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GRAPHS OF GENERALIZED LATTICES

JUHANI NIEMINEN

Generalized lattices are undirected graphs homomorphic to Hasse diagrams of lattices.
The graphs of generalized lattices are characterized by means of valuations on points of
graphs.

The purpose of this paper is to characterize the Hasse diagrams of latti-
ces and look for generalized structures having analogous properties with those
of Hasse diagrams of lattices. Graphs constitute a natural class of generalized
structures and thus the results here describe graphical properties of lattices as
well as lattice theoretical properties of graphs. Alvarez has characterized
the graphs of modular and distributive latlices in [1] by means of the sublat-
tices of a lattice. We shall use here a quite different approach namely certain
homomorphism and related valuations of graphs. The graphs homomorphic to
a path (to the Hasse diagram of a distributive lattice) are of interest in the
modern communication network theory [5; 4]

In giaph theory we shall follow the notations and terminology given in
[3]. The graphs considered here are finite, connected and without loops or mul-
tiple lines.

We denote by S(u, v) the set of points on all u—w geodesics in a graph
G. If R is a binary relation on a set S and a, b ¢ S, then (q, b) ¢ R means that
a and b are in the relation R. The notation (S(f, v), S(u, w))¢ R means that
for any point a ¢ S(¢, v) there exists at least one point b ¢ S(u, w) such that
(a, b) ¢ R, and vice versa.

Let G=(V, E) be a given graph. We define a binary, reflexive and sym-
metric relation R on V (and thus on G, too) as follows:

(1) If (u, v)¢€ R then uv § E.

(2) If <, v), (u, w)¢ R then (S(t, v), S(u, w))¢ R provided that t=v
and u+w.

As easily seen, the conditions (1) and (2) do not contradict the reflexivity ard
symmetry of R According to (1), the point set, where any two points are in
the relation X, is independent. Thus, we shall call each binary, reflexive and
symmetric relation on G satisfying (1) and (2) an independence-geodesic rela-
tion, briefly an ig-relation, on G. An ig-relation R need not be an equivalence
on V as easily seen by the graph G of Fig. 1. In that graph G, R={(s, v),
(v, w), (¢, t), (u, w), (v, v), (W, w)} and the condition (1) holds because uv,
vw§ E. Also the condition (2) is valid as easily seen by performing the ne-
cessary calculations. For example, the relation /-{(v, v)|v¢V} is an ig-rela-
tion on every connected graph (. Since our goalis homomorphisms of G related
to ig-relations on G, we shall consider the following ig-equivalences only.
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Theorem 1. Let R be an iv-equivalence on connected graph G. Then R
divides V into independent sets [C,,...,C, =¢ such that
(ir3C U ... uC,— Vy
(i) €, NC; @ when i=j;
(i) S(u,u)NCr+ =>8(vi, vy)NC,~ &, k= 1,...,n, when
w, v, ¢« Cou;, vycCyu,~~u; and v, +v;.

Moreowver, each covering € of V consisting of independen! sets satisfying (i),
(i1) and (iii) induce an ig-equivalence on U.

Prooif. Let R be an ig-equivalence on V with equivalence classes
C,...,C, Then (i) and (ii) hold, and if R is an ig-relation, the equivalence
classes are independent sets of G. Thus, it remains to prove the validity
of (iif).
Let ‘u;, v, {u; v;) ¢ R and if u;, " u, and v; ' v;, it follows from the pro-
perty (2) of R that (S(u;, uy), S(v;, v;); € R tlence, when u, € S(u;u;) NC,+ &,
then there exists a point v ¢ S (v, v;) such that (u,, v)¢ R Because R is an
equivalence, v ¢ C, whence (v, 75)N C,- #. The vice versa part of (iii) is
similar and we omit it. Thus also (iii) bolds for R.

Conversely, let ¢={C,,...,C,} be a covering of G with independent
sets satisfying (i), (ii) and (iii). Then the relation R, where (u, v)¢ R <> there
is a set C, € ¢ such that u, v € Cy, is trivially reflexive, symmetric and transi-
tive. Accordingly, R is an equivalence on (, and because the sets in ¢ are
independent, R satisiies (1). The condition (2) follows from (iii) in the same
way as (iii) from (2) in the proof above. Hence R is an ig-equivalence on G.

The next lemma describes an obvious property of ig-equivalences on G.

Lemma 1. Let the covering ¢={C,,..., C,) of a connected graph G
induce an ig-equivalence R on G. If uu, ¢ E, where u, ¢ C; and u;¢ C; then
every v;¢ C; is joined by a line to at least one point v;¢ C;

Proof. If w,u;¢ E, then S(u;, uy) {u, u;} and thus S(a;, u,)nC,+ &
only for the index values i and j of k. According to (iii) of Theorem 1,
S(v,, u )N C,+ # only for k=i, j. Because C; is an independent set, v, is
not adjacent to another point of C, when i--j, whence the second point on
each ©;,—u; geodesic belong to C, and the lemma follows.

Let R be an ig-equivalence on a connected graph G. As is well known,
one can associate with relation R a homomorphism f, of G onto a graph
folG)= Gg = (Vg, Eg) as follows: The points of Gj are ina one-to-one corres-
pondence with the classes c¢,,..., ¢, of the covering ¢ inducing R; accor-
dingly, we shall denote the points in Vi by ¢y, ..., c, where f5(C,)=¢,. More-
over, c¢;c;¢ Ep if and only if there are in G two points #; and 4, such that



GRAPHS OF GENERALIZED LATTICES 81

wu;c E, u; ¢ C; and uy ¢ C; Because the classes in ¢ are independent sets of
G, there are no loops in G, A homomorphism fp of G associated with an ig-
equivalence R on G is called anig-homomorphism and Ggpis an ig-homomor-
phic image of G.

It is natural to ask, whether the graphs, which are ig-homomorphic to the
Hasse diagram of a lattice, generalize in a reasonable way the concept of a
lattice. The following theorem shows that more restrictive conditions are need-
ed.

Theorem 2. Every connected bipartite graph G is ig-homomorphic to a
Hasse diagram of a lattice.

Proof. Because G is bipartite, V=V, U V,, where {V;, V,} is a cover-
ing of G inducing an ig-equivalence R on G; this holds also when V.= &,
since V/ then contains only a single point. Thus G is ig-homomorphic to K,
(or to K,) which is isomorphic to the Hasse diagram of a lattice.

It is well known that valuations are used for characterizing modular and
di-tributive lattices. By combining the concepts of a valuation and of an
ig-homomorphism on a graph, we obtain a tool for generalizing the concept
of a lattice. Valuations on lattices are discussed in Birkhofi’s book [2,
Chap. 10].

A valuation # on a connected graph G isa mapping that assigns lo every
point of G a non-negative integer such that the conditions (3)—(6) below
hold. In a graph G with a valuation #,a path u,, u,,...,un, from u, to u, is
called increasing it 9(u,)< Hug)< - -+ <Huxn) and decreasing if Hu,)>Hu,)
> > Hum)

(3) If uve E tben Hu)>Hv) or Hu)<<Hv).

(4) For any two points u, ¢ V there is at least one point w¢ V such
that increasing paths join # to w and v to w.

(5) For any two points u, v¢ V there is at least one point w ¢ V such
that decreasing paths join z to w and v to w.

(6) If there are two points w and w’ satisfying (4) and Hw)<&w’), then
there is also an increasing path from @ to @’; the same holds also if w and
w' satisfy (5).

Let ¢ be a valuation on a connected graph G. It is directly seen from
(6) that there is a smallest (greatest) value #w) of the valuation 9 for any
two points u, v ¢ V such that an increasing (decreasing) path exists from uz,
as well as from 7 to w. This smallest valuation is denoted by #|zuwv and
the greatest by # umw. Further, uuv denotes the set of points satisfying (4)
and having the valuation value ¢ zuv; unv is defined similarly. According to
(3), uuw and unwv are independent sets of G.

A connected graph is called a gereralized lattice if and only if G is ig-ho-
momorphic to the Hasse diagram of a lattice such that in the covering
e¢=|{C,,...,C,} inducing the ig-homomorphism in question every two points ; and
v; are joined by a line if wu; € E, where u;, v;¢ C; and uy, v;¢ C;. Thus a ge-
neralized lattice can be obtained from the Hasse diagram // of a lattice on
repiacing the points of /7 by totally disconnected graphs and the lines of
H by complete bigraphs. In the following theorems the concept of a gene-
ralized lattice is characterized.

Theorem 3. A connected graph G is a generalized lattice if and only
if (i), (i) ond (iii) below hold :

(i) There is valuation & on G with the exceptions:
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1) the points with the greatest valueof & do not satisfy (4), and
2) the points with the least value of % do not satisfy (5).

(it) Let u, ve V. If thereis a point w' satisfying (4) (or (5)) such that ¥{w’)
=9 luuw (Ww')<<H unv), then every increasing (decreasing) path
from v to w' contains a point w" with the valuation Hv)<Hw")
<Hw') (Hv)y>HwW')>Hw')). The same holds also for increasing
(decreasing) paths from u to w'.

(iii) Let u, ve V. If a point a ¢ uuv is adjacent to a point b, then every
point of uuv is adjacent to b. The same holds for the points
in unwv.

Prootf. Let G be generalized lattice as that there exists a specified ig-
homomorphism f, of G onto a Hasse diagram /1 of a lattice. We shall con-
struct a valuation $ on A and then a valuation ¥ on G as follows: u¢ C,

- (u) - c;). The valuation & satisfies (i), (ii) and (iii). According to the
lattice theoretical properties of a Hasse diagram, it contains increasing and
decreasing paths.

Because the graphs considered here are finite, /7 is also finite, has thus a
least element 0% a greatest element 1* and a longest increasing path 0% =u,, u,,
@, ..., w,—1* The valuation of the points on each such path is determined by
setting #(u,) =i. Thereafter consider the increasing paths form 0* to I* of
length #—1 and give to each point #, on those paths the valuation W&(u,) i
if not earlier given. Because every point of /7 is on an increasing path from 0*
to 1¥ every point will have a valuation after considering all increasing paths
from 0* to 1* In this valuation, Hu)<#(v) or Hu)>dHv) if uvec E. Moreover,
for any two points « and v, their join #\/  has a valuation $(z\/v) ~¥u), ¥v) and
there are increasing paths from z and v toz\/v. Hence (3)and (4) hold for 9. The va-
lidity of (5) can be seen dually. According to the construction, (6) holds for
9, and thus ¢ is a valuation .

Let v, a and w be three points of /7 which constitute an increasing path
v, a, w from v to w. According to the rules of drawing a Hasse diagram,
there is no line between v and w but posssibly an increasing path disjoint from
v, a, w. Because v\/a a on the lattice of /4, and on the other hand, vua
~a according to the construction of the valuation # on /7, the drawing rules
of A imply the validity of (ii) for ¢ in H. When putting #'(z) - ¥(c;) it u € C,, it
is only a standard exercise to show that /%’ is a valuation on (G with the exceptions
in (i) and with the additional properties of (ii) and (iii).

Conversely, let ¢ be a valuation on G with the exceptions of (i) and with
the additional properties of (ii) and (iii). We shall now construct an ig-homo-
morphism of G onto the Hasse diagram of a lattice such that if z,u, ¢ E, then every
two points v, and v, are adjacent.

We divide the point set V of G into disjoinf sets C as follows: u, v¢ C,
<=9(u) Hwv) and N(u)=N(v),i. e, the neighbourhoods of u# and v coincide.
Clearly every point belongs to at least one set C, and because of the neigh-
bourhood condition each point exists in exactly one set (,. Moreover, because:
MNiu)=Hwv) when u, v ¢ C,, the sets C, are independent and hence the sets thus
obtained consitute a covering ¢ of G with independent sets. According to the
construction, if uuy ¢ E, then every two points v, and v; are joined by a line
when u,, v, ¢ C, and u,, v, ¢ C;. This property ensures also the validity of the
relationship: S(v;, v) N Ce+ B <=S(ti, u)) N C,+ # when v, 4v; and u;+uy. Thus,
@ induces an ig-homomorphism. It is only an exercise toshow now that the
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ig-homomorphic image of G under this ig-homomorphism is isomorphic to the
Hasse diagram of a lattice.

As a simple corollary of Theorem 3 we obtain a characterization of con-
nected graphs isomorphic to Hasse diagrams of lattices.

Gr

.

Fig. 2 Fig. 3

Corollary 3 a. A connected graph is the Hasse diagram of a lattice;
if and only if there is a valuation # on G such that

1) For every two points u,v¢ V the set uLiv contains only a single point
the same holds also for unwv.

2)=(ii) of Theorem 3.

When # is a valuation, the point sets of least and greatest values of
contain a single point, respectively, and hence the exceptions of (i) of Theo-
rem 3 are not needed. 1) is a condensation of (iii) of Theorem 3. With these
remarks the proof is obvious.

The following examples show that the conditions (i)—(iii) of Theorem 3
are necessary. There is a valuation on the graph G of Fig. 2 satisfying (i) and
(ili) of Theorem 3 but not (ii). It is well known that G is not ig-homomorphic
to the Hasse diagram of a lattice. There is also a valuation on the graph G
of Fig. 3 satisfying (ii) and (i) but not (iii): If {a, &} is a class of ¢, then the
ig-homomorphic image of G contains a triangle that does not exists in Hasse
diagrams of lattices. If {a, b}¢C, then {c, d, e} should be a class, because
if {c, e} and {d} are classes, then a\/b is not unique in the ig-homomor-
phic image of G and so the image is not the Hasse diagram of a lattice. If
{c, d, e} ¢ ¢, then dng -+cng=eng, and the results obtained from the ig-
homomorphic image and from G are not consistent. The exceptions of (i) of
Theorem 3 allow the least and greatest classes of the valuation have the
same structure as the other classes of ¢.

As well known, the valuations of lattices characterize modular lattices.
An analogy is given in the following theorem.

Theorem 4. Let G be a connected graph, % a valuation on G with
properties (i)—(iii) of Theorem 3 and H, the Hasse diagram of a lattice L
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to which G is ig-homomorphic under the ig-homomorphism f, induced by #. Then
L is a modular lattice if and only if ®(u)+8v)- Hunv)-+Huuwv) for every
two points u, v¢ V for which unv and uuv exist.

Proof. Let the valuation 9 on G induce the ig-homomorphism f, by
means ol a covering ¢, onto the Hasse diagram /. According to the proof
of the latter part of Theorem 3, there is a valuation #* on //, such that
#*(c;) =Hu)whenu ¢ C, ¢ ¢,, and to properties of 3, ¢;<Zcy only when #*(¢c;)<#*(c))
and there is an increasing path in G from a point of C, to a point of Cj.
Moreover, the property ¥u)+ 3 v)=Hunv)+Huuv) ensures that 9%(c;)+9%(c)
=*c;Acj)+?*(c;\/c) on H, and L when ¢, ¢, By defining that ¢;\/¢,
=c¢; \¢;, the properties of ¥* imply the modularity of L according to [2, Chap.
10: Thm. 3]. Thus, the first part of the theorem is shown.

Conversely, when H is ig-homomophic to the Hasse diagram H, of a mo-
dular lattice L in the meaning of Theorem 3, there is a valuation on H,, the
height & of L, satisfying the demands: h(c;)<<h(c;) when ¢,<cjand A(c;)+ h(cy)
=h(c:\/cj)+h(c; \c)). As shown in the first part of the proof of Theorem 3,
h determines a valuation 2’ on G as follows: A'(u)=h(c;) when u¢ C; and C©
determines the ig-homomorphism of G under which G isig-homomorphic to #,.
Then A'(u) -+ h'(v)— k'(unv) + k'(auv) when u and v are from different sets C; and
C; of ¢. If the points u, v - C,;, uuv and unv exist and they are different, they be-
long to C; and C,, resepectively, where ¢; covers ¢, and ¢; covers ¢, in L. Because
the valuation % is the height of L, this means that k(c;))—1 - h(c;)=h(ce)+1,
and thus also in this case A'(u)+ #'(v) = k'(uuv)+ k'(un7) holds.
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