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DIRECT AN INVERSE INEQUALITIES FOR SOME DISCRETE
OPERATORS OF BOUNDED MEASURABLE FUNCTIONS.

S. K. JASSIM

ABSTRACT. Convergence properties of Jakson polynomials have been considered
by Zygmund [6, ch.X], J.Szabados [5], (p = o) and V.A.Popov, J.Szabados [4]
(1 £ p < o0) have proved a direct inequality for Jakson polynomials in L, spaces
in terms of some moduli of functions. In this paper we give the direct and also
inverse inequalities for Jakson polynomials and Valee-Poussin discrete operators in
locally global norms [1] in terms of suitable Peetre K-functionals. Our results aim
at generalizing some of the results of V.A.Popov and J.Szabados.

1. Introduction. We denote the set of 27-periodic bounded measurable func-
tions with usual sup-norm by L., and the L, norm (1 < p < o) of f € L, by ||f||,

For f € Lo instead of usual sup-norm, we denote by || f||s, the locally global
norm of f wich is given by (6 > 0)

™ 1/p
1flls := (/ Ifa(z)l’”dz) l<p<oo,

where fs(z) := sup{|f(t)] : t € U(é,z)} and U(é,z) := {y : |z —y| <6} , (see[1]
).

We shall denote the set of all functions f € Lo with norm || f||s, by Lsp.

Let us denote by ¢ the absolute constants which are in general different. Let
Tk = Tgop i= %’;”—l, k=0,1,...,2n

For f€ Ly, ,we have [1] (1< p< o)

(1) Wflle < 1 fllsps
(2) I fllmsp < Cm1/p||f||5,p, mnatural ,
(3) Ifllsp < Il & <6,
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1 2n 1/p
(4) Wflle,,, = <2n+lkz=0|f(zk)lp) < elifllsy,
I flligs., max{|f(z¢)| : k=0,1,...,2n}.

Let Wy := {9 : ¢’ € L,} ,W,; := {g:§ €Ly} ,have semi-norms ||¢||,
and ||g’||, respectively, where § is the conjugate of function g.
We denote by T), the set of all trigonometric polynomials of degree n. Let
PeT, ,then[1](1<p< )
[Pl < IPllss < (14 n6)"/?||P],.

From the last inequalities we have for P € T,

(5) 1Pl < 11PN, < cllPllpy, (1< p < o0).
Let )
. 2 (sin(n+1)u/2 _
Ky(u) := n+l( 2 sinu)2 ) ,m=0,1,...
be the Fejer kernel. Let ty := zf, := % , k=0,1,...,n then

Inf2) = s Y f(th) Kl ~ )
k=0

is the so-called Jakson polynomial of function f € L.
Consider the Fejer means (f € L;)

2r

onlfoz) i= % et K.

For f € L, it is well known

(6) low(Flls < £l 1 <P < o0,

and for f € W} we have (see for instance [4])

(7) nllf = on(Dlly = OWIfllp, 1<p< oo whileif f€ Lo,
then (4]

n 1/p
1
(8) IJa(Hll, = O(1) [; E If(tk)lp] y 1<p<oo.
k=0
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Let P € T,, , then [5]
(9) Jn(Pn,z)— On(Pryz) = 1_1_-1—_1 [E’,(z).cos(n + 1)z — P,'(z).sin(n + l)z] .
From (8) and (9) by using (4) and (5), we get (1 < p < 00)

(10) a(Allsp = ellfllspr £ € Lo -
c o
(1) Wn(Pa2) = ou(Pas)llyp < =7 (1Pl + IBl] o P € T

Now consider the Dirichlet kernel

sin(n + 1/2)u

1 n
D, = = =
(u) 2+§cosku 2 sinu/2

Define Vy 2n(u) := 737 {Dn(4) + Dn4a(u) + -++ + Dan(u)} . Then

2n + 1 2n k ‘
12 Voon = D, 1- ku.
(12) 2n(u) (u) + — k_;q( 2TH_l)cos u

It is easy to get that

2n+1 n
(13) angn(u) = n—+11\2ﬂ(‘u) - nt lK"_x(u).
From (13), we obtain
(14) IVazn(ll, < 3.

Let Vi(f,z) = 527 S f(2k)Vn2n(z—2k) be the Valee-Poussin operator of function

f € Ly. Let Vo(f,z) = L 02" f(u)Vy2n(u — z)du the Valee-Poussin operator of
function f € L,. The locally modulus of continuity of bounded function is defined by

w(f,z,8) = sup  {If(z") = F(=")]} -

o' a'elz-$2+5] |
While the average modulus of smoothness in L, spaces is (see [3] p.7 )
r(£,8)p = lo(fo-)llps 1< p< 00 .
The classical L,-modulus of smoothness is defined by

w(f,b)p := ;r(x;llf(rﬂ) - f(@)llp -
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From the definition, we can see that (1 < p < o)

(15) 7(f,6)p < 2||fllsps f € Loo-
For A > 0, 1 < p < oo, we have ([3, p.9,10])

(16) T(f,28)p < (2(A+1))’7(£,8)p, f € Lo
(17) 7(9,6)p < 6llgll,, 9 € W, .

Let f € Loo, then [3, p.14]

(18) w(f,8)p < 7(£,6)p < W(f,6)0-

We shall consider the appropriate Peetre K-functionals, as follows: (¢ > 0)

inf{||f - gll, + tllg'll, : 9 € W},

inf{||f — gllep + tllg'll, : g € W},

inf{||f - gll + tllg’ll, + tllg'll : g € W) nW}},
inf{[lf = glle, + tllg'll, + tlF'll, : 9 € WEnW}2}.

K(f,t; L,,W})
K(f,t; Lep, W)
K(f,t; Ly, W}, W})
K(f,t Ltp, Wx}’ W;})

It is easy to see that

(19) K(f,t; Ly, Wy) < K(f,t; Lep,Wy) < K(f,; Lep, Wp, W}).

2. Main results. We give direct and inverse inequalities of Jakson polynomi-
als and Valee-Poussin discrete operators in terms of K-functionals.

Theorem 1. If f€ L, , then (1<p< )

1 -
1 = In(D)llz < K S =5 Ly s Wi WD),

Theorem 2. If f € Ly , then (1 <p < o0)
1 = c e
K(f,oiLip Wy, Wy) < cllf = n(Dllz, + ~ ,; If = Te(£)llp-
From theorem 1 and theorem 2, we obtain
Corollary 1. If f€ L., 0<a<1, then(1<p< o)



(20)

with trigonometric polynomials 7, in the metric of space L, is given by E.(f), :
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Theorem 1. If f€ Ly, then (1<p< o)

1 -
If = VEiDllzp < eK(fr =Ly g Wy, Wy).

Theorem 2. If f€ L., then (1<p< o)

no

K(fumi Ly Wi W) < ellf = VEDlly, + = D 1F = VPl
' k=1

From theorem 1’ and theorem 2', we get

Corollary 1. If f€Ly, 0<a<l, then (1<p< )

1 = VEDllx, = O(as) i K(fori Ly, Wi WE) = O(o0)-

n

Theorem 3. If f € Ly, then

() KU Ly WhWh) < e[r(f. 1)y + w(F2)] p=1i00

(i) 7(f,1), < K(f,%;L*'p,W’},W;) < pr(fiL)p, 1<p<o

Corollary 2. If f€ Ly, 0<a<l1l,1<p<oo, then

1 = JuDlla, = O5) i 75,30 = O(3)-

27

From (1), theorem 1 and theorem 3, we see that our results generalize some of
the results of V.A.Popov and J.Szabados [4].

3. Auxiliary results. The best approximation of functions f € L,[-7,7]

inf{||f — T|l, : T € Tn}, and the best approximation of function f € Loo[—7, 7] with
polynomials from T}, in the metric of space L is given by En(f)sp := inf{||f—T||s, :
T eT,}.
The best one-sided approximation of function f € Lo, with polynomials from
T, in the metric of space L, is given by

En(f)p := inf{||P* = P7||, : PY' €T, and P™(z) < f(z) < P*(z), z € [-7,7]}.
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For f € Lo, , we have [1] (1 < p < o),
(21) En(f)p < En(f)az, < cEu(f)y,
while if f € W, then ( [3] ,p.166)
(22) En(f)y < ZIfllpy 1<P< 00.
From (2), (3), (21) and (22), we have
(23) En(f)1, = =Ifllps FEW}, 1<p< co.
Next Bernstein inequalities are given since we use them further on

(24) IPll, < =nllPllp, P€Tn,1<p< o0,
(25) IPll, < =llPll, PETn,1<p<oo.

From the semi-additivity of E,(f). , and (23), we have
I |
(26) En(f)%,p < cK(f, ;;L%,pawg})a I1<p<oo.

Lemma 1. If f € Lo, then there is g € Wi n Wpl such that

(i) If=glls, < er(f,1) ;
(27) (1) ”gI”p < W({a%)p H
(i) ||@ll, < nw(f, L), ,1<p<oo.

=

Proof. We shall use Steklov function g(z) := n/ f(z + u)du. Then
-1
2n

5o
1) =@ < n [T 11z + )~ f(2)] du

Hence by using (16), we obtain

2r 51; P 1/p
17 - glly, < (L (wp{n[Jjﬂt+w—funmutetugz%> n)
2 = P 1/p
< (/0 (sup{n/-#w(f,t,u)du 1 te U(%,x)}) dx)
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Lemma 5. If T € T,, then

(34) VI(T(t),z)-T(z) = n—lﬁ [T'(z).cos(2n + 1)z — T'(z).sin(2n + l)z] .

Proof. Because of the linearity of the operator V,3(f), it is enough to prove
that (m < n)

(i) Vi(cosmt,z)— cosmz = 7 [cos(2n + 1)z.(cosmz)’ — sin(2n 4 1)z.(cos mz)'],

(i) Vi(sinmt,z)-sinmz = 33 [cos(?n + 1)z.(sinmz)’ — sin(2n + 1)z.(sin mz)’

2n
. i 0 ifi=1,2,...,2n
t = ’ ’
Now using tha kz_ocos 1T, = { om+1 ifi=02n+1 and
2n
zsinizkzo, 1=0,1,..., from (12) we obtain
k=0
2n
Vd(cos mt,z) — cosmz = — cosmz + 1 Ecos mzi Dp(z — zk)
2n 2n
Z Z )cos mz.cosi(z — zx)
n +1 k=01=n+1
2n 2n
- 1)cos mzg.{cosiz. cosizy + sin iz.sin iz}
=01=n+1
2n 2n
=i Z Z (1- )[cos iz.{cos(m + i)zx + cos(m — 1)z}
k=0 1=n+1

+ sin iz.{sin(m + i)zi + sin(m — 1)z;}]
2n +1 2n+1 -

m
= n+1(1_ g1 )cos(2n+ 1 — m)z
2n+1 m . .
T n+1l2n+ 1{°°s(2" + 1)z.cosmz + sin(2n + 1)z.sinmz}

! : [cos(2n + 1)z.(cosnz)’ - sin(2n + 1)z.(cos mz )]

Similarly we can get (ii). ‘
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< En(f)1,+ POl + ZIPAAlp
+ZUPADllp + ZIPASl + ellf = Pu(Dl
< (L4 OEw(f1,+ K (fomi Ly, Wi, W)
< cK(f,;ll-;L%‘p,W,},W,}) .
Similarly from (34) and (35), we can prove theorem 1’. n

Proof of theorem 2. We shall use the following inequality
cor 1 il ey
(36) K(f, =i Ly Wy, W) < ;kZ_lek(f)p,

which we can prove by the standard technique of telescopic sums and Bernstein in-
equalities (24) and (25). Let g € T}, be such that |[f —g|[» , = En(f)L, and h €T,
such that (see (31))

. 1 -
2int {1/ = Tl + LTIy + T, T € T}

1 _
> ||f = hllp + ;llh'llp + [[R]] -

Then from (24), (25), (32) and (36) (Jn(f) € Tn), we obtain (we follow the proof of
theorem 4.2 in [2])

o . 1 1.
K (fa ;; L%'p,W}:, W;}) < “f - g“%,p + ;“g,"P + ;”.‘I’Hp

1 1., = 1 1, -
< D1yt =llg' = Wl + 217 = Kllp + 101 + Il

IN

1 1 -
En(f)1,+ 209 = hllo + —lIFll, + IRl

IA

1 ) .
En(f)1p +21f = gllp + 201f = hllp + 1K1l + 11~ll5
1 1 -
< Ea(f)ay +20f = glls, +20f = hlls + IRl + IRl

Lo 1 =
<S3En(f)1, + cK(f, o Ly, Wy, W,)

<3S = I(Nllzp+ = 2 Ex(s
k=1

< ellf = Jn(Dllzp + = IS = Te(Fllp-
k=1

3. Cepanka, ku.1-2
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Similarly by using (34) and (35), we can prove theorem 2’. [ |
Proof of theorem 3. Using the function g from Lemma 1 and (18), we
get

| < 1 1
KU gLy Wi W) SIS = gllyp + N9l + =13,

< erlf, D+l 1+ ol ),
< er(f, 2 +elfy )y

which proves (i). From M.Riesz inequality ||f||, < llfll,, fE€L,, 1<p<oo ([6],
p-253). From (19), we have

(g ] ”e i (gl
K(f 3Ly Wy) S K(f, i Ly s Wy W) S K (f,—5 Ly, Wy).

1
P’

By using (27), (i), (ii), we get (the function g is Steklov function)

sl 1 it 1 1.
K(f 2 Lap Wos W) < IIf = glla, + —llg'lly + — 181l

1 c
S =gllay + 191l + Ellg'll
1
< CpT(fa ;)p .

From (15) and (17), (1 < p < 00), we have

o € =90 D),

IN

1
201 = glly, + =1l

) 1
211/ = glly, + ~llg'l,}

IA

- .
If we take the infimum of g € W} N W}, we obtain

1 T 1
T(f, ;)p S CI\(fv ;v L%‘pw Wp ) )

which completes the proof of (ii).
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