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STUDIA MATHEMATICA

A NOTE ON THE DAGUM–II SIGMOID FUNCTION

WITH APPLICATIONS TO WEALTH DATA.

OTHER APPLICATIONS
∗

Nikolay Kyurkchiev, Anton Iliev

The Dagum–II distribution is a flexible and simple model with applications
to wealth data.

We prove upper and lower estimates for the Hausdorff approximation of
the shifted Heaviside function h̃r,t0(t) by a class of Dagum–II cumulative
distribution function – (D–IICDF). Numerical examples, illustrating our re-
sults are given.

1. Introduction

Dagum (1977) [2] motivates his model from the empirical observation that the in-
come elasticity η(F, t) of the cumulative distribution function (CDF) F of income
is a decreasing and bounded function F .

Starting from the differential equation

(1) η(F, t) =
d log F (t)

d log t
= ap

(

1− (F (t))
1
p

)

, t ≥ 0,

subject to p > 0 and ap > 0, one obtains (see, also Kleiber [1]):

(2) F (t) =

(

1 +

(

t

b

)

−a
)

−p

.
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Figure 1: The functions H and G.

This approach was further developed in a series of papers on generating sys-
tems for income distribution [3]–[6].

For other results, see [7], [8], [9], [10] and [29].
The Dagum–II type distribution has the following cumulative function(D–

IICDF):

(3) F (t) = r + (1− r)

(

1 +

(

t

b

)

−a
)

−p

; t > 0,

where a, b, p > 0 and r ∈ (0, 1).
Clearly, this is a mixture of a point mass at the origin with a Dagum (type

I) distribution over the positive halfline.
The Dagum–II type distribution was proposed as a model for income distri-

butions with null and negative incomes, but more particularly to fit wealth data
(see Kleiber and Kotz (2000) [7] for further details).

In this paper we prove upper and lower estimates for the Hausdorff approxi-
mation of the shifted Heaviside function h̃r,t0(t) by a class of Dagum–II cumulative
distribution function – (D–IICDF).

2. Preliminaries

Definition 1. The (basic) step function is:

(4) h̃r,t0(t) =











r, if t < t0,

[r, 1], if t = t0,

1, if t > t0,

usually known as shifted Heaviside function.



A note on the DAGUM–II Sigmoid function . . . 119

Definition 2. ([11], [12]) The Hausdorff distance (the H–distance) [11] ρ(f, g)
between two interval functions f, g on Ω ⊆ R, is the distance between their com-
pleted graphs F (f) and F (g) considered as closed subsets of Ω× R.

More precisely,

(5) ρ(f, g) = max

{

sup
A∈F (f)

inf
B∈F (g)

‖A−B‖, sup
B∈F (g)

inf
A∈F (f)

‖A−B‖

}

,

wherein ‖·‖ is any norm in R
2, e. g. the maximum norm ‖(t, x)‖ = max{|t|, |x|};

hence the distance between the points A = (tA, xA), B = (tB , xB) in R
2 is

‖A−B‖ = max(|tA − tB|, |xA − xB |).

Let us point out that the Hausdorff distance is a natural measuring criteria
for the approximation of bounded discontinuous functions.

3. Main results

Let us consider the following four parametric sigmoid function

(6) F ∗(t) = r + (1− r)

(

1 +

(

t

b

)

−a
)

−p

with

(7) F ∗(t0) =
1 + r

2
, t0 = b

(

(

1

2

)

−
1
p

− 1

)−
1
a

.

The H-distance d = ρ(h̃r,t0 , F
∗) between the shifted Heaviside step function

h̃r,t0 and the sigmoidal function F ∗ satisfies the relation:

(8) F ∗(t0 + d) = r + (1− r)

(

1 +

(

t0 + d

b

)

−a
)

−p

= 1− d.

The following theorem gives upper and lower bounds for d = d(a, b, p, r)

Theorem 3. Let

(9) α = −
1− r

2
; β = 1 +

ap(1− r)

b

(

1

2

)
1+p

p

(

(

1

2

)

−
1
p

− 1

)

1+a

a

.
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The H-distance d between the function h̃r,t0 and the function F ∗ can be ex-

pressed in terms of the parameters a, b, p, r for any real β ≥
e1.05

2.1
(1 − r) as

follows:

(10) dl =
1

2.1 β
1−r

< d <
ln(2.1 β

1−r
)

2.1 β
1−r

= dr.

P r o o f. We define the functions

(11) H(d) = F ∗(t0 + d)− 1 + d = r + (1− r)

(

1 +

(

t0 + d

b

)

−a
)

−p

− 1 + d

(12) G(d) = α+ βd.

From Taylor expansion

H(d)−G(d) = O(d2)

we see that the function G(d) approximatesH(d) with d → 0 as O(d2) (cf. Fig. 1).

In addition G′(d) > 0 and for β ≥
e1.05

2.1
(1− r)

G(dl) < 0; G(dr) > 0.

This completes the proof of the inequalities (10). �

The generated sigmoidal functions F ∗(t) for a = 20; b = 0.7; p = 1.1; r = 0.2;
a = 25; b = 0.6; p = 1.2; r = 0.1 and a = 26; b = 0.5; p = 1.3; r = 0.05 are
visualized on Fig. 2–Fig. 4.

From the Fig. 2–Fig. 4 it can be seen that the “supersaturation” is fast.
Dagum (1977) [2] in a period when individual data were rarely available,

minimized
n
∑

i=1

(

Fn(ti)−

(

1 +

(

ti

b

)

−a
)

−p)2

.

a non–linear least–squares criterion based on the distance between the empirical
SDF Fn and the CDF of a Dagum approximation.

The appropriate least–square fitting of the real wealth data by the Dagum
model yields for a = 32.6281, b = 0.409036, p = 0.884619 and r ≈ 0 and is
visualized on Fig. 5.
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Figure 2: The function F ∗(t) for a = 20; b = 0.7; p = 1.1; r = 0.2; t0 = 0.704574;
H-distance d = 0.0804123; dl = 0.0696314; dr = 0.185536.

Figure 3: The function F ∗(t) for a = 25; b = 0.6; p = 1.2; r = 0.1; t0 = 0.605937;
H-distance d = 0.0640358; dl = 0.040358; dr = 0.137843.

We examine the following data presented in Table 1, was proposed in [10].
The week index is from 1 week to 18 weeks, and there are 176 cumulative

failures at 18 weeks in Dataset.
The fitted model

F1(t) = ω

(

r + (1− r)

(

1 +

(

t

b

)

−a
)

−p)

based on the data of Table 1 for the estimated parameters: ω = 176; a = 4.011;
b = 3.6415; p = 21.0737; r = 0.162082 is plotted on Fig. 6.
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Figure 4: The function F ∗(t) for a = 26; b = 0.5; p = 1.3; r = 0.05; t0 = 0.506785;
H-distance d = 0.0554515; dl = 0.0337905; dr = 0.114468.

Figure 5: The appropriate least–square fitting of the real wealth data by the
Dagum model yields for a = 32.6281, b = 0.409036, p = 0.884619 and r ≈ 0.

The example results show a good fit to the presented model. Some of the
existing modifications of the cumulative distribution of Dagum – type are con-
sidered in the light of modern debugging and test theory. For more details see
monographs [27] and [28].

4. Conclusion

In this paper we prove upper and lower estimates for the Hausdorff approxima-
tion of the shifted Heaviside function h̃r,t0(t) by a class of Dagum–II cumulative
distribution function – (D–IICDF).
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Week Index Failures Cumulative failures

1 28 28

2 1 29

3 0 29

4 0 29

5 0 29

6 8 37

7 26 63

8 29 92

9 24 116

10 9 125

11 14 139

12 13 152

13 12 164

14 0 164

15 1 165

16 3 168

17 2 170

18 6 176

Table 1: Dataset [10]

Figure 6: The fitted model F1(t) with ω = 176; a = 4.011; b = 3.6415; p =
21.0737; r = 0.162082.
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A family of four parametric sigmoidal functions based on Dagum–II cumula-
tive distribution function – (DCDF) is introduced finding application in income
theory.

In this note we consider dependence of supersaturation by means of this class.
Numerical examples, illustrating our results are given.
We propose a software module (intellectual property) within the programming

environment CAS Mathematica for the analysis of the considered family of (D–
IICDF) functions.

For other results, see [13]–[26].
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