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CONDITIONS OF ANGELIC TYPE IN FUNCTION SPACES
MIGUEL BARCELO, MIGUEL A. CANELA

This paper deals with a class of topological spaces in which a-compactness and compactness coin-
cide and the tightness of a compact subset is less or equal than a, @ being an infinite cardinal number.
This class is a natural extension of the class of strictly angelic spaces, introduced by W. Govaerts. Suf-
ficient conditions are given for a space of continuous function to belong to this class, and some results
on locally convex spaces are obtained as an application.

1. Introduction. The aim of this paper is to give a description of a class of topo-
logical spaces in which a-compactness and compactness coincide, a being an infinite
cardinal number, which will remain fixed throughout this paper. This class is a-pro-
ductive (closed by products of families of cardinality <a).

The class described will be denoted by Ai, where the “A” stands for angelic.
Indeed, for a=N,, our class coincides with the class of strictly angelic spaces
introduced by W. Govaerts [2].

In Section 2 we recall some topological notions which will be used throughout
this work. In Section 3 we introduce the class A, proving some properties. The main
result is the stability for products of cardinality <c¢, and the key for this result is a
theorem of V. I. Malyhin [4]. In Section 4 we give sufficient conditions for a space
of continuous functions to belong to A. endowed with the topology of pointwise con-
vergence. In Section 5 we restrict ourselves fo locally convex spaces, obtaining with
the tools given in the previous Sections some results appeared in a former paper by
M. Valdivia [5].

2. Some topological notions. a will denote a fixed infinite cardinal number. A subset
S of a topological space X (all the spaces involved are Hausdorff) is a-compact if every
net (x;)i¢s contained in §, with [/|<a has a cluster point x¢ S. § is relatively c-com-
pact if every net (x,)i¢, with /|<<a has a cluster point x ¢ X. Every (relatively) com-
pact subset is (relatively) a-compact, but not conversely. A counterexample can be ob-
tained modifying the usual example of a sequentially compact space which is not
compact [1, 1.2(7)].

If X is a topological space, the tightness of X, #(X), is the minimal cardinal num-
ber v with the following property: if S is a subset of X and x¢cl(S) is a closure
point of S, there is a subset M=S with |/M|=v and x ¢ cl(M). The density character
of X, d(X), is the minimal cardinality of a dense subset of X. The weight of X, w(X),
is the minimal cardinality of a basis of open subsets for the topology of X. The weight
of X at the point x ¢ X, w,(X), is the minimal cardinality of a basis of neighbour-
hoods of x. Clearly w/(X)=w®(X), but not conversely. For these and other cardinal
functions of the General Topology, [3] can be used as a standard reference.

3. The class A.. The class A, will be the class of all topological spaces X satis-
fying the following conditions:

(i) Every relatively a-compact of X is relatively compact.

(i) Every compact subset of X has tightness =a.

(iii) If a subset Sc.X is compact and d(S)<a, then w(S)=a for every x¢S.
We give next the properties of this class.
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3.1. Proposition: The condition (ii) of the preceding definition can be replac-
ed by:

(i)’ If S=X is relatively compact and x ¢ cl(S), there is a net (x,):¢; contained in
S, with |1|<a and lim x;= x, obtaining an equivalent definition.

Proof: (ii) implies (ii). Conversely, if {S)=a for a compact subset ScX, we
take M=S with x ¢ cl(M) and |[M|=a. Then cl(M) is compact and has density cha-
racter =a, and, by (iii) the weight at x is <a. Therefore, we can construct a net in
M satistying the prerequisites of (ii)’. Q.E.D.

3.2. Corollary: Every subset of a space of the class Aq is in As (with the in-
duced topology).

Proof: Direct from 3.1. Q.E.D.

3.3. Proposition: Let t, v/, be topologies on a set X, v being regular and
finer than t. If (X, ) belongs to Aa (X, t') also belongs to A..

Proof. The proof is a slight modification of the proof of the “angelic lemma”
[1,3.1]. Suppose that Sis a t’-relatively a-compact subset of X, and DcS. Then cl./(D)
<cl.(D). Conversely, if x ¢ cl.(D), there is a net (x,)i¢; contained in D, with || <a
and t-limx; = x. But (x;)i¢; has a t'-cluster point, and hence t’-lim x,=x. Therefore,
cli(D)=cl./(D). In particular ¢l(S)=cl:(S).

It suffices now to show that t y t’ coincide on ¢/(S). We can suppose X=cl(S)
If C=X is t-closed, let # be the family of the t’-open subsets of X which contain C.
SNV is t-dense in V for V¢ %4, and, because of the regularity of 1’:

C= 0N ce(V)= N ce(VNS= N clc(VNS),
VeR Ve veR

and C is t-closed. Q.E.D.

We will prove, next, that A, is a-productive.

34. Proposition: Let (X,)i¢cs be a family of spaces of A, with |l|<a. Then
ﬂ,-“X, belOﬂgS to Aq.

Proof: We denote by =m; the projection onto X, for i¢ /, and by n, the projec-
tion onto IT;¢, X, for J=I. If S=TI;¢,X; is relatively «a-compact, n,(S) is relatively
a-compact in X, and hence relatively compact. We have (i).

Suppose that S—T1;¢; X, is compact, and we are going to show that #S)=a. We
can suppose, without loss of generality, S=T1;¢;m(S). According to a result of V. L
Malyhin [4, Theorem 4], the finite product of compact spaces with tightness =a
has tightness =<a. If x is a closure point of a subset DS, we can find, for each
s 1 finite, a subset M,—n(D) with M) <a and n/(x)¢€ c/(M;). We can choose now
M,=D with n(M;))=M), and /M,|<a. Actually, M=) ,M, has cardinality <« and
x € cl(M). We have (ii).

Finally, is ScTl;¢ X, is compact and d(S)=a, then d(n(S))=e, and thus n(S)
has weight <a in every point. Keeping in mind the construction of a basis of neigh-
bourhoods for the product topology, and recalling /| =a, it is easy to see that IT;¢,m(S)
has weight <a at every point. Q.E.D.

4. Spaces of continuous functions. We are going to see that certain assumptions
on a topological space X imply that the space C(X)=C(X,R) of continuous real func-
tions belongs to the class A, endowed with the topology of pointwise convergence
w,. Indeed we obtain results analogous to those obtained by W. Govaerts [2] for
the case a =N,

41. Proposition: Let X be a compact space. Then (C(X), wy) belongs to Aa.

Proof: It is well known that every subset ScC(X), wy-relatively countably
compact, is -relatively compact and countable tightness (e. g. [1]). To check (iii), we
can, replacing if necessary X by a suitable quotient, suppose that S separates the
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points of X. If § is wy-compact and DS is dense, with D|<a, X admits a basis of
uniformity of cardinality <, and hence d(X)sa. Reversing the argument, we have a
set of continuous real functions, of cardinality <a, on S, which separates the points
of S, and therefore @w(S)=a. Q.E.D.

42. Proposition: Let X be a topological space with a dense subset DX
which is retatively a-compact. Then (C(X), wy) belongs to A..

Proof: Conditions (i) and (ii) can be obtained asin 4.1 from known results (see
[1]. To check (iii), we remark that, if ScC(X) is wx-compact, we can consider the
mapping ¢, : X — C(S) defined by ¢,(x)(f)=/(x), which is continuous with respect to
the topology ws. Then ¢,(D) is relatively a-compact in (C(S), wg), and its closure H
is a compact subset of (C(S), ©g). Now @,: §— C(H), defined in an analogous way,
is injective and continuous, and therefore a homeomorphism, and, using 4.1, we are
done. Q.E.D.

43. Proposition: Let X, Y be topological spaces.

a) If X admits a dense subset D= X such that (C(D), p) is in Aq, then (C(X), ©y)
is in Aq.
b) If A= U’ X, where (C(X)), ox) is in A, and |[|<q, then (C(X), o) is in A..

€
¢) It y: Y— X is continuous and surjective, and (C(Y), oy) is in A4, then (C(X), ox)
is in Aq.
Proof: For a) Take the restriction map C(X)— C(D) and apply 3.3. For b), con-
struct an injection C(X)—’III C(X,) in a natural way and apply 3.4, followed by 3.3. For c),
i

take the mapping v*: C(X)— C(Y) defined by y*(f)=foy and use 3.3. Q.E.D.

44. Corollary: Let X be a topological space with a family (X,)i¢ of relati-
vely a-compact subsets such that its union is dense and |I|=a.
Then (C(X), wy) is in A..

Finally, we have the following result, which is a natural extension of a theorem of
D. H. Fremlin (|1, 3.5}, [2, Proposition 9]):

45. Proposition: Let X be a topological space, and Z a metric space, and
suppose that (C(X), wy) is in As. Then (C(X, Z), 0y) is in A..
Proof: The argument given in [2] for the countable case can be used. Q.E.D.

5. Applications to locally convex spaces. The results which have been stated
here have a purely topological nature. Nevertheless, some particular cases have been
proved by other methods, for instance for the case of a weak topology on a locally
convex case.

If X, Y are real locally convex spaces, the space L(X, Y) of continuous linear
operators is a subspace of the space C(X, Y) of continuous functions, closed with respect
to wy. The topology induced by wy on L(X, Y) is usually called simple topology.
From 4.5 and 3.2 we obtain directly:

51. Proposition: Let X, Y be locally convex spaces, X being the union of
a family (D,)i¢: of relatively a-compact subsets, with |l|<a, and Y is metrizable.
Then L(X, Y), endowed with the simple topology, is in A,.

We can consider, in particular, the case in which Y=R and X is the dual £,
endowed with the weak topology o(£’, E). We obtain thus the following result:

52. Corrollary (M. Valdivia [5)): Let E be a locally convex space with a
total family (D,)i¢1 of o(E', E)-relatively a-compact subsets of E', and |I|<a. Then
every weakly (relatively) a-compact subset of E is weakly (relatively) compact.
Note: In [6], this result is stated under an extra assumption, the convexity of the
D;s, but this assumption is superfluous,
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Using 5.1 and 3.3, we have:

53. Corollary (M. Valdivia [5]): Let E be a wvector space and t and v

two locally convex topologies on E, © finer than t'. Suppose that v admits a zero-
neighbourhood basis of cardinality <a, and denote by £'=(E, v)'. If AcE is o(E,
E')-(relatively) a-compact, A is o(E, E')-(relatively) compact.
Final note: We have described a class of spaces in which compactness and a-com-
pactness are the same, with good stability properties, which allows us to obtain the
results of this Section. It can be remarked that almost all is the same if we replace
condition (iii) of the definition by the following stronger condition : If S—= X is compact
and d(S)=a, then W(S)=a. Nevertheless, the class obtained in this way will be more
restricted, because there are separable, first countable compact spaces which are not
metrizable (e. g. the Helly compact).
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