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Abstract. A theorem proved by Fort in 1951 says that an upper or lower
semi-continuous set-valued mapping from a Baire spacé into non-empty
compact subsets of a metric space is both lower and upper seroontinuous
at the points of a denseG -subset ofA.

In this paper we show that the conclusion of Fort's theorem hdds un-
der the weaker hypothesis of either upper or lower quasi-cdimuity. The
existence of densely de ned continuous selections for loweuasi-continuous
mappings is also proved.

1. Introduction and preliminaries. This paper is devoted to the study
of some generalizations of the following two well-known ndbns of continuity for
set-valued mappings.
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A set-valued mapping from a topological space A, into subsets of a
topological spaceX is said to be upper semi-continuousat tg 2 A if, for each
open subsetW of X containing ( tg), there exists an open neighbourhoodJ of tg
suchthat ( U) W, andlower semi-continuousat ty 2 A if for each open subset
W of X with W\ ( tg) 6 , there exists an open neighbourhood U of ty such
that ( t)\ W 6 foreach t2 U. If is both upper and lower semi-continuous
at a point tg 2 A, then we simply say that is continuous at tg 2 A.

Given a set-valued mapping : A! X de ned in the Baire spaceA the
following two questions are of some interest:

1) When does there exist a dens& -subsetA; of A such that is upper (lower)
semi-continuous at the points ofA;?

2) When do there exist a denseG -subset A; of A and a continuous (single-
valued) mapping : A; ! X such that is a selection of on Ay, i.e.
()2 (t)foreveryt2 Ai?

Starting with the papers of Hill [17] and Kuratowski [25], th e rst question
has been given a lot of attention in many papers-see e.g. [2, &, 9, 10, 11, 12, 15,
31, 18, 19, 20, 21, 26, 27, 30] just to mention a few. We focus ileeour attention
on the original results of Fort [12] which assert that a lower (resp. upper) semi-
continuous set-valued mapping from the Baire space A to the metric space X
which is compact-valued must be upper (resp. lower) semi-gginuous outside
some subset of the rst Baire category inA.

Our aim here is to investigate what kind of weaker notions of ontinuity-
like properties of set-valued mappings could lead to the sam conclusions as in
Fort's theorems. More precisely, we focus our attention on he following relax-
ation of semi-continuity: A set-valued mapping from a topo logical spaceA into
subsets of a topological spac& is upper quasi-continuousat tg 2 A if for each
open subsetW of X, containing ( tg), and each open neighbourhoodJ of tg,
there exists a non-empty open subseV of U suchthat ( V) W, and is lower
quasi-continuousat to 2 A if for each open subsetW of X with ( tp)\ W 6
and each open neighbourhoodJ of tg there exists a non-empty open subsel/
of U such that (t)\ W 6 forevery t2 V. The origins of this notion (for
real-valued functions) go back to Voleterra (see [1]). The orresponding notion
for set-valued mappings (sometimes under di erent name) ha been studied in
many papers, see e.g. [32, 33, 10, 26, 27, 28, 13] and referetizerein.
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These notions can equivalently be de ned as follows: :A! X is upper
(resp. lower) quasi-continuous attp 2 A if for every openW X with ( tg) W
(resp. (to)\ W 6 ) there exists anopen U in A suchthatto2 Uand (t) W
(resp. (t)\ W 6 ) whenever t2 U. HereU is the closure ofU in A.

For a set-valued mapping which is single-valued everywher@n its do-
main, we see that the notions of upper and lower quasi-continity coincide. In
this case, we simply say that the set-valued mapping igjuasi-continuous at tp.
Simple examples show that a quasi-continuous single-val@demapping need not
be continuous.

Of course, every upper (resp. lower) semi-continuous mappg is upper
(resp. lower) quasi-continuous. We mention also that anotfer class of mappings
which share these properties and which have prominent roleni the study of dif-
ferentiability of convex functions in Banach spaces is the lass of the so called
minimal mappings (see Section 3 for the de nitions).

As it was mentioned above our goal is to see whether the conchions of
Fort's theorem remain valid under these weaker continuitydike properties of the
set-valued mapping . The following theorem can be derived from [26], Theorem
2.1, Theorem 2.2 (see also [13]).

Theorem 1.1. An upper (resp. lower) quasi-continuous set-valued map-
ping from a Baire space A into non-empty (resp. non-empty compact) subsets
of a separable metric spac&X is lower (resp. upper) semi-continuous at the points
of some denseG -subset ofA.

For the case when is compact-valued the same conclusions aagbove can
be derived without assuming the separability of X. Namely, the following result
holds which is a consequence from [27], Theorem 1 and 2.

Theorem 1.2. An upper (resp. lower) quasi-continuous set-valued map-
ping from a Baire space A into non-empty compact subsets of a metric space
X is lower (resp. upper) semi-continuous at the points of somelenseG -subset
of A.

The \non-brackets" part of Theorem 1.1 is no longer valid without the
separability of X as it is seen from Example 4.1. The same example shows that,
in general, Theorem 1.2 is not true if the values of are assuned only closed.
However, as it will be seen later the above theorems remain tre even for non-
separable metric spaces under some additional (but weakehtin those in Theorem
1.2) assumptions on the images. Moreover, sometimes uppeugsi-continuity (or
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lower quasi-continuity) implies both upper and lower semicontinuity generically,
i.e. at the points of a denseG -subset of the domain (see Corollary 2.3 and 2.9
below).

Now, we turn to the second question posed at the beginning ofttis Sec-
tion, namely to the question of existence of densely de ned alections of a given
set-valued mapping. This question was paid much attention n a series of papers
[5, 6, 7, 8, 24, 29]. Giles and Bartlett used in [13] the notionof lower quasi-
continuity to prove the following theorem.

Theorem 1.3. Let be a lower quasi-continuous non-empty closed-
valued mapping between the Baire spag¢ and the complete metric spac& . Then
a denseG -subsetA; of A and a continuous single-valued mapping : A;! X
exist such that is a selection of on Aj.

We show here that this result is true also in many cases (somefdhem
rather important) when X is not completely metrizable (Theorem 3.3).

The remainder of the paper is organized as follows: Section 8 devoted
to the extension of the results from Theorem 1.1 and Theorem 2 to the case
when the range space is an arbitrary metric space and the setalued mapping
is not necessarily everywhere compact-valued. In Section ®e discuss the exis-
tence of densely de ned selections for lower quasi-contimus mappings and their
possible applications. Finally, in Section 4 we give sevefaounter examples and
applications.

Notations

In a topological space K; ) we shall denote by int(A) the interior of a
set A and by A the closure ofA in X.

In a metric space (X;d) we denote by B[x;r] the closed ballfy 2 X :
d(x;y) rgand by B(x;r)the open ballfy 2 X :d(x;y) <r g.

For a non-empty subsetC of a metric space K;d), B(C;") designates
the set[f B(y;"):y 2 Cgand diam(C) = supfd(x;y) : x;y 2 Cg stands for the
diameter of the setC .

2. Metric versions of upper and lower quasi-continuity of se t-
valued mappings. In this section we extend the results contained in [12, 26, 27
(see also [13]) by showing (as a consequence from more geheesults) that an
upper (lower) quasi-continuous set-valued mapping from a Rire space into non-
empty subsets of a metric space which is generically compastlued is continuous
on a denseG -subset of its domain.
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Before stating the rst result we recall two notions of semi-continuity
already considered in [18, 19] and then we give their quasiersions. A set-valued
mapping from a topological space A into non-empty subsets of a metric space
(X;d) is metric upper semi-continuousat tg 2 A if for each " > 0 there exists an
open neighbourhoodU of tg such that ( U) B(( tg);"). It is easily veri ed
that if ( tp) is compact, then is metric upper semi-continuous at to if and
only if is upper semi-continuous at to. However, we see from Example 4.3
that in general metric upper semi-continuity is a weaker nofon than upper semi-
continuity. Generalizing the de nition above we say that i s metric upper quasi-
continuous at tg 2 A, if for each " > 0 and each open neighbourhoodJ of tg,
there exists a non-empty open subselV of U such that ( V) B(( to);").
On the other hand, the set-valued mapping is said to be metric lower semi-
continuous at tg 2 A if for each " > 0 there exists an open neighbourhoodJ
of to such that ( tg) B(( t);") for every t 2 U. We note that, if ( tg) is
totally bounded, then is lower semi-continuous at to if and only if is metric
lower semi-continuous attg. However, Example 4.2 shows that in general lower
semi-continuity is a weaker notion than metric lower semi-ontinuity. If is both
metric upper semi-continuous and metric lower semi-contimous at sometg 2 A
then we say that is metric continuous at to. We mention also the quasi version
of metric lower semi-continuity: the set-valued mapping i s said to bemetric
lower quasi-continuousat tg 2 A if for each " > 0 and each open neighbourhood
U of tg there exists a non-empty openV U such that ( tp) B(( t);") for
everyt2 V.

Below are two diagrams showing the relations between the inbduced
notions. Let us point out (as mentioned above; see also the amples in Section
4) that neither of the implications in the diagrams is reversible without additional
assumptions.

upper ) metric upper metric lower ) lower
semi-continuous semi-continuous  semi-continuous semi-continuous
+ + + +
upper ) metric upper metric lower ) lower
guasi-continuous guasi-continuous  quasi-continuous quasi-continuous

We give here equivalent de nitions of the above metric notilms. For a
subset C of the metric space K;d) we shall denote as usual byd(x;C) =
inffd(x;y) : y 2 Cg; x 2 X, the distance function generated byC. Given
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non-empty subsetsC;D of X the excessof C to D is denoted by (C;D) =

supfd(x;D) : x 2 Cg. Observe that e is not symmetric and that the following
triangle inequality holds: for each non-empty subsetsC;D;H of X it is true that

e(C;D) €e(C;H)+ e(H;D). The following is obvious: the mapping : A! X

is metric upper semi-continuous attg 2 A if, and only if, for every " > 0 there
exists an openU such thattg 2 U and e(( t); ( tg)) <" foreveryt2 U; is

metric upper quasi-continuous atty 2 A if, and only if, for every open U con-
taining tp and " > 0 there exists an openV U such that e( ( t); ( tg)) <" for
everyt 2 V; the mapping : A! X is metric lower semi-continuous attg 2 A
if, and only if, for every " > 0 there exists an openU such that tp 2 U and
e((tg); (t) <" foreveryt2 U; : A! X is metric lower quasi-continuous
at to 2 A if, and only if, for every "> 0 and every open selJ containing tq there
exists a non-empty openV U such that e( ( tp); ( t)) <" foreveryt2 V. We
mention that another notion of upper semi-continuity of a set-valued mapping
when the range space is metric is considered in [14].

Now, we are ready to formulate one of our main results. Its prof is
close in spirit to the proof of Theorem 1 from [19] (see also Teorem 3 from
[18]) where it is proved that every metric upper semi-contiruous (resp. metric
lower semi-continuous) set-valued mapping from a completenetric spaceA into
X must be metric lower semi-continuous (resp. metric upper sai-continuous)
at the points of a denseG -subset of A. The \quasi" versions of these results are
not so symmetric.

Theorem 2.1. A metric upper quasi-continuous set-valued mapping
from a Baire space A into non-empty subsets of a metric spaceX, whose im-
ages on a dense subs@& of A are totally bounded, is both metric upper semi-
continuous and metric lower semi-continuous (i.e. metric ontinuous) at the
points of a denseG -subset ofA.

Proof. For each" > 0 consider the set

O- := [f U:U is an open subset oA and e( ( t%; ( t%) <"
for every couplet®t°%2 Ug:

Clearly O is open. We shall show that it is also dense inA. To this end,
suppose the contrary and letVy be a non-empty open subset ofA such that
O-\ Vg = . Let > 0 be such that < "= 4 and choosety 2 D\ Vp. Since

iS metric upper quasi-continuous at tg there is some non-empty operivVy Vg
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such that e(( t); ( tg)) < for everyt 2 Vi. Itis not dicult to see that for
somety 2 V; we havee( ( to); ( ty)) >" . Indeed, if for all t°2 V; we have
e((to); (tY " then for all t%t%%2 v;

e((th () <e((th (to)+ e((to); (tH< +" ="

and we would getthatV,;  O-. This contradiction shows that there existst; 2 V;

with e( ( tg); ( t1)) >" . Since is metric upper quasi-continuous at t; there
is a non-empty openV, Vi sothate(( t); ( t1)) < foreveryt 2 V,. As above
one sees that there existd, 2 Vo with e(( t1); ( t2)) > " . Proceeding by

induction we construct sequences of open setd/); o and of points (tj); o such
that for all i O one has:

() Vi Vi

(i) 2 Vi

(i) e((t); (t))< foreveryt2 Vii1;
(iv) e(( ti); (ti+x)) >"

The last inequality implies that for every i = 1;2;::: there exists some
yi 2 ( t;) such that d(y;; ( tj+1)) > " . Moreover, by (i)-(iii) , for every
j i+1wehave (t) B((t), )foreveryt2V. Hence, foreveryj i+1
we get d(yi;y;) diyi; ( tj)) " 2. On the other hand, t; 2 V V1
and thereforey; 2 (tj) B(( to); ). Foreachy; i =1;2;:::, select some
Xi 2 ( tp) so that d(xj;yi) < . Then, for everyj i+ 1 we have

dixi;xj) dyisy;) d(xi;yi)  d(xjsy)>" 4> 0

This contradicts total boundedness of (tg). Hence, O- is dense inA.

Put now G := \ ; 104-,. The set G is denseG in A. By the remarks
before the theorem, is both metric upper semi-continuous and metric lower
semi-continuous at the points ofG. The proof is completed.

Remark 2.2.  We note that, in general, metric upper quasi-continuity
does not by itself necessarily imply metric upper semi-corihuity anywhere (see
Example 4.1). We note also that the conclusion of Theorem 2.1lcannot be
strengthened to \ is continuous at the points of a dense G -subset of A" (see
Example 4.3).
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The next corollary generalizes several results (see [12]15]) previously
known for upper semi-continuous mappings. The partial casevhen is upper
semi-continuous and compact-valued generalizes one of thweell-known theorems
of Fort (see [12]). In the special situation whenX is a separable metric space and

is everywhere compact-valued the same conclusion as belovis a consequence
from results in [10], Theorems 15, 16, and Theorem 1.1 abovedm [26].

Corollary 2.3. A metric upper quasi-continuous set-valued mapping
from a Baire space A into hon-empty subsets of a metric spacX , whose images
on a denseG -subset of A are compact, is continuous at the points of some dense
G -subset ofA. In particular, if  is upper quasi-continuous and compact-valued
at every point of A, then is continuous at the points of some dens& -subset
of A.

Proof. The result follows from the observation mentioned alove that, if
( to) is compact and is metric upper semi-continuous at tg, then is upper
semi-continuous attp.
Remark 2.4. We see from Example 4.3 that a set-valued mapping
from a Baire space A into non-empty (not necessarily compact) subsets of a
separable metric spaceX , which is upper quasi-continuous onA may be nowhere
upper semi-continuous onA.

We would like to present here one way in which the result of Therem 2.1
may be partially improved. In the next result we relax the requirement on the
images of the set-valued mapping and deduce only generic lew semi-continuity
(not metric lower semi-continuity).

Theorem 2.5. A metric upper quasi-continuous set-valued mapping
from a Baire space A into non-empty subsets of a metric spaceX , whose images
on a dense subseD of A are separable, is lower semi-continuous at the points of
a denseG -subset ofA.

Proof. Foreachn 2 Nlet , := f(O;B)g be a maximal family of couples
(O; B) with the following properties:

(@) forevery (O;B) 2 ,, Oisanon-empty open subset ofA and B is a countable
family of closed balls in X of radius 1=n;

(b) for every (O;B)2 ,onehas (O) [f B:B 2Bg;

(c) the family fO: (O;B) 2 | for someBg is pair-wise disjoint.
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We claim that the open setO, := [f O: (O;B) 2 | for someBgis dense
in A. Indeed, suppose the contrary. Then for some non-empty oped A we
have O, \ U = . Take some tp2 D\ U and let fxy : k 2 Ng, be a countable
dense subset of (tg). By metric upper quasi-continuity of we get some open
O Uwith ( O) [ k 1B[xk;1=n]. Now, the family 9:= [f (O;B)g where
B := fB[Xk;1=n] : k 2 Ng is strictly larger than | and satis es (a)-(c) above.
This contradicts the maximality of , and shows that the setO, is dense inA.

Now x some n2 N and (O;B) 2 . Let B= fBg : k 2 Ng, Bg-closed
balls with radius 1=n. For eachk 2 Nlet Hy := ft2 O: ( t)\ Bx 6 gand put
Fk := Hx nintHy. Obviously, for every k 2 N the set F is nowhere dense ir0
and hence the seff x 1Fk is of the rst Baire category in O. Now we designate
G(O;B) .= On[k 1Fk and let G, := [f G(O;B) : (O;B) 2 ,g. Because of(c)
above and the fact that O, is dense inA we get that the set G, is residual in A
and henceG := \ , 1Gy is residual in A as well.

We claim that is lower semi-continuous at the points of G. To prove
this, considertg 2 G and let W be an open subset oK such that ( to)\ W 6 .
Take somey 2 ( tg) and n 2 N such that B[y;3=n] W. Sincetyg 2 G
we have some uniquely determined @;B) 2 , with tg 2 G(O;B). Hence for
someBy 2 B we havey 2 By  B[y;2=n]. On the other hand, to 2 intHy.
We will show that for every t 2 intH, we have (t)\ B[y;3=n] 6 . Indeed,
suppose that for somet®2 intH,, we have (t9\ B[y;3=n] = . This means that
B(( t9;1=n)\ B[y;2=n] = . In particular B(( t9;1=n)\ By = . By metric
upper quasi-continuity of there exists a non-empty open U  intH, such that
(U) B(( t9;1=n). This entails ( U)\ By = . This is a contradiction since
U\ Hy 6 . Hence is lower semi-continuous at tp. The proof is completed.

Remark 2.6. In example 4.2, an upper quasi-continuous set-valued
mapping is given from a Baire space into a metric space whoseimages are
everywhere separable, but which is nowhere metric upper sercontinuous. The
same example shows that the conclusion of Theorem 2.5 cannbe strengthened
to get generic metric lower semi-continuity. Therefore, wesee that Theorem 2.5
cannot be extended to give a true improvement of Theorem 2.1.

The next part of this section is devoted to showing that a lowe quasi-
continuous set-valued mapping from a Baire spaceA into nhon-empty compact
subsets of a metric spaceX is continuous on a denses -subset of A. We begin
by considering a function de ned on the subsets of a metric spce (X;d) (see e.g.
[12]).
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For each" > 0 consider the functionm- de ned on the subsetsC of X
by:

when C can be covered by a nite family of balls of radius”, otherwisem-(C) :=
1.
Observe that if C is totally bounded then m-(C) is nite for every "> 0.

Theorem 2.7. A lower quasi-continuous set-valued mapping from a
Baire space A into non-empty subsets of a metric spaceX, whose images on
an everywhere second category subsBt of A are totally bounded, is both metric
upper semi-continuous and metric lower semi-continuous (e. metric continuous)
at the points of a denseG -subset ofA.

Proof. Given" > 0 consider the set

O+ := [f U:U is an open subsets oA and e( ( t9; ( t%) <"
for every t%t9%2 Ug:

Clearly O- is open; we will show that it is also dense iPA. This will complete the
proof of the theorem since, as it was already mentioned, is netric continuous
at the points of \ , 101=,.

For the purposes of obtaining a contradiction, supposeO- is not dense
in A, that is, suppose that there exists a non-empty open subseWW of A such
that O-\ W = . Consider the following decomposition of the set of point s in
A where has totally bounded images: D := [ ¢ 1Dk where

Di="ft2D :mupp(( 1)) = kg, k:=1;2:::

l.e., Dk consists of those pointg of D whose images under can be covered bk
balls with centers at ( t) and radii "=12 and this k is minimal with this property.
By assumption D is of the second category inW. Hence there exists
Ko 2 N such that U; := W\ intDy, 6 . Take t; 2 U and x3 2 ( t1). Now,
since is lower quasi-continuous at t; there exists a non-empty open subsev;
of Uy such that x1 2 B(( t);"=12) (equivalently ( t)\ B(xq;"=12) 6 ) for each
t 2 V1. On the other hand, ( V1) 6 BJ[xz1;"=3] since otherwise we would have
e((t9; (t°%) <" for every pair tt°°2 V; which contradicts W\ O- = . Hence
for somet®2 V; we have

(t9\ (X nB[xy;"=3]) &
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Again by lower quasi-continuity of there exists some non-empty open subset
U, Vi such that
( )\ (X nB[x1;"=3]) &

for everyt 2 U,. Fix somet, 2 U and somex, 2 ( ty) such that x, 62B [x1; "=3].
The mapping is lower quasi-continuous at t;, so there exists a non-
empty open subsetV, of U, such that x, 2 B(( t);"=12) for eacht 2 V,. Observe
that, in fact, we have that fxq;x»g B(( t);"=12) for eacht 2 V,. Now,
we claim that ( V,) 6 [Ele[xk;"=3]. Indeed, suppose the contrary and let
t%t%02 V,. Let x 2 (t9. Then x 2 BJ[x;;"=3] for somei = 1;2. On the
other hand, ( t°Y\ B(x;;"=12) 6 . This entails d(x; ( t%) < (2=3)". Hence,
e(( t9; (%) <" which contradicts the assumptionW\ O- = . Consequently,
(t9Yn[Z%;B[x;;"=3]6 . The set [Z,B[x;;"=3] is closed, therefore by lower
quasi-continuity of there exists a non-empty open Uz V> such that

(t)n[Z,;B[x;;"=3]6

for every t 2 Us. Let t3 2 Uz and x3 2 ( t3) be such that x3 2[ %, B[x;;"=3].
Proceeding inductively, on thekp+1 step we get a nite sequence of open
sets ofA, Uggr1 Vko Uk Vi U= W\ intDy, and a nite sequence

(i) d(Xn;Xm) >"=3 providedm 6 n, m;n =1;2;:::;Kp;

(i) (t)n[X,B[x;;"=3]6 forevery t2 Uggs1.

Since Uyg+1 intDy, there exists tg 2 Ugy+1 \ Dy,. Let ( to)

By (i) above, for everyn = 1;2;:::;kg there is z, 2 ( tg) such that
d(zn;Xn) < "=12. On the other hand, for every suchn there exists y;(,y with
d(zn;Yin)) < "=12. Hence,d(Xn;VYi(n))  d(Xn;zn) + d(zn;Yi(ny)  "=6. This
automatically implies that if n 6 m, nim = 1;2;:::;Ko, then yjiny 6 Yim)
because otherwised(Xn;Xm) "=3 contradicting (i) . Hence, without loss of
generality we may assume thaty;ny = yn, N =1;2;:::;Ko. Therefore, for every
suchn we haveB(yn;"=12)  B[xn;"=3]. This implies (to) [ X2, B[xn;"=3]
and the last inclusion contradicts (iii) above. This contradiction completes the
proof.
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Remark 2.8. We remark here that (as Example 4.5 shows) only the
density of the set D of points where the mapping is totally bounded is not
enough to deduce the conclusion of Theorem 2.7.

We conclude this section by the following obvious corollaryof the previous
theorem. The partial case when is lower semi-continuous aml compact-valued
is again (as in Corollary 2.3) one of Fort's theorems [12]. Asbefore Corollary
2.3, we mention also that in the special situation whenX is a separable metric
space and is everywhere compact-valued the same conclusinas below is a
consequence from Theorems 15, 16 in [10] and Theorem 1.1 aleo{from [26]).

Corollary 2.9. A lower quasi-continuous set-valued mapping from a
Baire space A into non-empty subsets of a metric spaceX, whose images on a
dense G -subset of A are compact, is continuous at the points of a densés -
subset ofA. In particular, if is lower quasi-continuous and compact-valued at
every point of A, then it is continuous at the points of some densé& -subset of
A.

3. Densely de ned selections. In [8, 24] a general approach was de-
veloped to assure the existence of densely de ned (set-vadd or single-valued)
continuous selections for a given set-valued mapping :A ! X where A was
a Baire space andX a topological space (not necessarily metrizable). Implidi
results of similar type had been previously obtained in [5, 6 7] and the special
case when is the inverse of a usual single-valued mapping hdibeen considered
by E. Michael [29].

We brie y sketch the general setting in [8] and give one samp# result.
The mapping : A! X between the topological space#\ and X is allowed to
have empty values and itsdomain is Dom():= ft2 A: (t)6& g. The graph
of isthesetGr() = f(t;x)2 A X :x2 (t)g The mapping is said
to be lower demi-continuousin A (see [8]) if for every open setv X the set
int  1(V)is densein (V). Here (V):=ft2A: (t)\ V6 g An
equivalent \local de nition" is the following: is lower de mi-continuous in A if,
and only if, it is lower demi-continuous at any to 2 A by which we mean that for
every openW X with ( tg)\ W 6 there exists an open U of A such that
to2 U andthesetft2 U: (t)\ W 6 gis dense inU. Obviously, every lower
guasi-continuous mapping is lower demi-continuous. The caverse is not true.

Finally, a relation between the mapping and a subspace X; X was
also introduced in [8]. Namely, was said to embrace X if for every open set
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W X which contains X1 the setf(t;x) 2 Gr(): x 2 Wgis dense in Gr().
The following is a result from [8] (Proposition 3.3):

Proposition 3.1. Let : A! X be a set-valued mapping anK be
regular. Then embracesX; X if, and only if, for all open setsV X and
VvV X; 2 ,forwhichV\ X;=1[fV\X;: 2 g, the set[f tvy: 2

gis dense in (V).

Two su cient conditions for the mapping to embrace X, are the fol-

lowing (see [8], Proposition 3.5):

i) ( A) Xgq;and
ii) X1 is dense inX and the mapping is demi-open.

The mapping is demi-openin A (see [16]) if for every open set) A
the set int ( U) is dense in ( U). is demi-open if, and only if, the mapping
1. TA) | Ais lower demi-continuous ([8], Proposition 3.2).
The following is a sample result from [8]. For similar resultwhen X is a
separable metric space and is compact-valued see [28].

Theorem 3.2 ([8], Theorem 4.7). Let : A ! X be a lower demi-
continuous mapping with closed graph and dense domain fromhé Baire space
A into the regular space X . Suppose in addition that X contains a completely
metrizable subspaceX 1 which is embraced by . Then there exist a denseG -
subsetA; of A and a continuous single-valued mapping : A; ! X; such that
A1 Dom() and is a selection of on Aj.

The formulated Theorem 1.3 of Giles and Bartlett [13] and Theorem 3.2
have identical conclusions but di erent assumptions. In Theorem 1.3 no require-
ments are imposed on the graph of . On the other hand, lower guasi-continuity
of is a stronger assumption than the lower demi-continuity of in Theorem
3.2. Therefore, neither of the two results can be derived frm the other. Our
next result shows that Theorem 1.3 remains valid for a class fospacesX larger
than the class of complete metric spaces.

Theorem 3.3. Let be a lower quasi-continuous non-empty closed-
valued mapping between the Baire spacA& and the regular spaceX. Suppose
X contains a completely metrizable subspac¥; which is embraced by . Then
there exist a denseG -subsetA; of A and a continuous single-valued mapping

A1l X7 suchthat is a selection of on Aj.
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As we mentioned above, two important cases when embracesX; are
when ( A) X orwhenXj is dense inX and is demi-open.

Proof. Let d be a complete metric in X1 which is compatible with
the inherited topology from X. Since embraces X; then ( A) X (see
Proposition 3.4 in [8]). Hence, it is no loss of generality toassume that X is
dense inX.

The pair (U; V) will be called admissibleif:

1)U AandV X are non-empty open subsets oA and X respectively;
2) (t)\ V6 forevery t2U.

Letf ngn o, Where o= f(A;X)g, be a sequence of families of admissible
pairs which is maximal with respect to the following properties:

a) for every n the family fU : (U;V) 2 |, for someV gis pair-wise disjoint;

b) if (U;V) 2 | then diam(V \ X1) < 1=n;

c) for every (U;V) 2 41 there exists U%V9Y 2 |, such that U  U°
and V< VO

We claim that for every n the setH, := [f U : (U;V) 2 | for someVgis
dense (and open) inA. To prove this we proceed by induction. Forn = 0 this is
obviously true. Suppose this is true for somek 0 but Hy.; is not dense inA.
Hence, there is an open setly A such that Up\ Hy+1 = . On the other hand,
Up\ Hg 6 . Therefore, there exists some (Uy;Vk) 2 « such that Ug\ Uy 6 .

Consider the family = fV X :V isopen, diam{/\ X;) < 1=k +1)
and V* Vkg. It is easily seen that Vg \ X1 = [f V\ X;:V 2 g Hence,
by Proposition 3.1, we have that[f (V) : V 2 gis dense in ().
Consequently, Ug \ Ui \ Y(Vk+1) 6 for some Vi1 2 . By the fact that

is lower quasi-continuous it follows that for some U1 Up \ Uk the pair

(Uk+1; Vk+1) is admissible. Now, the family y+1 [f (Uk+1; Vk+1)Q is strictly
larger than ¢+1 and still satis es a)-c). This is a contradiction showing that the
setsH, are open and dense subsets &.

Put now A; =\ %onn. Since A is a Baire space thenA; is a dense
G -subset of A. By a) above, eacht 2 A; uniguely determines a sequence of
admissible pairs f (Un(t); Va(t))gi—, such that (Un(t);Va(t)) 2 n for every n
and t 2\ 1_,Un(t). Hence, the following mapping (which will turn out to be
single-valued) :A;! X:

(1) =\ ioValt); t2 Ag;
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is well-de ned.

Fix t 2 A;. By b) and c) above and the fact that (X ;d) is a complete
metric space, it follows that \ %:o Vh(t)\ X, is a one-point set inX 1, say x, and
that the family fV,(t)\ X1gi-, is a local base forx in X;. Since X is dense
in X and X is regular, routine considerations show that\ 1_,V,(t) = fxg and
that again fV,(t)gi-, is a local base, this time inX, for x. Hence the mapping

is single-valued and takes its values inX;. Moreover, is continuous. To
this end, let to 2 A; and V be an open subset ofX with (tp) 2 V. Since
fVh (to)gﬁzO is a local base for (tg) in X we haveV,(tg) V for somen. Let
nowt 2 U,(tg). Then by a) above, U, (t) = U, (tg), and henceV,(t) = Vi(to).
Therefore, (t) 2 Vh(t) = Vih(tg) V. Consequently, is continuous in Aj.

We show nally that (t) 2 ( t) for every t 2 A;. Suppose the contrary
and let tgp 2 A; be such that (tg) 2 ( tg). Since is closed-valued there are
some open sety/ and W of X such that ( tp) W, (tg) 2V andV\ W = .
As above, we haveV,(tg) V for somen. But the couple (Un(to);Vn(to))
is admissible, hence, in particular (tg) \ Vi (tg) 6 . This is a contradiction.
Therefore, (t) 2 ( t)foreveryt 2 A;1. The proof of the theorem is completed.

The above result could be sharpened if we consider a smalledass of
mappings. A set-valued mapping : A! X isusco if it is upper semi-continuous
and non-empty compact-valued. An usco : A ! X is minimal if its graph
Gr() does not contain properly the graph of any other usco from A into X.
Zorn's lemma implies that every usco mapping contains a minnal usco one. The
following is a well-known characterization of the minimal usco maps (see e.g.
[4]): is minimal if, and only if, for every open W X and every openU A
with ( U)\ W 6 there is a non-empty open V. U suchthat (V) W.
Sometimes mappings that have this property are calledminimal (even in the
case when they are not usco (see [23])). It is a routine matteto see that every
mapping °: A! X which is contained in some minimal mapping : A! X is
both upper and lower quasi-continuous. Observe that, an eqgivalent way to say
that : A! X is a minimal mapping is the following: if ( tp)\ V 6 for some
to 2 A and some openV X, it follows that there exists a non-empty openU
in A such thattg2 U and ( U) V. We have now the following result:

Theorem 3.4. Let be a minimal closed-valued mapping between the
Baire space A and the regular spaceX . SupposeX contains a completely metriz-
able spaceX 1 which is embraced by . Then there exist a denseG -subsetA; of
A at the points of which is single-valued and upper semi-continuous. Moreover,
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(t) 2 X1 whenevert 2 A;.

Proof. By Theorem 3.3 there are a denses -subset A; of A and a
continuous single-valued mapping : A1 ! X1 such that is a selection of
on Ai. Using the minimality of we will show next that ( t) = (t) for every
t2 A;.

Indeed, suppose for soméy 2 Aq there existsxg 2 ( tp) with X 68 (to).
Take non-empty open subsetsVi; Vo of X such that xg 2 Vi, (tg) 2 V. but
Vi\ Vo, = . By the minimality of there exists an open U; A such that
to 2 Uy and ( Uyp) V1. On the other hand, the continuity of  gives the
existence of a non-empty openU, such that to 2 U, and (U>\ Aj) \s.
Obviously, fort 2 U\ U\ A1 6 wehave (t)2 (t)\ Vo Vi\ Vo=,
This is a contradiction.

To prove that is upper semi-continuous at the points of A; take some
arbitrary to 2 A; and let V be an open subset oKX such that ( tp) = (tg) 2 V.
Since X is regular there is an openW X with (tg) 2 W 2 W V. By the
continuity of  there exists an openU which containstop and (U\ A;) W.
We claim that ( U) W (i.e. is upper semi-continuous at tg). To see this
we assume that there existsxo 2 ( U) nW and proceed as above to get a
contradiction. The proof is completed.

We will show now that Theorem 3.3 (and Theorem 3.4) can be appéd
to a larger class of situations than Theorem 1.3.

Let X be a compact Hausdor space andC(X) be the space of all con-
tinuous real-valued functions in X equipped with the usual sup-normkf k :=
maxfjf (x)j : x 2 Xg, f 2 C(X). Consider further the map M : C(X) ! X
assigning to eachf 2 C(X) the set of its maximizersM (f) := fx 2 X :f(x) =
maxff (x) : x 2 Xgg. Itis known (see [5, 6]) that M is upper semi-continuous,
open and minimal. This implies that M is lower quasi-continuous (and hence
lower demi-continuous). The inverse mappingM 1 : X | C(X) is de ned by
M (x):= ff 2 C(X):x 2 M(f)g. The mapM 1! is lower semi-continuous
(since M is open) and demi-open (sinceM is lower demi-continuous). In partic-
ular M and M ! embrace every dense subset of and C(X) correspondingly,
and we can apply Theorem 3.4 toM and Theorem 3.3 toM 1.

Theorem 3.5 ([5, 6]). For the compact Hausdor space X the following
statements are equivalent:

a) X contains a dense completely metrizable subsit;;

b) C(X) contains a denseG -subsetA; such that every functionf 2 A,



Dense continuity and selections of set-valued mappings 65

attains its maximum in X at just one point.

Proof. Suppose that a) is ful lled, i.e. there exists a densecompletely

metrizable subspaceX; of X. By Theorem 3.4 (applied to A := C(X) and

= M) we nd some denseG -subsetA; of C(X) at the points of which M is
single-valued. Hence b) takes place.

Conversely, suppose now that b) is fullled. The setA; being G in a
complete metric space is completely metrizable. So apply Téorem 3.3 to the map
= M 1:X I C(X). This yields the existence of a dens& -subsetX; of X
and a continuous single-valued mapping : X1 ! A suchthat (x) 2 M 1(x)
for every x 2 X;. Since, by assumption, the restriction of M on A; is single-
valued, is a one-to-one mapping. Moreover, taking into account thatM is
upper semi-continuous we see that the inverse map 1! is also continuous. Thus,
homeomorphically embedsX ; into a complete metric space. In particular, X 1
is metrizable. As a G -subset of the compact spaceX the spaceX; is a Cech

complete metrizable space. ThusX 1 is completely metrizable.
For the similar result when X is not necessarily compact see [7].

4. Counter examples and some more applications.

Some counter examples. In this section we present some examples
which illustrate the erratic behaviour which may be possessd by upper or lower
guasi-continuous mappings. In what follows, for a normed Inear space X; k k),
X will mean its dual space,B (X) the unit ball fx 2 X : kxk 1gand S(X) its
unit spherefx 2 X : kxk=1g.

Example 4.1. Consider the Hilbert space »(R) and the set-valued map-
ping from Rnf0Oginto non-empty closed subsets of (R), de ned by

()=1[f y:y2[ ttlgt2 Rnfog;
where the function y :R! R is de ned as follows:

0 forséy
(&)= fors=y:
Clearly, is both upper and lower quasi-continuous on R, but nowhere
metric upper semi-continuous or lower semi-continuous.

Example 4.2. Consider the Hilbert space 2(Q) and the set-valued map-
ping from RnfO0ginto non-empty closed separable subsets 0£(Q) de ned by:

(=1 y:y2[ tt]\ Qgt2R:
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As in Example 4.1 we see that is both upper and lower quasi-camtinuous,
and nowhere metric upper semi-continuous. However, in comast to Example
4.1, for eacht 2 RnQ is lower semi-continuous (but not metric lower semi-
continuous).

Example 4.3. Let X be a non-re exive Banach space such thatX is
separable. We note that sinceX is separable, there exists a metric orB (X)
which generates the relative weak topology orB (X ), and for which (B (X ); weak)
is totally bounded. Consider the set-valued mapping from the open interval
(0; 1) into non-empty closed, totally bounded, subsets of B (X );weak) de ned
by ( t)= tB(X) for eacht 2 (0;1).

It is readily seen that is upper quasi-continuous and lower semi-conti-
nuous on (0 1). We will now show that is nowhere upper semi-continuous on
0;1).

By James' characterization of re exivity there exists an f 2 S(X ) such
that jf (x)] < 1 for eachx 2 B(X). For t 2 (0;1) consider the weak open
subsetW; = fx 2 B(X) : jf(x)] <tg. Then (t) W, however, for each
">0 ((t "t+") 6 W andso isnotupper semi-continuous at t.

In our next example we describe single-valued mapping from aomplete
metric space into a separable compact Hausdor topologicakpace, which is every-
where quasi-continuous but nowhere continuous. Before thiawe recall another
class of minimal mappings. A set-valued mapping : A ! X from the topo-
logical spaceA into the non-empty subsets of a Hausdor locally convex linear
topological spaceX is called cuscoif it is usco and convex-valued. is minimal
cusco if it is cusco and its graph does not contain properly tie graph of any other
cusco. By Zorn's lemma every cusco contains a minimal cuscoMoreover, the
minimal cuscos have a similar characterization as minimal gcos: is minimal
cusco if, and only if, for every opend A and every open half spac&/ X such
that ( U)\ W 6 there exists a non-empty open U° U suchthat ( U9 W
(see e.g. [9]).

Example 4.4. Consider the Banach spaceX := *; (N) and the continu-
ous gauge functionalp: X ! R de ned by p(x) :=limsupfj nj:x=f ngit_;0
The subdi erential mapping of p, x I @fx) is a minimal weak cusco fromX
into subsets of B(X ). It is known that x ! @(x) is nowhere single-valued,
[34], p.13. The graph of the mappingx ! @fx) contains the graph of a mini-
mal weak usco, say. Let :X ! B(X ) be a selection of , i.e. for each
t2 X (t)2 (t). Then, as it was mentioned, is weak quasi-continuous on
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X. But it is nowhere continuous, because if it were continuousat a point top 2 X
then @ fty) would be a singleton, [34], p.19.

Finally, we give an example showing that even lower semi-cdimuity (not
only lower quasi-continuity) does not imply upper semi-corinuity almost every-
where, provided that the set D where the given set-valued mapping is totally
bounded is only dense in its domain.

Example 4.5. LetDg:= Z,D, = fx2 R:x = p=2";pan odd integem,
n 1. Letfurther D ;= [ %:oDn- Observe that D is dense inR. Consider now a
set-valued mapping : RnfOg! R from the usual topology in R nf0g into the
discrete topology in R de ned as follows:

(1) = [{=oDj\ (j tj;jtj) if t2 Dy for somen

T D\ (jtj;it) ift2 RnD
Now has compact values on D and is lower semi-continuous orR. However,
is nowhere upper semi-continuous, not even metric upper seirtontinuous. (Note
that the images are everywhere countable and closed).

Some more applications and results. Let A be a topological space
andletA = fA : 2 gbeafamily of subsets oA suchthatA=[f A : 2 g.

We say that A is point- nite , if foreacht2 A f 2 : t2 A gis nite,
and we say that A is densely locally nite if there exists a dense subseD of A
such that for eacht 2 D there exists an open neighbourhoodJ of t such that
f 2 : A \UB6 gis nite. It is well-known that if A is a Baire space and
fA : 2 gis a point- nite open cover of A, then it is densely locally nite.
We extend this result as follows:

Proposition 4.6. Let A be a Baire space andA = fA : 2 gbea
point- nite cover of A, with the property that for each 2 A int(A ). Then
A is densely locally nite.

Proof. Consider the metric space (;d), where d is the discrete metric
on , and the set-valued mapping from A into non-empty compact subsets
of ,denedby ( t)=f 2 : t2 A g Clearly is compact-valued on A,
however, it is not too di cult to see that is also lower quasi -continuous onA.
Hence, by Corollary 2.9 is continuous at the points of a dense G -subsetG of
A. It is now only a routine matter to check that A is locally nite at each point
of G.
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Similar idea as above can be applied to the study of a class ofdach
spaces. Call a Banach spac& generic continuity space(brie y GC space) (see
[22]) if for every minimal mapping : A! (X;weak) with non-empty images
acting from a Baire spaceA into X equipped with the weak topology, there
exists a denseG -subsetA; of A such that at the points of A; the mapping is
single-valued and norm-upper semi-continuous. Note that &s it was mentioned in
Section 3) every single-valued selection of a minimal mappyg is quasi-continuous.
On the other hand, it is a known fact that if a minimal mapping DA
(X;weak) has a densely de ned selectionf which is norm-continuous at some
point t 2 A then is single-valued and norm-upper semi-continuous att. Hence,
an equivalent de nition is: X is a GC space if every quasi-continuous single-
valued mappingf : A ! (X;weak) from a Baire spaceA into (X;weak) is
norm-continuous at the points of a denseG -subset ofA.

Under cp-product of a family of Banach spacesf(X ;k k): 2 gwe

mean the space

Y
X =fx2 X : thesetf 2 : kx( )k >"gis nite for every "> Og

2
equipped with the sup-normkxk; :=maxfkx( )k : 2 g,x2 X.

Theorem 4.7. Let f(X ;k k): 2 g be a family of GC spaces.
Then its cp-product X is also aGC space.

Proof. Take a quasi-continuous single-valued mapping :A! (X;weak)
de ned in the Baire space A. We have to show that the mapping f is norm-
continuous at the points of a denseG -subset ofA.

Let "> 0 and

O-:=[f U:U Aisopenandkf(t9 f(t%k, <" for everyt®t°2 Ug:

Having in mind what was mentioned several times in Section 3jt is enough to
show that the open setO- is dense inA. This will complete the proof. To see
this, take somer, 0<r <"= 2, and consider the setA%:= ft 2 A : kf (t)ky rg
and A%:= ft 2 A : kf (t)ky >r g. Obviously, A = A°[ A%and intA® O-. If
A%=we are done. Suppose A%% . Using the fact that the sup-norm k ki
is lower semi-continuous (as a real-valued function) from he weak topology of
X into R and that f : A ! (X;weak) is quasi-continuous, we easily get that
intA%% . So, in order to show that O- is dense inA it is enough to show that
O- is dense inA; = int A%? Observe that A; is again a Baire space.
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Let further be a set-valued mapping between A; and equipped with
the discrete topology, de ned by

(t)y:=1Ff 2 : ki(t)( )k >rg; t2A;:

Obviously, is non-empty and nite valued at any t 2 A;. Also, observe that
the composition of the usual projection of X on any X and the normk k is
continuous (with respect to the norm in X ) and convex and hence it is lower semi-
continuous (as a real-valued function) whenX is considered with the weak topol-
ogy. This allows to be easily seen (using quasi-continuity ©f : A! (X;weak))
that the mapping is lower quasi-continuous. Hence, by Theorem 2.7 the map-
ping is both upper and lower semi-continuous at the points of a denseG -subset
A, of Aj. Since we consider with the discrete topology, it easily then follows
that the set A, can be considered to be also open iA; (and hence, also inA)
and that the mapping is locally constant at the points of A,. The latter means
that for every t 2 A, there exists an open subse¥W A, sothatt2 W and for
everyt®2 W we have (t)= ( t9.

Take now an open subset) of A such thatU\ A; 6 . Hence, U\ A, 6 .
Let to 2 U\ A,. Then for some open setW of A we havety 2 W U\ A,
and (tg) = ( t) for everyt 2 W. Further, it can be seen that for each 2
the usual projection of X on X is continuous from the weak topology in X
into the weak topology in X . Hence, for each 2 the composition f()( ) is
guasi-continuous in the weak topology inX . By the fact that each X is a GC
space it follows that for every 2 ( tg) there exists a denseG -subsetG of W
sothatf()( ): A1! (X ;k k) is norm-continuous at the points of G . Put
G: =\ G : 2 (tog)g. The latter is again a dense subset oW since ( tp) was
nite. Let t; 2 W\ G. Because of the continuity att; of eachf ()( ), 2 ( to),
with respect to the norm in X , and because of the fact that (t1) = ( tp) is
nite, we get an open subsetW; W such that t; 2 W4 and

() Kkf(t)( ) f(t)( )k <"=2foreacht2 Wy andeach 2 (t1)= ( to):

Now, we claim that Wy O-. Indeed, take tt%°2 W;. Then, if
2 (to)= ( t9= ( t° we have, having in mind the de nition of , that

K@) F@%( )k 2r<™

If 2 ( to)we getthe same inequality by () above. Hencekf (t9 f (t%k, <™.
The proof is completed.
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