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Abstract. We show that the two-sided quasi-uniformity UB of a regular
paratopological group (G; ·) is quiet. The Doitchinov completion ( bG; cUB )
of (G; UB ) can be considered a paratopological group containing G as a
doubly dense subgroup whenever G is Abelian. Furthermore cUB is the two-
sided quasi-uniformity of ( bG; ·). These results generalize in an appropriate
way important results about topological groups to regular paratopological
groups. A counterexample dealing with the non-Abelian case is presented.

Furthermore we give conditions, depending on quasi-uniform complete-
ness properties, under which a paratopological group is a topological group.
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1. Introduction. It is known that each 2-Hausdorff paratopological
group can be 2-densely embedded into a 2-Hausdorff paratopological group whose
two-sided quasi-uniformity is bicomplete. However bicompleteness is a rather
weak completeness property for quasi-uniform spaces and often satisfied in spaces
that one would prefer to see incomplete. In [4, 5, 6] D. Doitchinov introduced
a completeness theory for so-called quiet quasi-uniform spaces that is very well-
behaved and extends the completion theory of uniform spaces in a natural way.
It was asked in [11, Problem 4] whether there exist natural applications of this
theory to topological algebra.

In this note we wish to show that this is indeed the case. We shall show
that the two-sided quasi-uniformity of a regular T0-paratopological group is quiet
and that its Doitchinov completion yields a paratopological group whenever the
product of any two Cauchy filter pairs is a Cauchy filter pair. While the latter
condition holds in any Abelian paratopological group, we show by an example
that it is not satisfied in paratopological groups in general.

The paper ends with some results and open questions concerning the
property of left K -completeness in paratopological groups.

2. Basic facts and preliminary results. Let (G; ·) be a group. As
usual, e denotes the identity element of G and, for each x ∈ G, x−1 denotes the
inverse element of x. For x; y ∈ G we shall write xy instead of x · y and G instead
of (G; ·) if no confusion arises. For A; B ⊆ G we write AB = {ab : a ∈ A; b ∈ B }
and A−1 = {a−1 : a ∈ A}.

A paratopological group is a pair (G; � ) where G is a group and � is a
topology on G such that the function Φ : (G × G; � × � ) → (G; � ) defined by
Φ(x; y) = xy is continuous. If in addition the function � : (G; � ) → (G; � ) defined
by � (x) = x−1 is continuous, then (G; � ) is called a topological group. If (G; � ) is a
paratopological group, then so is (G; � −1) where � −1 = {A ⊆ G : A−1 ∈ � }; � −1

is called the conjugate topology of � and (G; �; � −1) is called a parabitopological
group [16]. Of course, � = � −1 iff G is a topological group.

The bitopological space (G; �; � −1) is called 2-Hausdorff provided that the
topology � ∨ � −1 is a Hausdorff topology.

Example 1. Let + be the usual addition on the reals R and let S be
the Sorgenfrey topology on R (i.e. the basic open sets are of the form [x; a[ with
x < a ). Then (R; S) is a paratopological group.

A quasi-uniformity on a set X is a filter U on X × X such that (a) each
member of U is a reflexive relation on X , and (b) if U ∈ U then V ◦ V ⊆ U for
some V ∈ U . The pair (X; U) is called a quasi-uniform space. Note that for any
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quasi-uniformity U the filter of inverse relations U−1 is also a quasi-uniformity.
Furthermore U∗ := U ∨ U−1 is a uniformity.

The topology � (U) = {H ⊆ X : for each x ∈ H there is U ∈ U with
U(x) ⊆ H } is called the topology induced by U . (Here U(x) = {y ∈ X : (x; y) ∈
U}:) A topological space (X; � ) admits U provided that � is the topology induced
by U .

Example 2. [15] Equip the set X = Qω with the topology � (U) where
U denotes the quasi-uniformity generated by the following base {Un : n ∈ ! }.
For each n ∈ ! and x ∈ X the set Un(x) is the set of all x ′ ∈ X which satisfy:
(1) x and x ′ agree on the initial segment n, and (2) if ∆ := ∆(x; x ′) is the first
coordinate in which x and x ′ differ, then x(∆) ≤ x ′(∆) ≤ x(∆) + 2−n. It is
readily checked that (X; +) is a paratopological group where the addition of two
elements of X is the obvious addition of functions.

A subset A of a bitopological space (X; � 1; � 2) is called doubly dense (resp.
2-dense) if A is dense both in (X; � 1) and (X; � 2) (resp. dense in (X; � 1 ∨ � 2)).

A quasi-uniform space (X; U) is said to be bicomplete [10] provided that
the uniformity U∗ is complete.

For undefined concepts from the theory of quasi-uniformities we refer the
reader to [10].

Following [9] we shall introduce three interesting quasi-uniformities on a
paratopological group (G; � ). Let � (e) denote the neighborhood filter at e. For
each U ∈ � (e) put UL = {(x; y) : x−1y ∈ U}. It follows that {UL : U ∈ � (e)}
is a base for a quasi-uniformity UL on G. Moreover put for each U ∈ � (e),
UR = {(x; y) : yx−1 ∈ U}. Then {UR : U ∈ � (e)} is also a base for a quasi-
uniformity UR on G.

We have that � (UL) = � and � (U−1
L ) = � −1; similarly, � (UR) = � and

� (U−1
R ) = � −1.

According to [9] the quasi-uniformities UL and UR are called the left quasi-
uniformity and the right quasi-uniformity for (G; �; � −1). The quasi-uniformity
UB = UL ∨ UR is called the two-sided quasi-uniformity for (G; �; � −1). Note that
� : (G; UB) → (G; U−1

B ) is a quasi-uniform isomorphism.
Every parabitopological group (G; �; � −1) generates a topological group

(G; � ∗) with � ∗ = � ∨ � −1. If L∨, R∨ and B∨ denote the left uniformity, the right
uniformity and the two-sided uniformity for (G; � ∗), respectively, then U∗

L =
L∨; U∗

R = R∨, and U∗
B = B∨[16].

It is known [16] that for any 2-Hausdorff parabitopological group (G; �; � −1),
there is a 2-Hausdorff parabitopological group which is bicomplete in its two-sided
quasi-uniformity and has a 2-dense parabitopological subgroup isomorphic to G.
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Although there does not exist a theory of completeness for arbitrary quasi-
uniform spaces that is as well-behaved as the theory of completeness for uniform
spaces, Doitchinov has introduced a conjugate-invariant class of quasi-uniform
spaces, called quiet quasi-uniform T0-spaces, for which a satisfactory theory of
completeness exists. We next recall some basic facts of this theory.

A filter G on a quasi-uniform space (X; U) is said to be D -Cauchy [5, 6, 8]
provided that there exists a so-called co-filter F on X so that for each U ∈ U
there are F ∈ F and G ∈ G such that F × G ⊆ U. In this case, (F ; G) is called
a Cauchy filter pair and we write (F ; G) → 0. A quasi-uniform space (X; U) is
said to be D -complete if each D -Cauchy filter converges. A quasi-uniform space
(X; U) is called uniformly regular [1] provided that for each U ∈ U there exists
V ∈ U such that clτ(U)V (x) ⊆ U(x) for all x ∈ X . A quasi-uniform space (X; U)
is called quiet [5, 6] provided that for each U ∈ U there exists V ∈ U so that
for any Cauchy filter pair (F ; G) on X and all points x; y ∈ X , V −1(y) ∈ F and
V (x) ∈ G imply that (x; y) ∈ U. It is known that every quiet quasi-uniform space
is uniformly regular.

Let (X; U) be a quiet T0-space. Two D -Cauchy filters F1 and F2 are
called equivalent provided that they have a common co-filter (equivalently, see
[5, Proposition 2], have the same co-filters). Denote the equivalence class of a
D -Cauchy filter F by bF . On the set of equivalence classes bX of D -Cauchy filters
on (X; U) we define a base {bU : U ∈ U} of a quasi-uniformity bU by setting

bU := {( bF ; bG) ∈ bX × bX : For some co-filter F1 of F and some G2 ∈ bG on
X there are F1 ∈ F1; G2 ∈ G2 such that F1 × G2 ⊆ U}.

The � (U)-neighborhood filter at x ∈ X will be denoted by � (x). Then x 7→
b� (x) is a quasi-uniform embedding. Furthermore ( bX; bU) is a quiet D -complete
T0-space. It is characterized as the unique quiet D -complete T0-extension that
contains a copy of (X; U) as a doubly dense subspace [3]. The space ( bX; bU)
is called the Doitchinov completion of (X; U). Instead of equivalence classes of
D -Cauchy filters we could also work with minimal D -Cauchy filters (see [3]),
because each D -Cauchy filter G in a quiet quasi-uniform space contains a unique
minimal D -Cauchy filter generated by the base {M (U) : U ∈ U} on X where
M (U) =

S
{G ∈ G : there is F ∈ F such that F × G ⊆ U} whenever U ∈ U .

Here F is any fixed co-filter of G. Note that neighborhood filters of points are
minimal D -Cauchy filters.

Finally let us observe that in [5] the sets Ŭ := {( bF ; bG) ∈ bX × bX : For
any co-filter F1 of F and any G2 ∈ bG on X there are F1 ∈ F1; G2 ∈ G2 such that
F1 × G2 ⊆ U} are used as basic entourages of bU . It is straightforward to see that
this filterbase is equivalent to the one given above:
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Let W̆ ∈ bU . Furthermore let H̆ ∈ bU witness double uniform regularity of
bU with respect to W̆ . Then (H̆ ∩ (X × X ))b⊆ W̆ : Indeed suppose that bF ; bG ∈ bX
are such that there are a co-filter F1 of F , G2 ∈ bG, F1 ∈ F1 and G2 ∈ G2 with
F1 × G2 ⊆ H̆ . Consequently clτ( bU � 1)F1 × clτ(bU)G2 ⊆ W̆ . Since F1 converges to
bF with respect to � ( bU−1) and G2 converges to bG with respect to � ( bU), it follows
that ( bF ; bG) ∈ W̆ . We conclude that the two bases are equivalent, since clearly
Ŭ ⊆ bU.

3. Cauchy filter pairs.

Lemma 1. Let (G; ·) be a paratopological group. If (F ; G) is a Cauchy
filter pair with respect to UB, then (G−1; F−1) is a Cauchy filter pair with respect
to UB.

P r o o f. Let U ∈ � (e). There are F ∈ F and G ∈ G such that F × G ⊆
UL ∩ UR. Thus F −1G ⊆ U and GF −1 ⊆ U. Therefore (G−1; F−1) → 0 on
(G; UB). �

By an example we shall show below that with respect to the two-sided
quasi-uniformity the product of two Cauchy filter pairs in a paratopological group
need not be a Cauchy filter pair. However let us first give conditions under
which such a pathological behaviour cannot occur. Recall that the envelope
of a filter F on a quasi-uniform space (X; U) is the filter on X generated by
fil{U(F ) : F ∈ F ; U ∈ U}.

Theorem 1. Let (G; ·) be a paratopological group. Suppose that (F1; G1),
(F2; G2) are Cauchy filter pairs on (G; UB) and that the envelopes of G2 and F1

−1

with respect to UL are coarser than with respect to UR. Then (F1F2; G1G2) is a
Cauchy filter pair on (G; UB).

P r o o f. Let V ∈ � (e). Choose U ∈ � (e) such that UU ⊆ V . There are
F2 ∈ F2 and G2 ∈ G2 such that F −1

2 G2 ⊆ U. By our assumption on G2, there
are H ∈ � (e) and G′

2 ∈ G2 such that HG ′
2 ⊆ G2U. Choose F1 ∈ F1 and G1 ∈ G1

such that F −1
1 G1 ⊆ H . Then F −1

2 F −1
1 G1G′

2 ⊆ F −1
2 HG ′

2 ⊆ F −1
2 G2U ⊆ UU ⊆ V .

The second inequality is verified similarly. Therefore (F1F2; G1G2) is a Cauchy
filter pair on (G; UB). �

In order to prove the next result we shall need the following lemma.

Lemma 2. Let (G; ·) be a paratopological group, let P be a precompact
subset of (G; UL) and U ∈ � (e). Then there is H ∈ � (e) such that HP ⊆ PU.

P r o o f. Choose M ∈ � (e) such that MM ⊆ U. For any p ∈ P find
Hp ∈ � (e) such that Hpp ⊆ pM . Since P is precompact in (G; UL), there is a
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finite subset F of P such that P ⊆ FM . Set H = ∩p∈F Hp. Thus H ∈ � (e).
Consider any z ∈ HP . There are h ∈ H and p ∈ P such that z = hp. Furthermore
there exists f p ∈ F such that p ∈ f pM . Thus f −1

p p ∈ M and z = hf pf −1
p p ∈

H fp f pM ⊆ f pMM ⊆ PU. �

Proposition 1. Let (G; ·) be a paratopological group such that each
D -Cauchy filter on (G; UB) has a base consisting of sets that are precompact with
respect to UL. Then in (G; UB) the product of any two Cauchy filter pairs is a
Cauchy filter pair.

P r o o f. By Lemma 2 the envelope of each D -Cauchy filter on (G; UB)
with respect to UL is coarser than the envelope with respect to UR. The result
follows from Theorem 1 and Lemma 1. �

Lemma 3. Let (G; ·) be a paratopological group such that there is
V ∈ � (e) that is hereditarily precompact in (G; UL). Then any D -Cauchy filter G
on (G; UL) contains an element that is hereditarily precompact in (G; UL).

P r o o f. There is p ∈ G such that pV ∈ G. But pV is hereditarily
precompact in (X; UL), because it is the image of V under the quasi-uniformly
continuous left translation by p. �

Proposition 2. Let (G; ·) be a paratopological group possessing V ∈ � (e)
that is hereditarily precompact in (G; UL). Then the product of any two Cauchy
filter pairs on (G; UB) is a Cauchy filter pair on (G; UB).

P r o o f. The assertion is a consequence of Proposition 1 and Lemma 3. �

Question. Let (G; ·) be a paratopological group possessing V ∈ � (e)
that is (hereditarily) precompact in (G; UL). Under which conditions is (G; ·) a
topological group?

In this context let us note the following result:

Theorem 2. If G is a regular paratopological group possessing V ∈ � (e)
that is hereditarily precompact with respect to UL, then G is a topological group.

P r o o f. Let U ∈ � (e) be arbitrary. Then e 6∈ (V \ U−1)U. Choose
W ∈ � (e) such that W ⊆ U. By our assumption on V there is a finite set
F ⊆ (V \ U−1) such that V \ U−1 ⊆ FW . Then FW ⊆ FU ⊆ (V \ U−1)U.
Consequently e ∈ V \FW ⊆ U−1. We conclude that G is a topological group. �

Example 3. There exists a regular T0-paratopological group that (with
respect to its two-sided quasi-uniformity) has two Cauchy filter pairs the product
of which is not a Cauchy filter pair.

P r o o f. Take a set M = {an; bn; un : n ∈ ! } where the elements are
supposed to be pairwise distinct. Put G = F (M ), that is, G is the free group
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over M . For any g ∈ G \ {e} let g = Πr
i=1gǫi

i (where � i ∈ {−1; 1}, gi ∈ M ) be the
irreducible representation of g. Set supp g = {g1; g2; : : : ; gr}.

For each x ∈ M , set i (x) = n iff x ∈ {an; bn; un}; for any g ∈ G \
{e}, let im(g) = min{i (x) : x ∈ supp g} and iM (g) = max{i (x) : x ∈ supp g}.
Furthermore let iM (e) = im(e) = −1. For k ∈ ! , set Sk = {aibj ; biaj ; ul :
i; j; l ≥ k}. Let Hk be the set of all elements in G that are equal to e or can
be written as Πr

i=1(gisi
ǫi gi

−1) where r ∈ ! \ {0} and for each i ∈ {1; : : : ; r } we
have gi ∈ G; si ∈ Sk; � i ∈ {−1; 1}; iM (gi) < i m(si), and for any j ∈ {1; : : : ; r },
im(sj) = min{im(si) : i = 1; : : : ; r } implies that � j = 1.

Fix n ∈ ! . We have:

1. Hn is a subsemigroup; in particular HnHn ⊆ Hn;

2. gHng−1 ⊆ Hn if g ∈ G such that iM (g) < n ;

Indeed, let g ∈ G and h ∈ Hn \ {e} where iM (g) < n . Then h = e1 : : : er
where r ∈ ! \ {0}; ei = gis

ǫi
i g−1

i , gi ∈ G, si ∈ Sn, � i ∈ {−1; 1}; iM (gi) < i m(si) for
all i ∈ {1; : : : ; r } and for any j ∈ {1; : : : ; r } we have that im(sj) = min{im(si) :
i = 1; : : : ; r } implies that � j = 1.

Thus ghg−1 = Πr
i=1((ggi)sǫi

i (ggi)−1) where for each i = 1; : : : ; r we have
iM (ggi) < i m(si), because im(si) ≥ n. We conclude that ghg−1 ∈ Hn.

It follows that for each n ∈ ! and g ∈ G we have gHmg−1 ⊆ Hn whenever
m > max{iM (g); n}.

By [16] there exists a unique topology � on G such that (G; � ) is a
paratopological group and {Hn : n ∈ ! } is a neighborhood base at e.

Fact 1: (G; � ) is a regular Hausdorff space.
P r o o f. For fixed k ∈ ! , let Gk be the smallest subgroup of G containing

Hk. Let g ∈ G \ {e}. Then iM (g) < n for some n ∈ ! .
Define a map 
 : M → G by 
 (x) = x; if i (x) < n and 
 (x) = e if i (x) ≥

n; where x ∈ M . Let 
̂ : G → G be the extension of 
 to a homomorphism.
Thus we see that 
̂ (g) = g and by the definition of the elements of Hn we obtain

̂ (Gn) = {e}. Therefore, g =∈ Gn. Thus � is a T1-topology.

We next show that each Hm is closed; hence � is regular: Fix m ∈ ! and
suppose that g ∈ G \ Hm. Let t > max{iM (g); m}. Assume that gHt ∩ Hm 6= Ø.
Then there are hm ∈ Hm and ht ∈ H t such that g = hmht

−1. Note that ht 6= e,
since g =∈ Hm.

We can suppose that we have a representation of ht
−1=Πp

i=q+1(gisi
−ǫi gi

−1)
according to the definition of H t.

Similarly as above, consider the morphism � : G → G determined on
M by � (m) = m if i (m) < t and � (m) = e if i (m) ≥ t . Since iM (g) < t we
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have � (g) = g. Furthermore, because {sq+1; : : : ; sp} ⊆ St, � (h−1
t ) = e. Thus

g = � (hm). Therefore � (hm) 6= e. We can suppose that we have a representation
of hm = Πq

i=1(gisi
ǫi g−1

i ) according to the definition of Hm.
Let k1 = min{im(si) : i = 1; : : : ; q} and k2 = min{im(si) : i = q +

1; : : : ; p}. Since � (hm) 6= e, we have k1 < t . Because t ≤ k2, we conclude that
hmh−1

t ∈ Hm by the definition of the elements in Hm —a contradiction. We have
shown that Hm is closed and that � is regular. �

For each k, put Ak = {an : n ∈ !; n ≥ k} and Bk = {bn : n ∈ !; n ≥ k}.
Let A and B be the filters on G generated by {A−1

k : k ∈ ! } and {Bk : k ∈ ! },
respectively. Similarly, put Uk = {un : n ∈ !; n ≥ k} whenever k ∈ ! and let
U be the filter on G generated by {Uk : k ∈ ! }. Obviously the following two
conditions are satisfied:

1. for any n ∈ ! , there exist A ∈ A and B ∈ B such that A−1B ⊆ Hn and
BA −1 ⊆ Hn;

2. for each n ∈ ! , Un ⊆ Hn.

Finally, we need the following fact.

Fact 2: anunbn =∈ H1 for any n ∈ ! .
Assuming the contrary, let n ∈ ! and anunbn = g1sǫ1

1 g−1
1 : : : gksǫk

k gk
−1,

where k ∈ ! \ {0}; gi ∈ G; si ∈ S1, im(si) > i M (gi) for any i = 1; : : : ; k, and for
each j ∈ {1; : : : ; k} such that im(sj) = min{im(si) : i = 1; : : : ; k} we have � j = 1.

In the following we imagine that for each j ∈ {1; : : : ; k}, we write gj and
sj in their irreducible representations and plug them into the representation of
anunbn above. Then by the uniqueness of the irreducible representation we can
cancel the right-hand side to anunbn, recording carefully how we cancel the letters
un.

Let  : F (M ) → A(M ) be the canonical morphism that is the identity
on M , where A(M ) denotes the free Abelian group over M . We have an +
un + bn = � 1 (s1) + : : : + � k (sk). Clearly n = min{im(sj) : j = 1; : : : ; k} by
our assumption on the � j. Furthermore un = sl for some l ∈ {1; : : : ; k} and
un =∈ suppsp whenever p ∈ {1; : : : ; k} \ {l}. According to the equation above we
can write anunbn = A1(un)slZ1(un) where A1(un) denotes the initial segment of
the product preceding the letter sl and Z1(un) denotes the final segment of the
product succeeding the letter sl.

Let � : F (M ) → Z be the canonical morphism determined on M by
� (m) = 1 if i (m) ≥ n and m 6∈ {us : s ∈ ! }, and � (m) = 0 otherwise. Note that
� (gjsǫj

j g−1
j ) is even for any j = 1; : : : ; k, because n = min{im(si) : i = 1; : : : ; k}.
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Since iM (gl) < n we conclude that both � (A1(un)) and � (Z1(un)) are even. If sl
was not cancelled in our cancelling process, then an = A1(un) and bn = B1(un).
Since � (an) = � (bn) = 1, this is impossible. We conclude that the letter sl was
cancelled by some well-defined letter u−1

n . This letter u−1
n is necessarily part of

a word gδj
j for some j ∈ {1; : : : ; k} \ {l} where � j ∈ {−1; 1}. Since the letters

between sl and u−1
n cancel themselves completely, we have � (b) = 0 for the word

b between the letters sl and u−1
n . Note that there is a well-defined companion

l2 := un of u−1
n belonging to g−δj

j such that the word between u−1
n and l2 is of the

form c := hsǫj
j h−1 for some well-defined final segment h of gj . Observe that � (c)

is even. The word between sl and l2 is obtained by concatenating the segments b
and c or by deleting one from the other (if we disregard the letters sl, u−1

n and l2,
which are mapped to 0 by � anyway). We have that anunbn = A2(un)l2Z2(un)
where A2(un) denotes the initial segment of the product preceding the letter l2
and Z2(un) denotes the final segment of the product succeeding the letter l2.
In any case we conclude that both � (A2(un)) and � (Z2(un)) are even, since,
for example, � (A2(un)) is obtained from � (A1(un)) by adding resp. subtracting
appropriately the expressions � (b) and � (c). Again this is only possible if l2 is
cancelled during the cancelling process by some u−1

n . Continuing in this way, we
obviously reach after finitely many steps some letter un that was not cancelled,
since no pair of companions u−1

n and un can occur twice during the procedure,
because each letter was cancelled at most once. However, then � (A(un)) and
� (Z (un)) are even for the initial and final segments A(un) and Z (un) determined
by that copy of un —a contradiction. Therefore we deduce that anunbn does not
belong to H1.

We conclude that (fil{e}; U), as well as (A; B) are Cauchy filter pairs with
respect to the two-sided quasi-uniformity of G; however by Fact 2 their product
(fil{e} · A; U · B) is not a Cauchy filter pair with respect to the two-sided quasi-
uniformity of G. �

4. Main results.

Theorem 3. The two-sided quasi-uniformity UB of a regular paratopo-
logical group is quiet.

P r o o f. For U ∈ � (e), choose L ∈ � (e) such that L ⊆ U. Furthermore
let V ∈ � (e) be such that V V ⊆ L . Suppose that V −1

L (x) ∩ V −1
R (x) ∈ F ,

(F ; G) → 0 with respect to UB and VL(y) ∩ VR(y) ∈ G. For each H ∈ � (e) choose
FH ∈ F and GH ∈ G such that FH × GH ⊆ HL ∩ HR. For each H ∈ � (e)
find f H ∈ FH ∩ V −1

L (x) ∩ V −1
R (x) and gH ∈ GH ∩ VL(y) ∩ VR(y). If follows that

f −1
H x ∈ V , y−1gH ∈ V , xf −1

H ∈ V and gHy−1 ∈ V . Furthermore f −1
H gH → e and
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gH f −1
H → e. Hence y−1gH f −1

H x ∈ V V ⊆ L and y−1(gH f −1
H )x → y−1x. Therefore

y−1x ∈ L ⊆ U and thus (y; x) ∈ UL. Similarly, xf −1
H gHy−1 ∈ V V ⊆ L and

xf −1
H gHy−1 → xy−1, and thus xy−1 ∈ U and (y; x) ∈ UR. We have shown that

UB is quiet. �

Remark 1. An appropriate modification of the proof of Theorem 3
shows that the left and right quasi-uniformities of a regular paratopological group
are uniformly regular.

In [4] Doitchinov develops a quasi-metric variant of his completion theory
for so-called balanced quasi-metrics. We next outline how this theory can be
applied to paratopological groups.

The following definition can be found in [16]. Let G be a group. An
absolute quasi-valued function for G is a nonnegative real-valued function � on G
such that (i) � (e) = 0; (ii) � (xy) ≤ � (x)+ � (y) for all x; y ∈ G and (iii) � (xn) → 0
implies � (axna−1) → 0 for all a ∈ G.

Suppose that � is an absolute quasi-valued function on a group G. Then
the functions defined on G × G by dL(x; y) = � (x−1y) (resp. dR(x; y) = � (yx−1))
are quasi-pseudometrics on G that induce the left (resp. right) quasi-uniformities
with respect to the corresponding induced topology. It is shown in [16] that each
first-countable paratopological group admits an absolute quasi-valued function
and thus a left invariant quasi-pseudometric inducing its topology.

Example 4. Let X = R and � (x) = x if x ≥ 0 and � (x) = 1 if
x < 0. The left invariant quasi-pseudometric induced by the absolute quasi-
valued function � is the usual Sorgenfrey quasi-metric on X .

A sequence (yn)n∈ω in a quasi-pseudometric space (X; d ) is called D -
Cauchy [4, 12] provided that there exists a so-called co-sequence (xk)k∈ω in X
such that for each � > 0 there is N ∈ ! with the property that d(xk; yn) < �
whenever k; n ∈ ! and k; n ≥ N . In this case (xk; yn) is called a Cauchy pair of
sequences and we write (xk; yn) → 0.

A quasi-pseudometric space (X; d ) is called balanced [4, 11] provided that
for each Cauchy pair (xk; yn) of sequences and all x; y ∈ X we have that d(x; y) ≤
supn∈ω d(x; yn)+supk∈ω d(xk; y). It is known that a balanced quasi-pseudometric
d induces a quiet quasi-uniformity Ud.

Lemma 4. Let (G; ·) be a paratopological group and let � on G be
an absolute quasi-valued function for (G; ·) such that the quasi-pseudometric dL
induces the topology � of G. Furthermore suppose that the map � is continuous
on (G; � ). Then d(x; y) = � (x−1y) + � (yx−1) is a balanced quasi-pseudometric
on G inducing the two-sided quasi-uniformity of G.
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P r o o f. We have to show only that d satisfies

d(x; y) ≤ sup
n∈ω

d(x; yn) + sup
k∈ω

d(xk; y)

whenever x; y ∈ G and (xk; yn) → 0. Choose a subsequence (ynl ) of (yn) such
that d(x; ynl ) → supn∈ω d(x; yn). Furthermore find a subsequence (xks ) of (xk)
such that d(xks ; y) → supk∈ω d(xk; y). Then by property (ii) of � , we have
� (x−1ynl x

−1
ks

y) + � (yx−1
ks

ynl x
−1) ≤ d(x; ynl ) + d(xks ; y). Observe that ynl x

−1
ks

→ e
and x−1

ks
ynl → e if s; l → ∞. By the continuity of � we conclude that d(x; y) =

� (x−1ey)+ � (yex−1) ≤ supn∈ω d(x; yn)+supk∈ω d(xk; y). Hence d is balanced. �

J. Deák [2] has given an example of a quiet quasi-metrizable space that
does not admit any balanced quasi-metric. The existence of this example moti-
vates the following question.

Question. Does each completely regular first-countable T0-paratopological
group admit a balanced quasi-metric?

We next wish to prove the result on the Doitchinov completion of a
paratopological group mentioned in the abstract.

Remark 2. Let us note that the condition on D -Cauchy filters stated
in the following result is equivalent to the property that with respect to UB
the product of any two D -Cauchy filters is a D -Cauchy filter: Observe that
the envelope of a filter F with respect to UR (resp. UL) is the filter � (e) · F
(resp. F · � (e)). Hence if the product of any two D -Cauchy filters is a D -Cauchy
filter, the condition is satisfied. The converse follows from the proof given below,
which shows that under the stated condition the product of any two (minimal)
D -Cauchy filters is D -Cauchy.

Theorem 4. Let (G; ·) be a regular T0-paratopological group such that
for each minimal D -Cauchy filter G on (G; UB) the envelope of G with respect
to UL is coarser than the envelope of G with respect to UR. Then the Doitchinov
completion ( bG; cUB) of (G; UB) can be considered a regular T0-paratopological group
containing G as a doubly dense subgroup. Furthermore cUB is the two-sided quasi-
uniformity of bG.

P r o o f. First recall that it is known that (G; UB) is a doubly dense sub-
space of the D -complete quiet T0-space ( bG; cUB). Let G1; G2 be any two minimal
D -Cauchy filters on (G; UB). Then we define the product cG1 · cG2 in bG as the
equivalence class of G1 · G2. It follows from Theorem 1 that the latter filter is
D -Cauchy. In particular we conclude that under our assumption the envelope of
a minimal D -Cauchy filter with respect to UL and UR are equal (compare Remark
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2). It is also readily checked that · extends the multiplication of G to bG (un-
der the identification x 7→ b� (x)), because we have � (xy) = � (x) · � (y) whenever
x; y ∈ G. The operation · defined on bG is clearly associative.

Let G be a minimal D -Cauchy filter on (G; UB) and let G1 be a co-filter of
G. We show that G1 is also a co-filter of � (e) · G and G · � (e). Indeed, let U ∈ � (e)
and let W ∈ � (e) be such that W W ⊆ U. There are G1 ∈ G1 and G2 ∈ G such
that G−1

1 G2 ⊆ W and G2G−1
1 ⊆ W . By our assumption on G there are H ∈ � (e)

with H ⊆ W and F ∈ G with F ⊆ G2 such that HF ⊆ G2W . Thus G−1
1 (HF ) ⊆

G−1
1 G2W ⊆ W W ⊆ U. Furthermore (HF )G−1

1 ⊆ HW ⊆ W W ⊆ U. Hence
b� (e) · bG = bG. An analogous argument shows that bG · b� (e) = bG. Hence e is the unit
element for the operation · on bG.

Similarly, it is straightforward to check that dF−1 is the inverse of bG with
respect to the operation · where F is any co-filter of G. We have shown that
( bG; ·) is a group.

We next verify that the multiplication · : bG × bG → bG is continuous.
Suppose that (cFδ)δ∈H → bF and (cGδ)δ∈H → bG. Let F1 be the minimal co-filter
of F and let G1 be the minimal co-filter of G. First note that since cFδ → bF , for
any U ∈ � (e) there are � 0 ∈ H , F1 ∈ F1 and F ⊆ G such that F1 × F ⊆ cUB

and F ∈ Fδ whenever � ∈ H and � ≥ � 0 : Indeed, choose cVB ∈ cUB such that
cVB

3
⊆ cUB and set F1 = bV −1

B ( bF)∩G and F = bV 2
B( bF)∩G. Since cFδ → bF , there is

� 0 ∈ H such that cFδ ∈ bVB( bF) whenever � ≥ � 0. Thus bVB(cFδ) ⊆ bV 2
B( bF) and since

(cVB(cFδ) ∩ G) ∈ Fδ, we have bV 2
B( bF) ∩ G ∈ Fδ, whenever � ≥ � 0. This completes

the proof of our assertion.
Consider any U ∈ � (e) and let W ∈ � (e) be such that W W ⊆ U. By

the condition just verified there are � 0 ∈ H , F1 ∈ F1 and F2 ⊆ G such that
F −1

1 F2 ⊆ W and F2 ∈ Fδ whenever � ∈ H and � ≥ � 0. Since F−1
1 is a minimal

D -Cauchy filter, there are P ∈ � (e) and E1 ∈ F1 such that E −1
1 P ⊆ W F −1

1 .
Moreover by the condition verified above there are G1 ∈ G1, � 1 ∈ H such that
� 1 ≥ � 0 and G2 ⊆ G such that G−1

1 G2 ⊆ P and G2 ∈ Gδ whenever � ≥ � 1. Then
(G1E1)−1(G2F2) ⊆ E −1

1 G−1
1 G2F2 ⊆ E −1

1 PF2 ⊆ W F −1
1 F2 ⊆ W W ⊆ U. The

second inequality is shown similarly. By the definition of cUB we conclude that
cGδ cFδ → bG bF and thus the multiplication · is continuous on bG.

Finally, we are going to show that the two-sided quasi-uniformity U bB of
the paratopological group bG is equal to the quasi-uniformity cUB. Let U be an
arbitrary neighborhood of e in G.

Consider the following typical entourage of U bB:

{( bF ; bG) ∈ bG × bG : bF−1 · bG ∈ ŬB(e) and bG · bF−1 ∈ ŬB(e)}:
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Clearly it is contained in

{( bF ; bG) ∈ bG × bG : For some co-filter F1 of F and some G2 ∈ bG there are

H ∈ � (e); F1 ∈ F1 and G2 ∈ G2 such that

HF −1
1 G2 ⊆ U,F −1

1 G2H ⊆ U; HG2F −1
1 ⊆ U and G2F −1

1 H ⊆ U}:

The latter relation is contained in the following basic entourage of cUB :

{( bF ; bG) ∈ bG × bG : For some co-filter F1 of F and some G2 ∈ bG

there are F1 ∈ F1 and G2 ∈ G2 such that F −1
1 G2 ⊆ U and G2F −1

1 ⊆ U}:

We conclude that cUB ⊆ U bB .

Let U; W ∈ � (e) be such that W W ⊆ U. Consider the following typical
entourage of cUB :

{( bF ; bG) ∈ bG × bG : For any co-filter F1 of F and any G2 ∈ bG

there are F1 ∈ F1 and G2 ∈ G2 such that F −1
1 G2 ⊆ W and G2F −1

1 ⊆ W }:

That relation is contained in

{( bF ; bG) ∈ bG × bG : For some co-filter F1 of F and some G2 ∈ bG

there are H ∈ � (e); F1 ∈ F1 and G2 ∈ G2

such that HF −1
1 G2 ⊆ U,F −1

1 G2H ⊆ U; HG2F −1
1 ⊆ U and G2F −1

1 H ⊆ U}:

The latter relation is contained in the following basic entourage of U bB :

{( bF ; bG) ∈ bG × bG : bF−1 · bG ∈ cUB(e) and bG · bF−1 ∈ cUB(e)}:

We conclude that the two quasi-uniformities U bB and cUB are equal. �

Let us observe that the quasi-uniformity cUB
−1

yields the Doitchinov
completion of the two-sided quasi-uniformity U−1

B of the paratopological group
(G; � −1) (see [6]).

Corollary 1. Let G be a regular T0-paratopological group such that
UL = UR. Then the Doitchinov completion of its two-sided quasi-uniformity
( bG; cUB) can be made a paratopological group that contains G as a doubly dense
subgroup.
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Example 5. The restriction of the Sorgenfrey line to the set Q of
rationals provides an example of a metrizable paratopological group such that
the two-sided quasi-uniformity is quasi-metrizable by a stable1 quiet bicomplete
non D -complete quasi-metric. Note that the D -completion of this paratopological
group is the Sorgenfrey line.

5. Completeness properties. We finish this paper with some remarks
on completeness properties of paratopological groups. Recall that a filter F on a
quasi-uniform space (X; U) is said to be a left K -Cauchy filter [11, 19] provided
that for each U ∈ U there exists F ∈ F such that U(x) ∈ F whenever x ∈ F . A
quasi-uniform space (X; U) is called left K -complete provided that each left K -
Cauchy filter converges. A quasi-metric space (X; d ) is said to be left K -complete
provided that its induced quasi-uniformity Ud is left K -complete.

Our investigations are motivated by the following open problem.

Question. Let (G; ·) be a (regular) paratopological group such that (G; UB)
is left K -complete. Is G a topological group?

In the following we obtain some partial results related to this question.

Proposition 3. Each regular paratopological group that admits a left
K -complete quasi-metric is a topological group.

P r o o f. Let us recall that a sequence (xn)n∈ω in a quasi-metric space
(X; d ) is called left K -Cauchy provided that for any � > 0 there is N ∈ ! such
that m; n ∈ ! and m ≥ n ≥ N imply that d(xn; xm) < � . A quasi-metric space
(X; d ) is known to be left K -complete if and only if each left K -Cauchy sequence
is convergent [18]. The assertion follows now from [17, Proof of (B)]. �

Remark 3. It is known that each topological space admits a left K -
complete quasi-uniformity [14]. Therefore it is not possible to formulate the
preceding result for quasi-uniformities instead of quasi-metrics.

A quasi-uniform space (X; U) is called S-completable if each left K -Cauchy
filter is a Cauchy filter with respect to the uniformity U∗ (see e.g. [11]).

Proposition 4. Let (G; ·) be a regular first-countable T0-paratopological
group such that the two-sided quasi-uniformity UB is S-completable. Then G is
a topological group.

P r o o f. The bicompletion ( eG; fUB) is a first-countable quiet [13, Proposi-
tion 12] paratopological group that is S-complete (see e.g. [11]), i.e. in particular

1 This concept is explained below.
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left K -complete. Thus it is a topological group by the preceding result. Therefore
G is a topological group. �

Question. Can “first-countable” be omitted in Proposition 4?

A filter F on a quasi-uniform space (X; U) is called stable [1] provided
that ∩F ∈FU(F ) belongs to F whenever U ∈ U . A quasi-uniform space is called
stable [7, 12] provided that each D -Cauchy filter is stable.

Proposition 5. A T1-paratopological group (G; ·) having the property
that its two-sided quasi-uniformity UB is stable and left K -complete is a topolog-
ical group.

P r o o f. Suppose that G → e in (G; � ), but G 6→ e in (G; � −1) for some
filter G on G. In particular for some � -neighborhood U of e, we have U−1 6∈ G.
Let H be an ultrafilter on G containing G ∪ {G \ U−1}. Then (fil{e}; H) → 0
with respect to UB ; thus H is stable in (G; UB), i.e. H is left K -Cauchy in
(G; U−1

B ) [19]. Therefore H → a in � −1, because (G; U−1
B ) is left K -complete.

Since � (UB) is a T1-topology, we have e = a. Thus H → e with respect to � −1

— a contradiction. We conclude that G → e with respect to � −1 and that G is a
topological group. �

Corollary 2. A regular T1-paratopological group (G; ·) with the property
that its two-sided quasi-uniformity UB is stable and S-completable is a topological
group.

P r o o f. Its bicompletion is a stable [13, Proposition 13], left K -complete
(quiet) T1-paratopological group. �
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