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AN EXTREMAL PROBLEM IN THE SET
OF BLASHKE PRODUCTS WITH FIXED MULTIPLICITIES OF THE ZEROS

RUMEN ULUCHEV

We study the problem of existence of Blashke product of minimal L -norm with fixed miltiplici-
ties of its zeros. This problem may be formulated in the terms of the theory of optimal recovery in

the following way : recovering functions from the Hardy space /™ on the basis of N pieces Hermitian
type of information to find the optimal information operator. A comparison theorem is proved.

1. Introduction. This note is concerned with the problem of optimal recovery of
functions from the Hardy space H>~ on the basis of N pieces Hermitian type of in-

formation
Tif): ={ (ﬁz,. 2=0,..., v—1, i=1,..., n},

where {v} are positive integers,
Vi=(Vpeoor Y [V]E=V4 oo HV=N,

and x=(X, ..., X)€Qy Qi ={(t, ..., 1) —1<H< ... <, <1},

It is well known (see [3]) that the error Ry(v, x; £) of the recovery in fixed point
t¢[—1, 1] is given by the Blashke product

- note-x, v
Bix; )= 1 (o)

More precisely, Ry(v, x; £)=| B(x; )|, t¢[—1, 1].
We show first the existence of extremal nodes x* ¢ Q, for which the infimum

(1.1) Ry(v): = inf || Ry (v, x;+) |l i1 = inf || Bx3 ) [yt
xa, x(n,

is attained and next, that

(1.2) min{Ry(v):|V|=N, 1snsN}

is attained for m=N, v;= ... =v,=1. The number p is fixed, 15p<oco.

In other words, we seek Blashke product with minimal L,[—1, 1}-norm varying
the zeros and the multiplicities. The problem of uniqueness of the extremal nodes
x* in (L.1) remains open.

Analogous problems for polynomials with fixéd multiplicities of zeros have been
considered by L. Chakalov (5, T. Popoviciu[4, A Ghizzetti and
A. Ossicini [2], (p=2 only). B. Boyanov [1] extend the mentioned results for the
case |5 p<oo.

To show the existence of x* in (1.1) we shall follow an idea of L. Chakalov.
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2. Main results. The next lemma is the central moment in our study.
Lemma 2.1. Let {v,}} be given positive integers, v,=2 for some k, | <k<n and

er Let

pol R
B 0= 11 (=)

t—x,+0E % t—x,—Cs B, 'l t—x‘ v,
B(X(E) t) _[l—t(.t —clE)] [ l-t(x + ce6) ] i—1 (l—-t.t‘.) ,
i*k

where the integers a, and B, are such that
0<apTvey 0<By<<Vie o +Bo=Vp

and c,, cq are real numbers.
Then for some special choise of the parameters ¢, and cy, and sufficiently
small positive €

@1 I BGe) ) Iy < I B(x3 +) o
Proof. Set a=pa, B=pB,
(22) o=1/a, c;=1/p
1.
E=Tmm{| 1""xl 1' | 1—X,,|, lxﬁ_'xll' sy IX,‘—X,,_II},
L. T L Loy t—xtas] Loy | t—x—ce|
8(t)= 1‘2}‘ (l_,,‘_-) [ @ (;8) = Tfr, o) Pt 5)—T‘+,’£)
i

and for 0=ce<<E

JO=111BEE: b= [ &0 oi(t; ©) olt; ).

It is clear that a=1, B>l g(t)=0 for te[—l 1] and g(#)=0if and only if f=x,
i=1,..., x—1, k+1,.
Our task is to show that f’(O) 0 and f“(0)<<0. Then (2.1) would follow immediately.
We have

FO= § g® ot 0) 0§ Dot 0 a
where
o(t; €)=agy(t; €) 2EiE) 4 po (¢ ; g) d0dliE)

u | t—x‘—c,sl [l —t(x.—qc)k, sign (t—xk+c,c)—-tc, |t—x,+aE|
1—t (x, + c,&:) ll—t(x —E)]?

| t—x, +eie| [I—r(x +¢g8)] (—¢y) sign (£—x —-t,c)+tc,|t—x —c,c]
Pi—t(r, e [1—fx, +es0P

'fl"?en 0(t; 0)=(ac,—Pey) (£—x,)(1 —12)/(1—2£x,)* =0 because of (2.2) and consequently
0)=0.

Denote by ¢, the function @u¢; €)=05~" (£; €). 98" (¢; €).

The careful calculations show that
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X —&,e

A B e[p(t)+eq(t)ogt; &)
f(e)._ —{ (1 ta)g(t)“__t(xk__cle)lzll_t(xk.’_[‘c)lgdt

xytes e[p(t) +eq(t)Joolt ; €)
- J (l_ta)g(t)[l—t("’.’“ﬂ?)l’[l—'(xk'”*e)l,dt

X —CE
k

1
B elp(t) +eg(O)loult; ©)
+-‘.+f‘** (1= =gz, — ot —txy+ o 2

where
(2.3) p(t)=—(c,+c,)(t’—2tx,,+1)<0 for te[—1, 1], xp€(—1, 1), q(t)=(c3—ct.
Denote
oy (1 —)ey(t; e)[pt) +eq(®)]
v(t; &)= [1—t(x,—c1e)][1—£(x,+co8)]*
Then

X —C1&

", A d 2 t t
fe)= _{ (l—‘ta)g(t)_d_g{s [l—t(x:({—c,gllf([ l)t:gfk).];.c,g)]a }dt—ciev(x,—c85 €)

X 48

’ d ot ©) [P(t)+eg(t)] . .
_x,_fc,e (1= )8(8) & [T=ie, e P11 —Hx, + e 12— Ca® YwH G i)~ CLEV(Xy— €1538)

fo(1— d ot ; ) [P(t) +eq(t)) _ ,
+Xk+fc,‘ (1—)g(t) de {e [l-‘(x,_‘le)l’[l—«x,'*'ft*:)]’ Jdt—cqgW(x,+coE ; E).

Therefore
1 . 1 t—x |¢+b—2
S a0t 0P () g _ | =%,
£“(0) _j" g(t)(1 ‘)_(I_—TV,,T_‘” _{ g1 t’)p(t)————(l_Umn,rts+2 dt
and (2.3) yields f“(0)<<0. The proof is complete.
Theorem 2.1. Let {v,}1 be given positive integers. Then there exist extermal
nodes x*¢Q, for the infimum (1.1)
Proof. Suppose the infimum (1.1) is attained for the Blashke product

- m t—y, ¥
Byif=1 =5 "
where 1<m<m, y=Yp--» Y —1SN<...<ymsland {=Vyp+ oo+ Vi
i=1,..., m with some integers
0=": /<. o <Jn<lmir: =N
Assume, for example, that y,=—1 and set
~ (0), m=1
vl "')’={ (Ya=1)2 Ya-e s I M>1,
Then, using the convention T, a,=1 for m=1, we have

Y -1 I"‘

gt — 1 m " 1
| By; ) le—I1 B g = [ I,[l,z(r:,;;)‘l'.ll—lf—;h, | dt>o0,
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since

0< |1 <1 for all £€(—1, 1), e(=1 1) #E.
This proves that y,=+—1. Similarly we conclude that y,=1. Thus
(24) —1<y, and y,<l.

Assume now that l<m<n. According to (24), we have y¢Q, and applying
Lemma 2.1, we immediately get a contradiction with the extremality of the nodes y.

Therefore m=n, p;=v,, i=1,..., n and y=x*¢Q, The theorem is proved.
Now we ready to state and prove the comparison theorem.
Theorem 2.2. Let {v}! be arbitrary positive integers and v,=2 for some

1<k<n. Set p=(Vy ..o Viep Va—1 L, Vogyy ooy Vo) Then Ry(1) < Ry (V).
Proof. The assertion follows from Theorem 2.1 and Lemma 2.1 with ay=v,—1,

Bo=1.

’ As an immediate consequence we get.

Corollary 2.1. For every set of positive integers v=(v;,..., v,) with [v|=N
the inequality

RA(W)<RN ()

holds, where p=(1, 1,..., 1) (N times 1),
That is, the function evaluations at the simple optimal nodes is better information
than any N pieces Hermitian information.
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