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UNIFORM MATRIX SUMMABILITY OF FOURIER SERIES
RAJENDRA PRASAD, ASHOK SAXENA

In the present note we generalize the theorem of Prasad and Saxena [4]

Let the Fourier Series of 2a periodic and Lebesgue integrable over (—a,
a) function f(x) be given by

(1) f(x)~-;~ a, + X (a,cosnx-+b,sinnx).
n=1

We shall use the following notations: @(f)= &(x, £)= flx+8)+f(x—1)  2f(x),
W(t)= [t D(u) du, Nimy=Lyn—imn+1, v=[1/t], where [4] denotes the integral

part of 4.

Let 7=(Cmn)(m=0, 1, 2,...; n=0, 1, 2,...), in which Cp,, is the ele-
ment in the m-th row and ~-th column, be a matrix of real or complex numbers
Let

(2) tm= X CnunSy m=0,1,2,....
n=0
A series Ya, with n-th partial sum S,, is said to be summable (T) to sum S
if ¢, —> S as m — ~o. The matrix T = (C ) is regular under the usual conditions
(1, p. 43, Th. 2].
The object of this paper is to introduce the concept of uniform Toeplitz
or (T) summabiliy. Let

(3) Uo(X) 41y (x)+ug(x)+ ...
be any infinite series and Uu(x)=uy(x)+uy(x)+ug(X)+ ... +us(x). Let T
~(Cmn) (M=0,1,2,...;n-0,1,2,...) be a matrix of real or complex
numbers.

If there exists a function U=U(x) such that

(4) oA Con (U (%)= U(x)}=0(1)

uniformly in a set £ as m — ~ in which {/=U(x) is bounded then we shall

say that the series (3) is summable by (T)means uniformly in E to the sum U.
The conditions for the regularity of the method of uniform (T) summability

defined by (4) are the same as they are in the case of ordinary (T) summabi-

lity because they are independent of x.
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The particular cases of (4) are
(i) uniform (.1) summability [4], when
Coun= Am,n fOr n=m,
0 for n>m;
(ii) uniform harmonic summability [6], when
c _h{ (m—n-+1)""log(m-+1) for n=<m,
" 0 for n>m;
(iii) uniform Norlund summablility [5], when

C. P, _,|P, n=m,
" 0 n>m.

In this paper we take {i,,./™ 6 to be real non-negative non-decreasing
sequence with respect to .

Recently we [4] have establish:d the following theorem.

Theorem A. If &(¢f)=o(t/log(1/t)) uniformly in a set E as t —+0 in
which f(x) is bounded then the series (1) is summable (A) uniformly inE to
the sum f(x).

Now we generalize the above theorem in the following form.

Theorem. If &(t)=0(tdmm—.), uniformly ina set E as t — +0, in which
f(x) is boundea then the series (1) is summable (A) uniformly in E to the
sum f(x).

The following lemma is necessary to prove our theorem.

Lemma 1 (3] If {imn/", is non-negative non-decreasing sequence with
respect to n: then as m— o Amn, - O(1/(m—n—+1)), uniformly for all n—m
SO that j.m_u == O(I/,m)

1

Proof of the theorem. It is well known that Sk(x)—f(x):,hf(D(t)
]

sin{k-{;_l__?)t

© sin(1jf) dt.Proceeding as Saxena [5], we get

- - in (k+1/2
Skx) —fx) 5 OO TG de +o(l)

uniformly in £, and theorefore

m 1/m 3
(5) §02m,,.{5n(X)—f(X)}=( ({ + [)D(t) . Jn(t)dt +o(1)
uniformly in E, where /() Ti};niol"‘" Smﬁl(%li)z)—t .

(i) Now uniformly in 0<t=<1/m, J,(f)=O(m) as m — oco. For the proof
see [2].

(i) Now for 1/m=t=8<n, Ju(t)= O(imm—./t?. For the proof see [2].

Therefore,

(6) a0 Intt) dt =0( [l ott) || Jnt)| )
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—O(m.o(m~" .Amp)) (uniformly in E)
=o(1) (uniformly in E)

(by lemma 1 and hypothesis of the theorem) and

s s 1
(7) [ i) J,(tydt = O( [ | d(t)|. "5 "dt)
I'm 1/m
. }'m m—z é ¢ d ’-'m.m—fx 2 N
O @ (). "5 "]1,,,.“1 2 .‘j (1) ""t—a—dt { ‘P[in.d(,t,,,.,,,_, )

{o(1)+o(1 m)+ O(Jﬂ;-m.mf—m )2dx)+ 0(6_’.7:V-;-m.m (14 A m—(x1)}
(uniformly in E)

, ) m l m
~{o(1)+o(1/m)+o( d[ (e dx)+o(,,[. [_;l:-*l d(Am.m—1x)))}
(uniformly in £ by lemma 1)

' l m , . -
={o(1)-+o(1/m)-+o( kE —z) +o(;,_:'l ) [Am.m—(x) }5—+) (uniformly in E)

{o(1)+o(1/m)+o(m{m+1)).O(1/m)} (uniformly in £ by lemma 1)

=o0(1) uniformly in E as m — oo,

where a=[6"1]+ I.
Combining (5), (6) and (7) we get the proof of the theorem.
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