of
Definition 1 and can be found in the form w; = RF;, where F] are given by (2)
and (3). Then Fy(z) = Fy(2)e" + C for some constants v € R! and C € C.

Combining Theorem 1 (ii) and Theorem 2, we can construct solution v of the
bvp (1) having boundary data n(p) = |Pi(¢)||P2(p)|m(¢), 0 < m(p) € C*(Sy).
Consequently 0 < m € CY(S;) gives rise to solutions with gradient vanishing at
finitely many points of the unit circle S; and on finitely many points of the unit
disc.

Below is the proof of the Theorem 2.

Proof. Having in mind that F}, € C°(By) C H' = Fi 3 € C°(B)) we can
construct classical solutions u o € Cl(El) of (1) via the formula u; 2 = RFy 2 as
U122 — iU172y = F{,Z in Bl. Evidently, ’VU1’2||§1 = |F1/72||§1, ]Vul,ghsl =m > 0,

m(p) =0&bj =€, j=1,...,n.
Consider now the regular function in By: f(z) = i = hlg;7 B e C%By),

Fiz) = hs
|8] > 0 in By, \B[’S = 1. Then log 5(z) = log |B(2)| +iarg f(z) = 7+ in By,
1
7€ C%B) = TA’T - 00111 B =7 =0= 60 =7 = const € Ry according to the
S1 —
Cauchy-Riemann equations in By: 0, = 7, 0, = —7,, i.e. 8(2) =€ = Fi(z) =

Fy(2)e" + C, C' = const.

In other words the classical solutions of (1) constructed via the formula u =
RE and having finitely many prescribed zeroes by Py 5 in Bj are determined up
to a rotation and translation. O

3. Appendix

Fig. 1 is illustrating the geometrical configuration linearly perturbed saddle.
Thus, u; = 2y(z + 1) is harmonic function in R?, while |Vu;| vanishes at S
Au=01in By

(Vul?|s, = n? +m2A% + 2nmAcos(n —m)p
where n > m > 1 are integers, A > 0. We look for u(r,p) = Re(z" + Az™),
z=re'’.

only. Other example is the bvp
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Concluding remarks. To complete this paper we consider a bvp similar to
(1) but in the annulus A : {1 > |2| > r > 0}, i.e. in doubly connected domain in
R2.
Au=0 in A={0<r?<a2®+y®<1}
(4) [Vuls, = mi(p) >0
[Vuls, =ma(p) >0

S, = {22 + y? = r?}. Because of the lack of space we shall work rather formally.
We shall deal with analytic functions in the sense of Weierstrass. They could be
multivalued and are produced via analytical continuation of an element along a
curve. Below we remind a well known fact ([5], Chapter VIII).

Proposition 1. The function u(z) is harmonic in the multiconnected domain
D if and only if u(z) = ReF(z), where F(z)is analytic in D and satisfies the
conditions:

1. F'(2) is regular in D;

2. The integral f7 F'(2)dz along any closed path v C D is purely imaginary
number or 0, i.e. [ F'(z)dz € iR.

To solve (4) we are looking for a regular

in A function F'(z) # 0, Vz. Therefore,  Psin2ge2rsing y
F(z), log F'(z) are analytic in A. Put u = + il - l . &
Re F. According to Proposition 1 Au =0 i : % 15
in A iff: 1) F'(2) is regular in A, and 2) 4o £ 5 i
F'(2)dz € iR for each closed path v C i e

Y
A. Then F'(2) = ug(a,y) — iuy(w,), = = ]

g " r: s : 1
z + 7’y7 (l’,y) € A = ‘F/(Z)‘ = ‘Vx,yu‘ = 154 ALEENT AT 1 15
Fls, = Vulls, =mie), IF(Nls, = = R
ma(p) (say if u € C(A)). Certainly, . = ‘ T
(5) log F'(z) =log |F'| 4+ i vararg F".

5}

Figure 1
Consider now the Dirichlet problem in A:
A7=0in A
(6) T|s, = logmy

Tls, = logme
where 7 = log |F'| = R log F'(z), § = varargF’, [" = |F’|e?. As it is well known,
there exists a unique classical solution of (6), say if 0 < mis € C°(Sy,S,),

+00 > log |F'| > —occ in A. Tt can be expressed explicitly by the Green formula
and the Green function of the annulus A. The Green function in that special case
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can be constructed by using the method of inversions with respect to S; and S,

obtaining this way an infinite series. On the other hand let f be a regular function

in A, i.e. 9f(2) =0, and ®(¢) = Re f(z) on Si, while ¥(p) = Re f(z) on S,,
™ 7T

®, ¥ being prescribed in C°[—m,7]. Moreover, let / O(p)dp = / U (p)dep.
—T —T
Then according to Villa (see [1], Chapter XI)

@ fz) = BT 0(p)C (Slogz — 2p)dp —
x T 0(p) [¢(Llogz — 2o — ') 40| do +iC,

where ((w) is the Weierstrass ¢ function, C' is an arbitrary real constant, w > 0

is arbitrary, w’ € iR is s.t. ™% =7, ((w + 2w') = {(w) + 217'. As we know,
¢' = —p, p being the famous Weierstrass p function. Conversely, (7) gives a
regular solution of Of = 0, Re f|s, = ®, Re f|s, = V. Taking v = Re f we get
an explicit formula for the solution of the Dirichlet bvp

Vv = 0inA
'U’S1 = (I)(SO)
vls, = V(p).

Applying again Proposition 1 to (5) with 7 = log |F"(z)| = Re log F'(z), log F'(z)
being possibly multivalued analytic in A, we conclude that: 1) d% log F' is regular
in A, and 2) [ 7 4 Jog F'(2)dz € iR for each closed path 7 in A.

Therefore, };,/ is regular (obviously) and [, % £ Z)) dz € iR.

Proposition 2. The bup (4) possesses a solution u of the form u = Re F(z),
where F(z) is some analytic function in A if the following conditions hold true:
F'(2) is regular in A, F'(z) # 0 in A, fSrl F'(z)dz € iR, fSrl FT///dZ € iR for
some r1 € (r,1), log |F'(2)| verifies (6) and [T _logmide = [ _log madep.

In the special case F', F" € C(A), F' # 0 in A we can assume that
Js, F'(z)dz € iR, [g i7dz € iR

Let at zg # 0,00 be prescribed the value log zg and the curve v joins zg, z
Then the analytic continuation along v gives: logz = log|z|+i [S(log z0) + A arg 2],
A, is the increment of arg z along ~.

4. Possible generalizations of the previous results for different
bounded simply connected domains

Let f: D — Bj be a conformal mapping, where f is regular and univalent, while
ODeCF* keN,0<a<l;w=f(2),z2=2+iy € D, w=§£+1in € By.
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Then according to S.E. Warschawski (see Proc. AMS, vol. 12:4, 1961, pp.
614-620) f(z) and f~'(w) can be prolonged to functions belonging to C**(D),
respectively C**(By) with f* # 0 in D, (f~') #0, in By.

In general, such a continuation is impossible for k =1, a = 0.

Assume now that D; and Dy are two bounded multiconnected domains in
Cl, 9Dy, 0Dy € C**, k € N, 0 < a < 1 which are conformly equivalent via
the regular univalent function f(z) = w. Then again f, f~! can be prolonged
to functions belonging to C**(Dy), respectively to C**(Dy) and f* # 0 in Dy,
while (f~1)" # 0 in Ds.

Consider the bvp

Agyu=0in D
(8) |Vm’yu|‘aD: m on 0D,

By using the change z = f~!(w) and putting

a(§,m) = w(@(§,m),y(&,n)) we get the bvp
A, na =0in 31

9)

BB+ (B,

where m(ﬁ 77) = m(z(&,n), ( ), (&n) € S, w,y € CH(By), |(f71) (w)]* =
(56)* + (35)* > 0 in By
The bvp (9) coincides with (1) that we studied in the first part of our paper.
Suppose now that D is doubly connected bounded domain having two con-

tours: 8D§1), 8D§2) € C*“ which is conformly equivalent to the annulus A (see
Chapter V from [7]). Then in a similar way as in the case (8) we can reduce the
bvp

Agyu=0in Dy

Vet p=m1() > 0 on oD}

(10) @)
\Va;yu\‘ ®= ma(p) >0 on 0D,
oD n 8D(2) 0

to the solvability of a bvp of the type (4).
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