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ESTIMATION OF MULTIPLE MISSING VALUES IN FIXED EFFECTS
EXPERIMENTAL DESIGNS

SHAWNM ABDUL-KADIR

This paper deals with the estimation of multiple missing values for some unifactor experimental
designs. The method of minimizing the residual sum of squares is used and an example is given.

Introduction. The statistical analysis of unifactor experimental designs is compli-
cated very often by the lacking- of some observations. When some values are missing,
the usual ‘method of computing the various sums of squares cannot be used unless the
missing values are estimated through the existing data.

Nowadays a number of computer algorithms are known for estimating missing
values in experimental designs. Some of them use iterative methods (Pearce&Jeffers
[3], Preece [4]), others are non-iterative (see Draper [2], Rubin [5, 6]). Usually
such algorithms are based primarily on subroutines used for complete data set ana-
lysis. In most of the methods the vector of estimated residuals is obtained as a part
of the computer analysis.

This paper describes a procedure for estimating multiple missing values in Cross-
Over design and Graeco-Latin square design by minimizing the residual sum of squares
and shows that for a (3 3) Graeco-Latin square design the estimates of the missing
values are always zero, i. e. {0,=0}7_. Also an example is given.

1. Cross-Over design. The model is as follows:
(LD Yim=p+ T+ R+ Coteim
l<i<t, l=j=r, 1sk<c, r=t r=c.
Here (Y,

) denotes the value observed in thei-th treatment, j-th row and k-th
column; ¥,;,=0 stands for the missing value in the cell (i, j, k). Now let us estimate
E}lﬁsglrizs)smg values for a Cross-Over design by minimizing the residual sum of squares

The following notations shall be used.

Let {8,} 7 , be the unkown missing values, and let 4,, A, and Ag be a treatment,
a row and a column factor respectively. The (i, j, k) cell in the design matrix is the
only one comprizing 1 and the remaining values are zero.

Let us define the dummy variable corresponding to 0, as follows:

ay =1 if 0, is in treatment {
0 otherwise,

b,;=1 it 0, is in row j
0 otherwise,

cpe=1if 0, is in column &
0 otherwise.
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The following three dummy variables will be defined by the equation (1. 2) if
0, and 0,, 2+ g are missing.
Den(A)=1 if 6, and 6, are from one and the same treatment
0 otherwise,
(1.2) Den(As)=1 it 6, ang 6, appear in the same row
0 otherwise,
Den(Az)=1 if 0, and 6, are in the same column
0 otherwise,
Also let
T,(A4,) be the total sum of all observations for the treatment where 0,
appears,
(1.3) T,(A,) be the total sum of all observations for the row for which 0, appears,
T.(A;) be the total sum of all observations for the column for which 6,
appears.
Theorem l.l?pFor the Cross-Over design given by (1.1), the missing wvalues
{0, are obtained by solving the following system of equations :

(1.4) (c—=1)(t—2)0,+ gzh 0g{2—t [EDgn(A1) +ZD gi(As)] — cZ D ea(A9)}
= CETH(Ag) +EET (A1) —LTx(Ag)]—2G

for 1<h<m, when ({t—1)(r—2)>m.
Proof. The marginal totals are, as follows:

T
T=X ¥, + % Oan, i—1,..., 4

i h=1
(1.5) Rj=§ Y_/.+ "2‘ e;,b,,j, i=1,...,r,
Co T Y o+ E Oope k=1,....c,

k h=1

G=X XX Yyp+Z0,.
i j k& h

Here Y, _, for example, means averaging over the indices replaced by points while
the rest index remains fixed.
The usual sum of squares for residual is

SSE = SSG—SST--SSR—SSC,

where
Y’
total sum of squares=SSG=X X X Y?/k'
i & tc
Y] y?
sum of squares for treatment-—=SST=ZX __;‘_;___t'c--
]
v:, v
sum of squares for row=SSR=% — L~
7 c te
Yo vl

sum of squares for column==SSC =X T
&



Estimation of multiple missing values in ... 187

The values of 0, which minimize SSE are to be found from the equations:

dSSE
26,

2 2 2 4Y ...
=20, —— % Tiap— - ERjby— 2;- Cremt —5—
J

for any 4, 1=h<m.
Replacing T, R;, C, and G by (1.5), we obtain the following equations:

(1.6) (c—D(—2)6,+ ih 0,[2—t(Zay agi+ZCm Cgr)—Cbyjbg)]
g

=tZ by LY p+cEaull; +IZCpuX Y. )=2Y .

for fixed 4, 1==h=m.
The desired equation (1.4) is obtained by using relations (1.2) and (1.3) in (1.6), i. e.

(c—1)(t-2)0,+ gih 0g{2—t [EDgn(A) +EZDgn(As)] —¢ ZDen (A2)}

CCE Ty (Ag)+E[E Th(A)+E Ty (Ag)]—2G

for (c—1)(t—2)>m.
2. Graeco-Latin square design. The mathematical model for Graeco-Latin square de-
sign is given, as follows:

(2.1) Yiu=n+Ti+Ry+Cy+ G+ &

for 1<i<t, l<j<r, 1=k=c, l1=l=s, and t=r=c=5, r>3.
Usually Y, =0 for the missing value in cell (i, /. &, 0).
o) We define dummy variables for treatments, rows, columns and Greek-Letters, as
ollows:
a,—1 if 0, is in treatment {
0 otherwise,
b,;=1if 0, is in row j
0 otherwise,
cpp=1 if 0, is in column &
0 otherwise,
d, =1 if 0, is in Greek-Letter [
0 otherwise.
The following four dummy variables will be defined by using equation (2.2) if
0, and 0,, h—g are missing.

@en(A)=1 if 6, and 6, are from one and the same treatment

0 otherwise,
(2.2) @Den(Ag)=1 if 0 and 0, appear in the same row

0 otherwise,

Den(Ag)=1 if 6, and 0, are in the same column
0 otherwise,

Q@en(A)—=1 if 0, and 6, are in the same Greek-Letter
0 otherwise,

;nd A, A, Ay and A, are treatment, row, column and Greek-Letter factors respec-
vely.

Also let

T4(A,) be the total sum of all observations for the treatment where 0,
appears,
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T,(Ay) be the total sum of all observations for the row for which 6,
(2.3) appears,
T,(As) be the total sum of all observations for the column for which 6,
appears,
T,(A,) be the total sum of all observations for the Greek-Letter for which
0, appears.
Theorem 2.1. For the Graeco-Latin Square design the missing values {0,}7_,
are obtained by solving the following system Of equations :

(2.4) (t=1)(r=3)0,+ T 0,[3—r = Pg (A)=7 L, Tu(4)—3G
g+ i

for 1<h<m when (t—1)(r—3)>m.
Proof. The marginal totals are found, as follows:

(2.5) R= S Y, + % 0,6 j=lie.,r
h=1

The usual sum of squares for residual is
SSE =SSG—SST—SSR—SSC—SSGL,

where
y?
total sum of squares:SSG:i ;‘2 f 3:
2)/4 y2
sum of squares for treatment=SST--X 'r ———
i
y2 ) )’2
sum of squares for row=SSR=% /== '
i ¢ tr
P, .
sum of squares for column=SSC=ZX S
* r
y?
sum of squares for Greek-Letter—SSCL=X — -f—— .
T

The values of 0, which minimize SSE are to be found from the equations:

d SSE

0, h=1,..., m,
d()h
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i. e
0 SSE 2 2 2 2 6 G
36, =20,—— A“: Tiaw —— f-: Rjbu —— kz Cr Cr— ;‘: Ceem + ——=0.

Replacing 7, R;, C,, G, and G by (2.5), we obtain the following equations:
(2.6) (t—1)(r—3)0,+ Eh B¢ [3— 7 (Zay; 0g+ Xy bgj+ECh, Coxt+Edy dg)]
e

=r[Zay LY,  +EbyEY ; +Zcpy LY 4. +ZdyEY. |-3ZY

for any &, 1=h<m.
The desired system of equations (2.4) is obtained by using relations (2.2) and
(2.3) in (2:6) i. e.

(t—=1)(r—3)0,+ T 0,[3—r = @en(A)]l=r £ T,(A)—3G
&+h i i

for 1<h<m, when ({—1)(r—3)>m.

Corollary. For a (3x3) Graeco-Latin Square design the missing values are
always zero, i. e. {8,=0}7 .

Proof. The general total is found by the equation

PR Th(A)=(T;+R;/+C,+G)=G.

Also, any two missing values, 6, and O, 2—=g, are in the same treatment or in
the same row or in the same column or in the same Greek-Letter,
For r=3 by using (2.4), we obtain the identity

04+0=0,

and so any value of 0, is acceptable, which leads to an uncertain situation.

Thus any missing value 0, has to be set equal to zero.

3. Example. 1. Let us illustrate the MSSS method for estimating the missing
values by giving the following example (see [1, p. 315]):

Let us have a (5X%5) Graeco-Latin square for estimating the response of Hylo-
trupes larvae to four nutrients, each at five equally spaced log concentrations; y=ave-
rage log weight after 103+5 days on the experimental diet; rows are yeast extract,
columns are poptone levels, treatments are cholesterol levels and Greek-Letters are
riboflavin levels.

Let the treatment observation be denoted by D, and let the two observations
De and DB in columns 2 and 5 and rows 3 and 5, respectively, be missing, where
¢ and P are Greek letters.

The missing observations are denoted by 6, and 6, with m—2. Then the dummy
variable (0, is determined, as follows:

@12 (4y) =1, D12(A9)=0, D13(A3)=0 and D12 (Ag)=0.
Since r—¢->5, the corresponding totals are
T,(A) =145, T,(A~263, T,(Ay)=1.95 and T,(A,)=2.25,

To(A) =145, T,(Ag)=267, Ty(Ay)=3.14 and T,(A)=2.11,
G=1321.

The system of linear equations for calculating the missing values is obtained imme-
diately from (2.4):
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80,—20,= 1.77,
—20,+80,=7.22

which yields 0,=0.477, 06,=1.022.

Discussion. The method of minimizing the residual sum of squares has been applied
to estimating multiple missing values in Cross-Over design and Graeco-Latin square
design.
The solution is obtained directly. The technique may be applied to a number of
designs. It is usefui for the Randomized Block design where blocks are one of the
factors. The formula holds also for a (rr) Latin-Square design. For this model the
system of m linear equations is the following:

(r=1)(r—=2) 0,4+ £ 0,[2—r £ D, (A)]=7Z Ty(A)—2G
g=h i i

for h=1,..., m and (r—1)(r—2)>m.
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