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Abstract. The following problem, suggested by Laguerre's Theorem (184),
remains open: Characterize all real s%uencefs kOt Which have the zero-di-
E;nmshmg property that is, if p(x) = r=o axX is any real polynomial, then
k=0 kaxxk has no more real zeros tharp(x).
In this paper this problem is solved under the additional assimption of a weak
growth condition on the sequencef gi_,, namely I|m J nj¥" < 1 . More pre-
cisely, it is established that the real sequencé ygk o |s a weakly increasing zero-
diminishing sequence if and only if there exists 2 f +1; 1gand an entire function

— ZY X .o 1. . .x 1 .
(z)= bé 1+ = ;ab2R':;b60; ,>08n 1, —<1;

n o1 n n1 "
such that k:(—i); 8k 0.

1. Introduction. In 1914 PRolya and Schur [14] characterized those linear
transformations T of the form

TIX]= «x; «2RY 8k O
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which map any polynomial with real coe cients (i.e., real polynomial) and with all
real zeros to a polynomial with all real zeros. In 1884 Laguee's Theorem [10, p. 116]
suggested the problem of characterizing those linear trarfermations of the above form,
which do not increase the number of real roots of any real polgomial; i.e., which satisfy
the inequality

Zr(TP()D  Zr(p(x))

for any real polynomial, where, in general,Zp (p(x)) denotes the number of zeros of
a polynomial p, lying in the subset D C1, taking into account their multiplicity
(see also S.Karlin [8, p. 382]). For recent progress and relis pertaining to this area
of investigation, we refer to Bakan and Golub [1], Craven andCsordas [2, 3, 4], and
Iserles, N rsett and Sa [7].

In the paper this problem is completely solved forweakly increasing sequences
f ngn o which are de ned by the condition

. . .1:n < .
nI.|m I ni 1:

In Section 2 preliminary results are established, descrilig the properties of the func-
tional which counts the number of zeros of a polynomial in inervals of the form (1 ;a],

a2 RL. The new techniques developed in Section 3 yield a completeharacterization

of weakly increasing zero-diminishing sequences (Theore®). This characterization is

applied to the problem of interpolating zero-diminishing sequences (Corollary 2), raised
in [3, Problem 8].

2. General properties of the functional Z(1 a)(p(x)); a 2 RY. Let
N := f1;2;:::g be the set of all positive integers,N denote a positive integer, andRN

. . . . N _
be an N -dimensional normed space with the usual Euclidean nornkxk := (~ x2)12,
k=1

Y 1
Py = fxN + px¥ipk 2 R k=0;::1;N  1g
k=0
denote the set of all real polynomials of degredN with leading coe cient equal to 1.

NP 1 ) . .

xN + pxk 2Py, If T:RN 1 RN is a mapping fromRN to itself, then let Tp(x)
k=0

denote the polynomial corresponding to the vectorTp2 RN .

Using this identi cation, we can de ne our zero counting functional on RN by

Z1 ;a](p) =Z1 ;a](p(x)); 8p2 RN;
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wherea 2 R [f +1g and p(x) 2 Py is the polynomial corresponding to the vector
p2 RN, SinceZ 1 5(p) 210;1;2;:::;Ng, the functional Z 1 .4(p) is nite{valued
and partitions the whole spaceRN into N + 1 (disjoint) sets:
RY (a)
RA

fp2RYjZ(1 g(P=ng0 n N;
RN+1)=fp2RNjZr(p=ng;0 n N:

We write CI B for the closure of the setB in the normed spaceRN andintB := fb2
Bj9"> 0: U(b Bgfor its interior, where

U(y) = fx2 RNjkx  yk<"g y2RY; "> 0

The following lemma is easily proved using Hurwitz's theoren [15, p. 119] and the
continuous dependence of the zeros of a polynomial on its cagents (see [13, p. 279)).

Lemma 1. For an arbitrary element a 2 R%, the following statements hold:
(a) intRN(a)6 ; 80 n N;
( RN(a) ClintRN(a); 80 n N;
(c) intRN(a) = fp2 RNjp(x) has n distinct zeros lying in (1 ;a) and p(a) 6 0g,
80 n N;
(d) R)(a)= intR} (a).

Remark 1. Lemma 1 remains true fora = + 1 . In this caseint R\ will
consist of all those vectorsp, corresponding to polynomials which haven real distinct
zeros,0 n N. Moreover, ifa=+1,thenR) = intR Y.

If n=0and a2 R%, the setR\(a) is open by Lemma 1. For1 n N, we
describe the setsRN (a) nint R N (a) in the following lemma.

Lemma 2. Leta2 R*and0 n N. Suppose that the polynomialp(x)
corresponding to a vectorp 2 RN (a) has the following form:

n Y n X’
1) p(x) = Q(xX)(x @™ (x k) n= ng
k=1 k=0
where 1 < < 1< < 1<a ng 0; ng 1, 1 k rrisa

o P .
nonnegative integer, @ =1;and Q 2 RB' "(a): Let d(p) = [”TK]; where [X] is the
k=1 k=1

greatest integer less than or equal tx 2 RL. Let

fn 2mj0 m d(p)g; if ng=0;

@) J(p) = fnn 1;::0;n 2d(p) nog; if ng 1

Then
(8 U-(p)\ intRN(@) 6 ;8"> 0, 8r2J(p);
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() 9 = (p)> OsuchthatU-(p)\ RN(a)= ,8"2(0; ), 8r2f0;12:::;NgnJ(p).

We omit the proof of Lemma 2 which requires,ipso facto, some involved book-
keeping. Lemma 2 states that for su ciently small " > 0, the open neighborhoodJ-(p)
of p can be partitioned into subsets according to the number of zes in the interval
(1 ;a]: U(p)\ RN(a), r 2 J(p). There are d(p) + 1 such sets if p(a) 6 0 and
2d(p) + ng+ 1 if p(a) = 0. The main idea in counting the number of possible zeros in
(1 ;a]isthatin perturbing the polynomial p(x), one cannot gain zeros in the interval,
can lose zeros in the interior of the interval only in nonrealpairs, and can lose zeros
from the endpoint a either by singly moving them to the right of a or by forming pairs
of nonreal zeros. Each of the subsets of the partition has a mempty interior and is
contained in the closure of its interior. Forn 1, p2 RN (a) nint R \ (a) if and only if
either p(x) has a multiple root (d(p) 1) or p(a) =0.

Remark 2. Putting ng =0 in (1) and (2), all statements of Lemma 2 remain
valid fora=+ 1.

Theorem 1. Leta2 R[f +1g . The functional Z(; .45(p) is nite valued
and upper semicontinuous on the normed spad@N . Moreover, the functional possesses
the following properties:

(8) 8p2RM; 9"="(p)> OsuchthatZ(; a(d) Z(1 .a(P); 892 U-(p);

(b) int[U-(p)\ Rg'(l (@16 18>0 8p2 RN

(o) if T is a continuous mapping fromRN to RN, D is an everywhere dense subset of
RN, and the inequality Zi1 a(TP)  Z(1 :a(p) holds for anyp2 D, then

Z(l ;a](Tp) Z(1 ;a](p); 8p2 RN:

Proof. Lemma 2 implies part (a) as well as the weaker propertyof upper
semicontinuity of the functional Z( 1 .5(p); that is,

if pp! p;ntl Sthen ImZ ()  Z(1 a(P):

In this connection it should be noted that part (a) is a conseqience of only the properties
of upper semicontinuity and nite-valuedness of the functional Z(, .5(p). Property
(b) of the functional Z, .5 (p) follows from part (a) of Lemma 2 with r = n.

Next we prove property (c). Consider anyp 2 RN. By property (a) of the
functional Z 1 .4(p) for Tp 2 RN | there exists an"(Tp) > 0 such that Zi1 (0
Zi1 a(Tp); 892 U7 (Tp). Due to the continuity of the mapping T, there exists
a = (p)> O0suchthat T(U (p) U1p(Tp). By property (b) of the functional
and the fact that the set D is everywhere dense, there exists a vector 2 D\ [U (p)\
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Ry, @16 . Butthen Zo (@)= Z1 () Za (T ) Za a(TH.
This proves the theorem.

Corollary 1.  Let T:RN ! RN be a homeomorphism (se¢9, Ch. 1, Sec. 13,
VIII] ), and for somea 2 RY[f +1g suppose that the inequality

®) Zi1 a(Tp(X)  Ze1 a(P(X)

holds for all polynomials p(x) 2 Py such that both polynomialsp(x) and T p(x) either
have no real zeros or have distinct real zeros, not belonginp some nowhere dense
subsetF of the real axis; that is, CI(R'nCl F) = R! (see[9, Ch. 1, x8, I]). Then
inequality (3) holds for anyp(x) 2 Py .

Proof. Without loss of generality, we shall suppose thatF is a closed set.
For a closed subset the property of being nowhere dense is agalent to having an
everywhere dense complement (see [9, Ch. £8, 1]).

We write Z[p] := fz 2 C%j p(z) = 0g for the zero set ofp(z) and denote

N
R:=fp2RVjZ[p]\ F6 g and B:=R"Vn intR\:
n=0

8
By Remark 1, any vector in RN nB = int RN corresponds to a polynomial inPy,

n=0
which either has no real zeros or has only distinct real zerosSinceT is a homeomor-
phism, we have

T YR)=1fT pjzlp]\ F6 g=fp2RNjZ[Tp]\ F6 g

and TpZB ifand only if p2 T (B). Therefore by assumption, inequality (3) holds
for all p 2B, where

B:=B[ T ¥B)[R[] T R):

We next prove that each of the four setsB; T 1(B); R and T 1(R) is a closed nowhere
dense set.

8
Since int R r'}' is open, B is closed, and from Remark 1 it follows that
n=0

N N
CIRNnB)= CI( intRN) RN = RN:
n=0 n=0

And since both of these properties are invariant with respetto the homeomorphic

mapping T ! (see [9, Ch. 1,x13, VII, VIII), the set T %(B) is also a closed nowhere
dense set.
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Next we show that the setR is closed. Letp, 2R; 8n 2N, and rlllilm ph=p2

RN Since the leading coe cient of any polynomial p,(x) 2Pyn;: n 2N, is equal to 1,
the boundedness inRN of the sequencef p,gnon implies the existence ofA 2 (0;1 )
such that Z[pa] Va(0); 8n 2 N . Here

(4) V(b):=fz2Cljz b< g b2Cl > o

By Hurwitz's theorem [15, p. 119], 8" > 0 9N = N(") such that Z[p,] Z][p] +
V:(0); 8n  N. Therefore,F\ (Z[p]+ V-(0)) 6 ; 8"> 0, and, hence,F\ Z[p] 6 ;
i.e., p2R. Therefore,CI R = R.

Let us prove now that the setR is nowhere dense irRN. As mentioned above,
sinceR is closed, it su ces to show that RN nR is everywhere dense or, equivalently,
R CIRVnR). Let p2R. Thenp2 RN; 1 n N, and at least one of its real
zeros ;1 k 1, r 1in the representation from equation (1) of Lemma 2 with
np=0and a=+ 1, belongs toF. SinceF is nowhere dense, forany 1 k r there
exists a sequencd (M)gman R nF, converging to , i.e., dim - (m) =
Therefore, by equation (1) with ng =0 and a=+ 1 , the sequence of polynomials

Y
Pm(X) = Q(x) (X  k(m))™
k=1

converges top(x); i.e., ml!ﬂn Pm = P, and pm 2 RN nR; 8m 2 N. This means that

R CI(RN nR), henceR is a closed nowhere dense set. Therefofe }(R) is also a
closed nowhere dense set.

Finally, by the Baire category theorem (see [9, Ch. 1x8, Ill, Theorem 2]), the
set B, being the union of four nowhere dense sets, will itself be al@ased nowhere dense
set, and therefore, its complementD := RN nB will be an everywhere dense set, for
which inequality (3) holds. By applying part (c) of Theorem 1, the corollary is proved.

3. Characterization of weakly increasing zero-diminishin g seguences.
We begin this section with some notation and de nitions. Let Z, := f0;1;2;:::9. Let
Cl[a; i denote the space of all continuous real-valued functionsro[a; b, 1 a<b

+1 . Let P denote the space of all real polynomials. LeZp(p(x)); D  R! denote
the functional de ned in the introduction, where we shall assume that Zp (0) = 0. The
set of all real sequences

=f 02z, =f nlh 0=( 0 13 20155 i) n2RY 812 Zy;

will be denoted by R' . SetRl :=f 2 R'j ,> 0; 802 Z,g. With the help of
the sequence 2 Rl . we de ne, on the linear spaceP, the linear transformation T
by the formula

(5) Tx"= x"; 8n22Z,:
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Let denotes the set of all nontrivial, zero-diminishing real squences, that is
(6) =f 2R'JZr(T p(x)) Zr(p(x)) 8p(x) 2Pgnk ;

S
wherek := f(a;0;0;::::0;:::)g (cf. [6, p. 121]). Let . := \ R, the set of
a2R?
sequences with only positive terms. For anyC 2 R nf0g, we de ne the class

(7) c=f 2RYjZipac)(T (X)) Zjpa(p(x)) 8A 0; 8p(x) 2Pgnk ;

where fora > 0, [0; a]:=[ a;0]. We de ne the linear operator Mc : Rt | R! by
the formula Mc = fC" ,gn 0, 2 R'; C2 Rnf0g. Then evidently

Zioac)(T P(X)) = Zpa)(Tve P(X)); BA 0, 8C 2 R'nfOg; 8p(x) 2 P;
and therefore,
(8) c=Mc(1):=fMc j 2 10, 8C 2 Rnfog:

For any a2 R, 2 R! we denotea := fa g, o. Finally, the set of all
weakly increasing sequences will be denoted by

— 1 fim i _il=n :
9) W= f ZRJnI_lmJnJ <1g:

In the proof of the next lemma, we shall show that if a term of a zro-diminishing
sequence vanishes, then all subsequent terms of must also vanish. From this it will
follow that the terms of a zero-diminishing sequence must &lbe of the same sign
or they must alternate in sign. In addition, using the result of [1, Lemma 1], we
shall show that weakly increasing zero-diminishing sequeses = f gt_,; n > 0,
8n 2 Z,, are moment sequences of a bounded nondecreasing functioiix) on [0; Q],

whereQ = lim e , SO that the support of the measured is [C; Q].
nit

Lemma 3. The following statements hold:
@ 8 2; 91= 1(); 2= 20)2f+1; 1gsuchthat 1M, 2 ,;
(b) Let 2 4. Then 2 W if and only if the limit Q := rI]i!rln N2 (0;+1 ) exists
and there exists a bounded nondecreasing function(x) on [0; Q] such that

7.
(10) n= t"d (t) 8n2 Z.:
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Proof. (a) We show that for any sequence 2 , if there existsm 2 Z, such
that  =0,then , =0 8n m. By denition of (cf. (6)), for any positive
integer k the following relations hold: m = Zgr(x™(1 + x)) = Zr(x™ + xM*2k)
Zr( mX™+ o rX™2K) = Zo( mi2kx™2K) Since X+ m m + 2, the inequality
above holds only in the case m+2k =0; 8k 2 N . But then for any k 2 Z,, we have

ZR(Xm(l+(1+ X2k+1)2)) — ZR(ZXm +2Xm+2k+1 + Xm+4k+2)
m+2 k+1 + m+4k+2)

m

Zr(2 mx™+2 mioks1X
m+2k+1).

m+4 k+2 X
= Zr(2 m+2k+1X

Sincem+2k+1 m+1, the inequality above is possible only in the case m+ok+1 =
0; 8k2 Z,. Therefore, , =0; 8n m, as was to be proved.

Thus ¢ = 0 implies = (0;0;:::;0;:::) 2 ,and o 6 0; 1 = 0 implies
=( 0;0;0;:::;0;:::) 2 . Therefore, 2 implies (60, 160. It was proved
in [1, Lemma 1] that for every such sequence there exists a baded nondecreasing

function (x) on [0;+ 1 ) such that

4
(11) n= 15 t"d(t); 8n2Z,;
0

where 1 =sign( o), 2= 1sign( 1) and

. 1, ifx> 0
sign(x) = 1 if x< O
Therefore,
82 2
M, = t"d (t).
0 , n o

But ; 6 0 implies the existence of > 0 suchthat (+1)> (). Infact, assuming
the contrary; i.e., (+1)= (") 8"> 0, we obtain

(12) (0+0):= Iim#0 ()= (+1);
and hence,
! !
121= td ()=0[ (0+0) (0]+ td (0+0)=0;
0 0

R
leading to a contradiction. Now we have t"d (t) "TH1) ()>08n22Z;;
0

ie, 1M, 2 ., as was to be proved.
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(b) Since (10) immediately implies that 2 W, it remains to be shown that
2 +\ W implies the properties of the sequence claimed in (10). Fix an arbitrary

sequence 2 ,\ W, and setQ := lim =N [0;+1). Since 2 ., representation
nrt
(11) of this sequence evidently follows with ; = » = 1. Assume now that there exists
"> Osuchthat (+1)> (Q+"). Then
2
n thd (1) (Q+")"( (+1) (Q+");8n2Z;;
Q+"

and therefore, lim 5" Q+ ", contradicting the de nition of Q. Hence, (Q+0) =
nit

+1). Q= 0, then equality (12) holds, which implies 1 =0, and, hence, 2 ..
Therefore,Q > 0, and without changing the values of the integrals (11), we nay assume
that (Q)= (Q+0). Then (11) may be written as follows:

y.2)
n= t"d (t); 8n2 Z,:
0

It follows that ,  Q"( (Q)  (0)), i.e,, lim ENQ = lim F", proving the
: nit
1=n

existence of the limit rlllilm n =Q2(0;+1). Thus, Lemma 3 is proved.
Expanding on our earlier notation for W, we write

(13) W = f 2R1jnlli{n i ¥ =Qg; 0<Q< 1:

It is evident that 2 Wq if and only if M i 2 W;. Following the notation of formula
(8) and the obvious relation

Ma( +)= +:8a>0;

by part (b) of Lemma 3 we have

(14) Awe Mo( +\ Wy):

Q>0

In order to nd a relationship between 2 .\ W; and the corresponding function
(x) satisfying (10) with Q = 1, we introduce the following two transformations:

8
3T 0= F(xt)d (t): 8f 2 C[OA] A> O:
(15) 0

2R p(x):

1 R 1 . .
T, tp(x log¢)d (t); 8p(x) 2P;
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where T represents an extension of the transformationT introduced in (5) from the
space of polynomials to the space of continuous functions asome interval [G A]; A> 0.
In the next Lemma, part (a) extends the statement of [1, Lemma3] from the set of all
polynomials in log(x) to the set of all continuous functions. Part (b) of Lemma 4 is
stated in [1, Lemma 3] and the proof is sketched there. For thesake of completeness,
we include a detailed proof here.

Lemma4. Let 2 .\ W;; A> 0anda2 R Then

(@ ifO0< Xy <Xpg<:iii<X;<A;T 1, and f (x) = (X)Q(X Xk); 2
C[0;A]; (x) 0; 8x 2 [0;A], then )
(16) Soa)(T f(x))
where for any functiong: (a;b)! R'; 1 <a<b< +1 , we write
S(ain) (9(X)) =
(17) =supfn2Nj9a<to<ti<::i:<t,<b:g(t)o(tj+1)<0,0 j n 1g;
(b) Also,
(18) Zi1 a(R p(Xx)  Ze1 a(p(x)); 8p(x) 2P:

Q

Proof. (a) Let ,(x):= (x Xg). By the Weierstrass approximation theo-
k

=1
rem [15, p. 414], for any" 2 (0; 1), the function P (x) 2 C[0; A] can be approximated
by a real polynomial P (x) such that

q__
(19) k(X)) PX)kcpa<™

Consider the polynomial
QX) = ("+ P(x)?) (x):
It is evident that Zr(Q(x)) = r. Besides that, for anyx 2 [0; A] we obtain

il
JTE(X) TQMXi= (f(xt) Q(xt))d (t)
L i
= (e(xt) (xt) ()" + P(xt)?))d (1)

0
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71

q q
o () Pxt)( (xt)+ P(xt)) "jd (t)
0
Zl.q ..q q .
AT o+ J (xt) P(xt)jj (xt) P(xt) 2 (xt)jd (1)]
0

q_—
"(2A)" o[1+ " +2k  (X)kcpall:

Therefore, KT f(x) T Q(X)kcio:a] can be made as small as desired. To prove
(16), we suppose that
So:a)(T f(x)) r+1:

Chooser +2 points 0 <tg<tj;<:::<t ;41 <A sothat

THE)T f(t1)< 0,0 | 1

and write = o min+1 jT f(tj)j. By the argument above, there exists a polynomial
jor
P (x) such that
1
KT f(x) T Q(X)kcpoa] < 5

and henceT Q(tj)T Q(tj+1) < 0; 0 j r. This implies that

ZRr(T Q(X))  Zpay(T Q(x)) r+1>r = Zgr(Q(X));
contradicting the fact that 2 .. Therefore inequality (16) is true.

(b) SinceR p(x) 1 forp(x) 1, inequality (18) holds when the polynomial p(x) is
a constant. Therefore, it is su cient to establish the valid ity of (18) for any p(x) 2
[
Pn . In this case, for someN 1, let p(x) = pXX; wherepy = 1. Then
N 1 k=0
Z1

X k
— P tx+logt)"d (t)
k=0

R p(x)

|
XX ' z
- 1 k px™  t(logt)® ™d ()
lysom=o M 0
|
W MM e 1 Z1
= T xm "™ pam—  tlogh*d (1)
m=0 k=0 Lo
|
¥ 1 MM e 1 Z1
XN+ T Xy + "™ pam—  tlogt*d ()
m=0 k=1 Lo
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This shows that R p(x) 2 Py . Also, the transformation R , considered as a transfor-
mation of the coe cients of the polynomials from the set Py, is a homeomorphism of
the spaceRN of the form Ax + b, whereb;x 2 RN and A is a triangular matrix with
diagonal elements equal to 1. Using the result of Corollary lit su ces to establish
the validity of (18) for those polynomials p(x) 2 Py, for which each of the polynomials
p(x) and R p(x) either has no zeros on (L ;a] or all its zeros on (1 ;a] are distinct
and none of them equalsa. If the polynomial p(x) is of one sign on (1 ;a], then by
(15) it is obvious that R p(x) is also of the same sign on ¢ ;a], and therefore, (18)
will hold.

Next assume to the contrary that on (1 ;a] the polynomial p(x) hasr 1
zerosl <u;<ujz< <u, <a, and that the polynomial R p(x) hasq >r zeros
1 <vi<vy< < Vg < a. Then the zeros of the functionsf (x) := xp(logx)

R
andT f(x) = xR (logx)= xtp(logxt)d (t), on the interval (0;A], whereA = €?,

0
are of the form 0< eY1 < e'2 < <el <A andO< eVt <eV2 < <eVi <A,
respectively. Therefore, S.)(T f (X)) = g, and due to the analyticity of f (z) for
<z > 0 and its continuity on [0; A], the function

f(x
(0= g
(x  e)
k=1
will be continuous on [G A], will preserve sign on (QA], and without loss of generality
may be regarded to be nonnegative on [(A]. But this contradicts the rst statement
of the lemma. Thus the validity of (18) is established and Lemma 4 is proved.

We next consider a certain subclass of the Laguerre-Rolya lass [8, p. 336],
namely

9
< Y 7z X 1 =
(200 LP,:= bé® (1+ —)jab2R';b60; ,>08n2N; — <1
' n 1 n ni"n '
Functions in LP ; with xed a;b2 R%; V\[Ii|| be denoted by LP 1(a; b and
E = LP 1(a;1)
a o0

(cf. [8, Ch. 7, x2, p. 336]). In the next lemma, we show that the reciprocals ofveakly

increasing zero-diminishing positive sequences can be #polated by functions in LP ;.
1=n

Lemmab5. Let 2 W\ , andwrite Q := rI]i'rP n . There exists a function
2 LP 4(log &; =) such that

1
=—8n22Z;:
n (n)1 n +



Weakly increasing zero-diminishing sequences 559

Proof. Let 2 W;\ .. Let (x) be the corresponding function given by
Lemma 3. We assume that (x) is normalized to be a bounded nondecreasing function
on [0;1] (see [12, p. 128]); i.e., () =0and (X)= [ (x 0)+ (x+0)] 8x 2 (0;1).
It is well known that this normalization does not change the values of the moments of

(x) on [0; 1]. The moments determine the normalized (x) uniquely (see [12, p. 129]).
For the proof, we rst eliminate the (possible) jump of (x) at zero

= (0+0) o) o

To this end, we decompose (x) as follows:

(21) (x) = (X)) + (x); x 2 [0;1];
where
= SIIA A R

and where (x) is nondecreasing, bounded on [A] and continuous at the point O; i.e.,
(0)= (0+0)=0. Here, obviously, = ,;8n2N,but g= g+ 0, Where

R
n = t"d (t); 8n 2 Z,. Denition (15) of the transformation R immediately
0
implies
R p(x) = R p(x); 8p(x) 2 P;

[
and therefore inequality (18) holds forR . From (15), with p(x) = pkxK, we obtain

N z
PYC) 1 ot d (0= FO)pK): D = 2
k=0 k! 1 0 dx

R p(x) =

R
whereF (z) := il t1*2d (t)is analyticin <z> 1andF(0) = 1. Hence, the function

_ 1 X k. _q .
(Z)-—m—kOQkZ,(O)—l,
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will also be analytic in a disk V (0) (see (4)) of some positive radius . Sincep(x) and
R p(x) are polynomials, the following holds:

X k
( D)(R p(x)) = ( gko%)(R p(x)) = p(x); 8p(x) 2 P:
k 0

The reasoning in the proof of Lemma 4 shows thaR (P) = P, and, therefore, from
(18) with a =0, we obtain

Zi1 qP(X))  Z(1 ;(( D)p(x)); 8p(x) 2 P:

In particular, for p(x) = x" we haveZ ; .o(( D)x") n; 8n 2N . Since the degree
of the polynomial A,(x) := ( D)x" does not exceedn, the polynomials A,(x), as

well as the polynomials A, (x) = x”An(%) and A, (%) for any n 2 N, have all real

nonpositive zeros. But it is known [8, Ch. 7, p. 345] that the analyticity of ( z) in the

open diskV (0) implies the uniform convergence of the polynomialsA,(2) to ( z) on

any compact subset of the open disk/ (0). By Corollary 2.2 of [8, p. 337], (z) 2 E;.

Hence,

Y X
(22) (D=¢? @1+2)ya 0 ,>0812N:  —~<1:
n

n 1 ni "
For z 2 V (0), we have the equality of the two analytic functions

14 1
(23) = t*2d ()= —:
1 (2
0
We continue ﬁ analytically in the domain of analyticity of the left hand si de, that
is<z > 1. From this we deduce that the zeros of (z) satisfy the (stronger than in

(22)) irltbequality n > 1,8n 2 N. This inequality together with convergence of the

series 1 <1 allows us to conclude that there exists a number > 0 such that
n1"

inf- h=min ,=1+2
n2N n2N

In addition, by the continuity of  (x) at zero, we have

#
0 Im td() Im(() (@©)= (0+0) (0=0;8<z 0
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and, thereforeQ(23) remains true also for<z = 1. In particular, for z= 1, 1= ¢ =

( D=e?~ (@ L) with ,:= , 1 812N, we obtain from (22)
n 1

Y 1 Y
(z D=ede® (1 —+2)=( 1) @1+ 2)=
n 1 n n n 1 n
Y
= Lo @+ 2y
0 n 1 n

After substituting this expression in (23) we obtain

Z1 1
z —_ . .
= —0Q—— ;
t*d (t) &z ST O 8<z 0
0 n 1 n
where
(24) a 0 , 2 >0 8n2N;
P
and, obviously, in < 1. Sinceforn2N,
n 1
71
_ n _ 0 an.
= = —0Q———F~ ;
nE A7 GoTmy o
0 k 1 k
we havenlli{n %:” e 2. Sincea 0Oand 2 W;sothatQ =1, we deduce thata=0.
Thus,
71
0 Y z
(25) t“d (t) = m; 8<z 0; (2= (1+ —)2LP (0;2);
0 n 1 n

from which we obtain

26 = = —2:812N; o= o+ - _0.
( ) n n ( n)! n ’ 0 0 0 (0)
For the sake of clarity of presentation, we will defer the prof of the fact that (x) is

continuous at x = 0 to Lemma 6 below. If (x) is continuous at zero, then (x) =
(x); 8x 2 [0;1]. This means by (25) that

1 1
27) 8 2Wi\ .;9 2LP(0;—)suchthat o= T 8n22Z,:
0
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Consider an arbitrary sequence 2 W\ . Then by (14) 9Q > 0 such
that M1-q 2 W1\ 4, and by (13) r]I!ilm an = Q. In view of (27), there exists
a 2 LP (0 io) suchthat Q " , =1=( n); 8n 2 Z,, from which it follows that

n=1=(e "°9Q (' n)): 8n 2 Z,. Sincee 2°9Q ( z) 2 LP 1(log 1=Q;1= o), Lemma 5
is proved.

Lemma 6. The function (x) corresponding to 2 W3\ . by Lemma3is
continuous atx =0.

Proof. Using the representation (25) we rst shall establish the following
property of the function (x) (see also [5, Ch. 5]):

8 0 x2[01Lif (2 L
28) = Rt 1gtyde x 201 if (26 1
0

whereg(x) 2 C[0;1]. In the case (z) 1, (28) follows from

z z
t"d ()=  t"d( o r1g(t)); 8N 2 Z:
0 0

and the uniqueness theorem (see [12, Ch. 7, Theorem 2, p. 129Bimilarly, if ( z) =
1+ % whereby (24) 1 2 > 0, we obtain

_1’

dx)= 2x t 1=x lg(x); 8x 2 (0;1];
1

whereg(x) = Sxt 2 C[0; 1]. Butif ( z) has at least two zeros counting multiplic-

ities, then 1=(  + it) as a function oft is summable and continuous on the whole real
axis for all > 2 . Then the function

17 x X ZilxS
= — — dt = - ds; 8 > 2 ;x>0
a(x) 2 T Py > ) ©) s X
R i

is equal to zero for allx > 1 and is continuous on [Q1] since E( + it) is summable
forall > 2 andg(0) = 0. Thus we can apply the inversion theorem for Mellin
transforms (see [16, Ch. 1, Theorem 29, p. 46]), which gives

Z zZ1
lim x? Ix g(x)dx= x*x Ig(x)dx; 8<z >
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Hence, {x) = ox !g(x); 8x 2 (0;1], and this proves (28) for (z) 6 1. Note also
that since (x) is nondecreasing on [01], g(x) is nonnegative on the same interval.
Thus, when (1 z) 6 1,

71

(29) OFGmdh=T%f8<z> 0)=1 :

where the nonnegative functionG(x) := x g(x); x 2 (0;1], is summable on the
interval [0; 1].
Preliminaries aside, we now proceed to prove that (x) is continuous at zero;

ie., = (0+0) (0) =0. Suppose > 0, and setw:=1= . Then by (21), (28)
and (29), we can write (see (15))
8

< O+ of(x);if (2) 1,
= R
(30) TT= . fo)+ o fe)GM)dE if (2)6 1
0
where for someA > 0, f (x) 2 C[0; A].
Let A=4andlet R(x) ;= (x 1)(x 3)=x% 4x+3=(x 202 1
1; 8x 2 RL. We rst consider the case (z) 1. We apply the following linear and

continuous changes to the positive polynomial 2 +R(x) in the neighborhood of zero
[0; ], 2 (0;1=2):

()= @+ RO [ 400+ T(@+ROMX 2w ol %) o ) x 2 [0;4]

The function  (x) has the value ( 1)2w ¢ at x = 0. Furthermore,  (x) satis es the
hypotheses of Lemma 4 withr = 1. In fact,  (x) has the unique rooty 2 (0; ) on
[0; 4] and can be represented in the form

(X)=(x y)h (x); 8x 2 [0; 4],

whereh (x) 2 C[0;4] and h (x) > O; 8x 2 [0;4]. Applying the transformation T to
(x), formula (30) gives us

T (X)= 2w + o2+ RX)= oR(X); 8 2][; 4]
Therefore, for 2 (0; 1=2), we have
So4(T (X)) ST (X)= S 4(RX)=2>r =1;

contradicting inequality (16). This contradiction proves = 0, and hence, in this case,
0= oand = oL;1;:::5000).
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Next consider the case when (z) 6 1. Let

Qx) = (2) x* 4(1) x+3(0)
_ 1) 2 (@) 2 (@) 2. 1.
= (2)( x ZW) +3(0) 4 2 > 4 B ; 8Xx 2 R™:
According to formula (25),
(@) 2?2 Y 1+42=,+1=2__ Y 1 1
(2) - ] l( 1+2:n )_n 1(l+_%_1+2=n)
0 1
Tasd) ep@ =24
n 1 n n 1

P

from which we obtain Q(x)+ d > 0; 8x 2 R, whered :=4exp( 1= 2). In addition,
n 1

(29) implies that

7z z
(31) G(t)dt=1; Q(xt)G(t)dt= R(x); 8x 2 R%:
0 0

We apply the following linear and continuous changes to the psitive polynomial Q(x)+
d in the neighborhood of zero [ ], 2 (0; 1=2):

(32) f (x)=(d+ QX)) [;4(x)+ }[(0I+ QU Nx dow(  X)] [o;)(X); x 2 [0;4]:

Now f (0) = ( 1)dw ¢ and f (x) satis es the hypotheses of Lemma 4 withr = 1.
That is, on [0; 4], f (x) has unique root
d ow

T Gwrdrq() Y

and is represented in the formf (x) =(x x ) (x); 8x 2 [0; 4], where the function

_ d+ Q)

TR 00+ T+ dow+ QU o )00 x 2 [014]

(x)

is positive and continuous. Now forx  1=2, we apply the transformation T to f (x)
using formula (30). By (31), (32) and the fact that t 2 so that xt ,

2 z
TE(X) = dow + o f &OGUH)dt+ o f (xt)G(t)dt
0 2
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Z1 2
= do+ o (Q(xt)+ dG(t)dt+ o (f (xt) Q(xt) d)G(t)dt
0 0
2
= oR(X)+ o (f (xt) Q(xt) d)G(t)dt; x 2 [1=2;4]:
0

By de nition (32), kf (x)kc[o:4; is bounded by the constant
maxfd ow; kd + Q(X)kco.419;
which is independent of . As G(x) is summable on [Q1], the equality above implies

Ilgg KT f (X)  oR(X)Kc[i=2:4) = O:

Therefore, there exists 2 (0;1=2) such that

Sa=24(T f (X))  Sp=2.4(R(X)) =2:

But then
Soay(T f (X))  Sup=2ay(TF (X)) 2>r =1;

contradicting inequality (16), which must hold for any 2 .\ W;j. Thus continuity
of (x) at zero is proved.

Theorem 2. For the sequence of real numbers = f g, o the following
statements are equivalent:
(@ 2 andlimj ,j*¥"<1;
T

() 9 2LRgsuchthat ,=1=(n); 80 Oor ,=( 1)"=(n); 81 O

(0 2 c (see(7)).
C2R1nf0g

Proof. First note that by the de nition (9), condition (a) of the Theorem
means that 2 \ W.

(@)) (b). By statement (a) of Lemma 3 for the sequence 2 \ W, we can
nd 4; 22f+1; 1g, suchthat M, 2 .\ W. Then by Lemma 5, there is a
function 2LP jsuchthat 1 5 ,=1=(n); 8h 0. Hence (b) holds.

(b)) (c). Let 2LP i(a;b; a2 RY; b2 Rinfogand ,= "=(n); 8n2 Z,,
where 2f+1; 1g. Then, for the sequence := bM¢a , we have

1
n=be®)" = ) n);8n22+;

where (z) = %e az (1 z) 2 LP 1(0;1). For the operator H de ned by the formula
Hx" = inx”; 8n 2 Z,, it is clear that

(33) Ziog(HP(X)) = Zfog(P(X)); 8p(x) 2 P:
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Now consider an arbitrary polynomial p(x) 2 P . Following the proof of Lemma 7.4.2
from [6, Ch. 7, pp. 167-168] we will prove that

(34) Zioa(P(X))  Zpoa)(Hp(X));8A > O

If the polynomial p(x) is constant, then (34) is obvious. Suppose(x) has degree at
least 1. If p(x) has no positive roots, then (34) holds by (33) and

Zio:a1(P(X)) = Ziog(P(X)) = Ztog(HP(X))  Zpo:a1(HP(X)):
Let0O<x1<X2< <Xy <1,r 1, bethe positive roots ofp(x). Then p(x) has
the following representation

Y
p(x) = gO)x™  (x  x)™; q(x) > 0; 8x O
k=1
mo2Z:, m¢2N;1 k r
For > O, letf(x):= x p(x). By Rolle's theorem we have
X Y
F)= x  Hpe)+ =p1))= x QXM [(x  wi)(x  xi)™ II;
k=1

whereQ(x) 0; 8x 0;0<y;<X1<ys<X2< <y, <X,. Hence,

Zioa () + 2p9X)  Zoay(p(x); 8A; > O

Successive application of this operator with = ,; 1 n N, where | are the
zeros of (z) (see (20)), gives

Zioal(HNP(X))  Zjoa)(p(x)); 8A> 0; BN 1;

where Hy x" = x" @ a+ lk); 8n 2 Z. . In these inequalities, using the compactness

of the segment [OX\] 1for every A > 0, it is possible to pass to the limitasN !'1  and
obtain the required inequalities (34). This, together with (33), meansbM¢a = 2 1,
and hence by formula (8) we have 2  a.

(©) (@). If 2 ¢; C2RYnf0g, then by formula (8), := Mc : 2 1, and

according to de nition (7) for the transformation T , the following inequalities hold:
(35) Zioa)l(T p(X))  Zpoa1(p(X)); 8A  0; 8p(x) 2P:
The change of variables in these inequalitiep(x) to p (x) := p( x) taking into account

Zp a0)(T p(x)) = Zjoa)l(T PC X)) = Zioa)(T p (X));
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leads to the following relations:

(36) Zp ao(T p(X)  Z[ agp(x)); 8A 0; 8p(x) 2P:
In addition, inequality (35) with A =0, together with

Ziog(T P(X))  Ziog(P(X)); 8p(x) 2P 8 2 R*;

means that

(37) Ziog(T p(x)) = Zsog(p(x)); 8p(x) 2 P:
Now, using (35), (36) and (37), for arbitrary A;B > 0 and p(x) 2 P, we obtain

Zp ga)(T p(X)) = Zp g;0)(T P(X)) + Zjga)(T (X)) Zsog(T p(x))

Z; .o)(P(X)) + Z[o,a1(P(X))  Ztog(P(X)) = Ziag 1(P(X)):

Choosing A and B greater than the radius of that disk of the complex domain with
center at zero which contains in its interior all roots of the polynomials p(x) and T p(x),
we obtain Zr(T p(x)) Zr(p(x)). Since p(x) 2 P is arbitrary, we conclude that
2 ,and hence 2 Mc( )= . Now by part (&) of Lemma 3, for 2 we can nd
1, 22f+1; 1gsuchthat 1M , 2 .. Inparticular, thismeans (60 and 1 860.
Then inequality (36) with p(x) = x 1 gives

0 Zp ag(1x 0 Zpag(x 1)=0;8A O

Therefore the numbers ; and o have the same sign and hence, = 1. Thus by the
evident equality 1 1= 1, we have ;1 2 ,\ 1 andthus by [1, Lemma 2] for the
sequence ; 2 4\ 1,itis possible to nd a nondecreasing bounded function (x) on

R
[0;1] suchthat ; , = t"d (t)8n2 Z,. Hence 2 W, and therefore = M¢c 2 W,
0

proving the theorem.

The main Theorem in [1, p. 1487] is a special case of the equieamce of (b) and
(c) in Theorem 2. Since the proof in [1] was not complete it hadeen completed here.
The three principal di erences in the proof, compared to that in [1], are the detailed
use of the analyticity of the Mellin transform of the measure , the elimination of its
jump at zero and the establishment of the absolute continuiy of the remainder.

Finally, as an application of the foregoing results, we can @lve an open problem
raised in [3, Problem 8].

Corollary 2. Let 2LP i andp(x)2P. Then the sequence

1

OIS
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if and only if either the polynomial p(x) is a nonzero constant, or all its zeros are real
and negative.

Proof. If p(x) is a nonzero constant or all its zeros are real and negativehen
p(x) ( x) 2 LP ;, and the statement of corollary follows from Theorem 2.

Conversely, let

=f noh 0= f1=(p(n) ( N))Gn 02 :

Let 2f+1; 1g denote the sign of the leading coe cient of the polynomial p(x), and
let ( x) 2 LP 1(a;b); a;b2 R;b 6 0 (see (20)). Furthermore, we assume that the

zeros of are enumerated in increasing order. 0< ; 2 n . Then
the sequence := bM e will also belong to , and
- Y g2z (p=ltem(n= " @+ Z)2LP .0 1)
- T, ~ 7 1 y — - — 1 y .
" p(n)(n) ' b - n

Sincenllim p(n)=+1; (n)>0 812 Z,, and the number of sign changes in the

sequence p is nite, we conclude from Lemma 3that 2 .. Since (n) 1, 8n2 Z,,

it follows that

. 1=n 1
lim —_—
T Jim (p (n)*+="

e, 2 +\ W.
Let n(r); r  0; r 2 R! denote the number of terms in the sequencé ,gn o,
for which , r,wheren(r)=0if0 r< 1. Thenforany R> 0 (see [15, p. 271]),

X R z R 2
log ( R) = log(1+ —)= log(1+ ;) dn(x)= R
n 1 n 0

n(x) :
. X(X + R) dx;

R
and thus, using the convergence of the integral %’z‘ldx (see [11, Ch. 1, p. 10]) and
0

the nonnegativity of the function n(x), it is easy to derive that

2 n(x)

RIT! 0 X(Xx + R) dx = 0:

Therefore,
8"> 0, 9R = R(") > Osuchthatj( 2)j (jzj) e€¥; 8jzj>R:

This means that ( z), as well asp(z) ( z), is an entire function of order at most one
and of minimal type. Since the indicator function

—logjA(Re" )j
ago( )= i PARE )
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of an entire function A(x) of exponential type does not exceed its type, we have
_hp()_()( () _0; 8 2 [0;2 ]. This, together with the well-known property of the
indicator function

(38) hapy( )+ hapg( + ) 0,8 2[0;2 ]
(cf. [11, Sec. 16, p. 53]) givedipyy ( () =0; 8 2[0;2 ]. Hence,

lim ;™= — : B M. - L
" n|!'1m [(p(n)=ne~n ]

and by Lemma 3, nIIilm r1,=” =1,ie, 2 Wi\ .. Now, using Lemma 5, we can nd

F 2LP ((0; io) such that , = F(ln); 8n2 Z,. Then

(39) F(n)=p(n)( n); 8n2Z,:

SinceF 2 LP 1(0; io), its indicator function, as well as the indicator function of |,
equals 0 at every point in [Q2 ]. Now, using properties of indicator functions [11,
(1.65), (1.66), pp. 51-52] and (38), we obtain that the entire function F (x) p(x) ( x)
has zero indicator function and is of order at most one and of rmimal type. Therefore
by (39), Carlson's theorem is applicable [11, p. 168], so tha

p(2)( 2) F(2);

and consequently, the polynomialp(x) is either a nonzero constant or has only real
negative roots. This completes the proof of the Corollary.
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