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1. Introduction. It is known that each 2-Hausdor [—paratopological
group can be 2-densely embedded into a 2-Hausdor [Cphratopological group whose
two-sided quasi-uniformity is bicomplete. However bicompleteness is a rather
weak completeness property for quasi-uniform spaces and often satisfied in spaces
that one would prefer to see incomplete. In [4, 5, 6] D. Doitchinov introduced
a completeness theory for so-called quiet quasi-uniform spaces that is very well-
behaved and extends the completion theory of uniform spaces in a natural way.
It was asked in [11, Problem 4] whether there exist natural applications of this
theory to topological algebra.

In this note we wish to show that this is indeed the case. We shall show
that the two-sided quasi-uniformity of a regular Tg-paratopological group is quiet
and that its Doitchinov completion yields a paratopological group whenever the
product of any two Cauchy filter pairs is a Cauchy filter pair. While the latter
condition holds in any Abelian paratopological group, we show by an example
that it is not satisfied in paratopological groups in general.

The paper ends with some results and open questions concerning the
property of left K -completeness in paratopological groups.

2. Basic facts and preliminary results. Let (G;:) be a group. As
usual, e denotes the identity element of G and, for each x [, x~* denotes the
inverse element of x. For x;y Q3 we shall write xy instead of x -y and G instead
of (G; ) if no confusion arises. For A;B [Glwe write AB = {ab:a CAlb [BI}
and A~ ={a!:a [CAL.

A paratopological group is a pair (G; ) where G is a group and is a
topology on G such that the function ® : (G x G; x ) - (G; ) defined by
®(x;y) = xy is continuous. If in addition the function : (G; ) - (G; ) defined
by (x) = x~1is continuous, then (G; ) is called a topological group. If (G; )isa
paratopological group, then so is (G; 1) where ~'={A [GI: A"t [}, !
is called the conjugate topology of and (G; ; ~1!) is called a parabitopological
group [16]. Of course, = ~1i[G is a topological group.

The bitopological space (G; ; ~1) is called 2-Hausdor [Cprovided that the
topology [T? is a Hausdor CTbpology.

Example 1. Let + be the usual addition on the reals R and let S be
the Sorgenfrey topology on R (i.e. the basic open sets are of the form [x; a[ with
x<a). Then (R;S) is a paratopological group.

A quasi-uniformity on a set X is a filter U on X x X such that (a) each
member of U is a reflexive relation on X, and (b) if U Ul then V -V [Ulfor
some V LUl The pair (X; U) is called a quasi-uniform space. Note that for any
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quasi-uniformity U the filter of inverse relations U™ is also a quasi-uniformity.
Furthermore U= U [CUI! is a uniformity.

The topology (U) = {H L[Xl : for each x [CH there is U [ with
U(x) [CHI} is called the topology induced by U. (Here U(x) = {y X : (x;y) [
U}) A topological space (X; ) admits U provided that is the topology induced
by U.

Example 2. [15] Equip the set X = Q® with the topology (U) where
U denotes the quasi-uniformity generated by the following base {U, : n [T}
For each n [l and x X the set U,(x) is the set of all x” Xl which satisfy:
(1) x and x"agree on the initial segment n, and (2) if A := A(x;x" is the first
coordinate in which x and x“dilef then x(A) < x{A) < x(A) +27". It is
readily checked that (X; +) is a paratopological group where the addition of two
elements of X is the obvious addition of functions.

A subset A of a bitopological space (X; 1; »2) is called doubly dense (resp.
2-dense) if A is dense both in (X; 1) and (X; ) (resp. dense in (X; 1 [3)).

A quasi-uniform space (X; U) is said to be bicomplete [10] provided that
the uniformity U ~is complete.

For undefined concepts from the theory of quasi-uniformities we refer the
reader to [10].

Following [9] we shall introduce three interesting quasi-uniformities on a
paratopological group (G; ). Let (e) denote the neighborhood filter at e. For
each U [Xe) put U = {(x;y) : x~ty [Q}. It follows that {U_ : U [C1{e)}
is a base for a quasi-uniformity U_ on G. Moreover put for each U [l(e),
Ur = {(x;y) : yx~! [C0O}. Then {Ur : U [CXe)} is also a base for a quasi-
uniformity Ur on G.

We have that (U ) = and (U[l) = ~L similarly, (Ur) = and
UghH= "%

According to [9] the quasi-uniformities U and Ur are called the left quasi-

uniformity and the right quasi-uniformity for (G; ; ~1!). The quasi-uniformity

Ug = UL [Tk is called the two-sided quasi-uniformity for (G; ; ~1). Note that
1 (G;Ug) - (G;Ug") is a quasi-uniform isomorphism.

Every parabitopological group (G; ; ~!) generates a topological group
(G; H'with == 731 If L5-R5dnd B ~denote the left uniformity, the right
uniformity and the two-sided uniformity for (G; 5! respectively, then U=
L5OL = R And UL = B 6],

It is known [16] that for any 2-Hausdor Cphrabitopological group (G; ; ),
there is a 2-Hausdor [Cphrabitopological group which is bicomplete in its two-sided
quasi-uniformity and has a 2-dense parabitopological subgroup isomorphic to G.
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Although there does not exist a theory of completeness for arbitrary quasi-
uniform spaces that is as well-behaved as the theory of completeness for uniform
spaces, Doitchinov has introduced a conjugate-invariant class of quasi-uniform
spaces, called quiet quasi-uniform Tp-spaces, for which a satisfactory theory of
completeness exists. We next recall some basic facts of this theory.

A filter G on a quasi-uniform space (X; U) is said to be D-Cauchy [5, 6, 8]
provided that there exists a so-called co-filter F on X so that for each U
there are F [CH and G [Glsuch that F < G [Ul In this case, (F;G) is called
a Cauchy filter pair and we write (F;G) - 0. A quasi-uniform space (X; U) is
said to be D-complete if each D-Cauchy filter converges. A quasi-uniform space
(X; U) is called uniformly regular [1] provided that for each U there exists
V [lsuch that cly )V (x) CUIX) for all x [XI. A quasi-uniform space (X; U)
is called quiet [5, 6] provided that for each U [ there exists V [ so that
for any Cauchy filter pair (F;G) on X and all points x;y [XI, V~(y) [H and
V(x) CGlimply that (x;y) U Itis known that every quiet quasi-uniform space
is uniformly regular.

Let (X; U) be a quiet Tp-space. Two D-Cauchy filters F; and F, are
called equivalent provided that they have a common co-filter (equivalently, see
[5, Proposition 2], have the same co-filters). Denote the equivalence class of a
D-Cauchy filter F by . On the set of equivalence classes ® of D-Cauchy filters
on (X; U) we define a base {8 : U U} of a quasi-uniformity © by setting

0 = {(b;®) A < ¥ : For some co-filter F; of F and some G, C&on
X there are F1 [Hy; G, [Gh such that F; x G, [UR.

The (U)-neighborhood filter at x Xl will be denoted by (x). Thenx B
b(x) is a quasi-uniform embedding. Furthermore ()b; L@) is a quiet D-complete
To-space. It is characterized as the unique quiet D-complete Tp-extension that
contains a copy of (X; U) as a doubly dense subspace [3]. The space ()b; @)
is called the Doitchinov completion of (X; U). Instead of equivalence classes of
D-Cauchy filters we could also work with minimal D-Cauchy filters (see [3]),
because each D-Cauchy filter G in a quiet quasi-uniform space contains a unique
minimal I%-Cauchy filter generated by the base {M (U) : U [} on X where
MU) = {G Ld: there is F [H such that F < G [Ul} whenever U [
Here F is any fixed co-filter of G. Note that neighborhood filters of points are
minimal D-Cauchy filters.

Finally let us observe that in [5] the sets U := {(;®) 0 =< ¥ : For
any co-filter F1 of F and any G, [®on X there are F, [H; G, [G) such that
F1 < G, [CUR} are used as basic entourages of B. 1tis straightforward to see that
this filterbase is equivalent to the one given above:
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Let W [ Furthermore let H [ witness double uniform regularity of
© with respect to W. Then (H n (X x X)) [ : Indeed suppose that ©;® 4
are such that there are a co-filter F; of F, G, [, Fi [H and G, [Gb with
Fi <G, [CHI Consequently cl_ - l)Fl x cl (U)Gz [M. Since F, converges to

© with respect to (=) and G, converges to ® with respect to (1), it follows
that (Ib @) [CW. We conclude that the two bases are equivalent, since clearly
U

3. Cauchy filter pairs.

Lemma 1. Let (G;:) be a paratopological group. If (F;G) is a Cauchy
filter pair with respect to Ug, then (G~1; F~1) is a Cauchy filter pair with respect
to Ug.

Proof. Let U [C{e). Thereare F [[H and G [Glsuch that F xG [
U. nUg. Thus F71G [ and GF~! Q. Therefore (G, F~1) - 0 on
(G;Ug).

By an example we shall show below that with respect to the two-sided
quasi-uniformity the product of two Cauchy filter pairs in a paratopological group
need not be a Cauchy filter pair. However let us first give conditions under
which such a pathological behaviour cannot occur. Recall that the envelope
of a filter F on a quasi-uniform space (X; U) is the filter on X generated by
fi{U(F) : F [CH;U .

Theorem 1. Let (G;-) be a paratopological group. Suppose that (F1;G1),
(F2: G,) are Cauchy filter pairs on (G; Ug) and that the envelopes of G, and F; ™2
with respect to U are coarser than with respect to Ug. Then (F1F»;G1Gy) is a
Cauchy filter pair on (G;Ug).

Proof. LetV [{e). Choose U [{e) such that UU [Vl There are
F, [H, and G, [Gb such that Fz_ng Ul By our assumption on G, there
are H [{e) and G5' [Gp such that HG}' [GhU. Choose F; [F; and G; [G}
such that F; G, [CHI Then F,'F;'G,GY CFJ'HGY CFJ!G,U oL W1
The second inequality is verified similarly. Therefore (F1F2;G1G,) is a Cauchy
filter pair on (G;Ug).

In order to prove the next result we shall need the following lemma.

Lemma 2. Let (G;") be a paratopological group, let P be a precompact
subset of (G;U.) and U [{e). Then there is H [{e) such that HP [PL.

Proof. Choose M [Xe) such that MM [U. For any p B find
Hp [Xe) such that Hpp [pM. Since P is precompact in (G;UL), there is a



78 Hans-Peter A. Kiinzi, Salvador Romaguera, Ol'ga V. Sipacheva

finite subset F of P such that P CEM. Set H = npeHp. Thus H [Xe).
Considerany z [CHP . Thereare h [CH and p [Plsuch that z = hp. Furthermore
there exists f, [H such that p CfpM. Thus f ™p and z = hf ,f 71p [
HffpM MM [CPU.

Proposition 1. Let (G;-) be a paratopological group such that each
D -Cauchy filter on (G; Ug) has a base consisting of sets that are precompact with
respect to U_. Then in (G;Ug) the product of any two Cauchy filter pairs is a
Cauchy filter pair.

Proof. By Lemma 2 the envelope of each D-Cauchy filter on (G;Ug)
with respect to U is coarser than the envelope with respect to Ug. The result
follows from Theorem 1 and Lemma 1.

Lemma 3. Let (G;:) be a paratopological group such that there is
V [{e) that is hereditarily precompact in (G;U.). Then any D-Cauchy filter G
on (G; UL) contains an element that is hereditarily precompact in (G;UL).

Proof. There is p G such that pvV [d. But pV is hereditarily
precompact in (X; Up), because it is the image of V under the quasi-uniformly
continuous left translation by p.

Proposition 2. Let (G;-) be a paratopological group possessing V. [_{e)
that is hereditarily precompact in (G;U._). Then the product of any two Cauchy
filter pairs on (G;Ug) is a Cauchy filter pair on (G; Ug).

Proof. The assertion is a consequence of Proposition 1 and Lemma 3.

Question. Let (G;-) be a paratopological group possessing V. [1(e)
that is (hereditarily) precompact in (G;Ur). Under which conditions is (G;-) a
topological group?

In this context let us note the following result:

Theorem 2. If G is a regular paratopological group possessing V [ {e)
that is hereditarily precompact with respect to U, then G is a topological group.

Proof. Let U [I(e) be arbitrary. Then e IV \ U~1)U. Choose
W [(e) such that W [CO. By our assumption on V there is a finite set
F (Y \U™Y) such that V\U™ CEW. Then FW [CEFU [(¥ \U Hu.
Consequently e CVIN\FW [UI'. We conclude that G is a topological group.

Example 3. There exists a regular To-paratopological group that (with
respect to its two-sided quasi-uniformity) has two Cauchy filter pairs the product
of which is not a Cauchy filter pair.

Proof. Take a set M = {an;bn;un : n [} where the elements are
supposed to be pairwise distinct. Put G = F(M), that is, G is the free group
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over M. For any g CA\{e} let g = I'I}rzlgiE (where ; [{+1;1}, gi (M) be the

For each x M, seti(x) = n ilX [{an;by;un}; forany g CG\
{e}, let im(g) = min{i(x) : x Csuppg} and im(g) = max{i(x) : x Cslppg}.
Furthermore let ip(€) = im(e) = —1. For k [, set S = {aiby;baj;u; :
i;j;l = k}. Let Hg be the set of all elements in G that are equal to e or can

Fix n [T1 We have:
1. Hp is a subsemigroup; in particular H,H, [CHL;
2. gHng™! [CHY if g Cd such that im(Q) <n;

Indeed, let g Cd and h CH, \ {e} whereipm(g) <n. Thenh=e;:::¢e
where r CIN{0}; & = gisi"t; ", 6 LG, si CSh, i CO-1;1}im (@) <im(si) for

im(9g) <im(si), because im(si) = n. We conclude that ghg™! [H,.

It follows that for each n [Tland g A we have gH,ng™t [CH}, whenever
m > max{im (g); n}.

By [16] there exists a unique topology on G such that (G; ) is a
paratopological group and {H, : n [I'J} is a neighborhood base at e.

Fact 1: (G; ) is a regular Hausdor [space.

Proof. For fixed k ] let Gk be the smallest subgroup of G containing
Hy. Let g CQ\{e}. Thenipm(g) <n for some n [Tl

Defineamap :M - Gby (X)=x; ifix)<n and (xX)=eifi(x)=
n; where x [CM. Let ~ : G - G be the extension of to a homomorphism.
Thus we see that ~(g) = g and by the definition of the elements of H,, we obtain
“(Gn) = {e}. Therefore, g EG,. Thus is a T1-topology.

We next show that each H, is closed; hence is regular: Fix m [Tland
suppose that g LA\ Hy,. Lett> max{im(g); m}. Assume thatgHinH, B @.
Then there are hy, CH,,, and hy [H; such that g = hmhy . Note that h; £ e,
since g EHy.

We can suppose that we have a representation of ht_1=H?:q+1(gisi‘Ebi‘1)
according to the definition of Hy.

Similarly as above, consider the morphism : G - G determined on
M by (m)=mifi(m) <t and (m) =eifi(m) =t. Sinceim(g) <t we
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have (g) = g. Furthermore, because {Sq+1;:::;Sp} S} (ht_l) = e Thus
g= (hm). Therefore (hy) B e We can suppose that we have a representation
of hy = Mi_, (gisi*4; 1) according to the definition of H .

Let ks = min{in(si) : 1 = 1;:::;qF and ko = min{im(si) : i = g+

hmht_l [Hy, by the definition of the elements in H, —a contradiction. We have
shown that H, is closed and that is regular.

For each k, put Ay ={a, :n [LIn =k} and By ={b, : n [(LIn =k}.
Let A and B be the filters on G generated by {A;l ck I} and {By : k [T},
respectively. Similarly, put Uy, = {un, : n [CEIn = k} whenever k [11 and let
U be the filter on G generated by {Ux : k [CI}. Obviously the following two
conditions are satisfied:

1. for any n [T, there exist A [CA and B such that A~1B [HI, and
BA~! [Hk;

2. for each n [ U, [CH}.

Finally, we need the following fact.

Fact 2: apnupb, £H; for any n 1
Assuming the contrary, let n 11 and anupb, = glslmgl_l : ::gkskmgk‘l,

sj in their irreducible representations and plug them into the representation of
anunhb, above. Then by the uniqueness of the irreducible representation we can
cancel the right-hand side to ajunhby, recording carefully how we cancel the letters
Un.

Let :F(M) - A(M) be the canonical morphism that is the identity
on M, where A(M) denotes the free Abelian group over M. We have a, +

can write anunby, = A1(un)siZ1(un) where A;(un) denotes the initial segment of
the product preceding the letter s, and Z1(up) denotes the final segment of the
product succeeding the letter s).
Let :F(M) - Z be the canonical morphism determined on M by
(m)=1ifi(m)=nand m [[{ls : s [T}, and (m) = 0 otherwise. Note that
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Since im (g1) <n we conclude that both (A1(un)) and (Z1(up)) are even. If s
was not cancelled in our cancelling process, then a, = A;1(un) and by, = B1(up).
Since (an) = (by) = 1, this is impossible. We conclude that the letter s; was
cancelled by some well-defined letter uyt. This letter uy? is necessarily part of

between s; and uy? cancel themselves completely, we have (b) = 0 for the word
b between the letters s; and u;®. Note that there is a well-defined companion
I, := up, of uy? belonging to gj_5j such that the word between u;! and I, is of the
form c:= hsjmn‘l for some well-defined final segment h of gj. Observe that (c)
is even. The word between s; and |, is obtained by concatenating the segments b
and c or by deleting one from the other (if we disregard the letters s, u;* and I,
which are mapped to 0 by anyway). We have that a,unb, = A2(uUn)l2Z2(uR)
where A(un) denotes the initial segment of the product preceding the letter I,
and Z,(up) denotes the final segment of the product succeeding the letter I,.
In any case we conclude that both (A»(un)) and (Z2(up)) are even, since,
for example, (A2(upn)) is obtained from (A1(un)) by adding resp. subtracting
appropriately the expressions (b) and (c). Again this is only possible if I, is
cancelled during the cancelling process by some u;1. Continuing in this way, we
obviously reach after finitely many steps some letter u, that was not cancelled,
since no pair of companions u;* and u, can occur twice during the procedure,
because each letter was cancelled at most once. However, then (A(un)) and

(Z (up)) are even for the initial and final segments A(un) and Z (u,) determined
by that copy of u, —a contradiction. Therefore we deduce that aunb, does not
belong to H;.

We conclude that (fil{e}; U), as well as (A; B) are Cauchy filter pairs with
respect to the two-sided quasi-uniformity of G; however by Fact 2 their product
(fil{e} - A;U - B) is not a Cauchy filter pair with respect to the two-sided quasi-
uniformity of G.

4. Main results.

Theorem 3. The two-sided quasi-uniformity Ug of a regular paratopo-
logical group is quiet.

Proof. For U [{e), choose L [{e) such that L UL Furthermore
let V. [I(e) be such that VV [O. Suppose that V,"*(x) n Vg '(x) CH,
(F;G) - 0 with respect to Ug and V|_(y) n Vr(y) Gl For each H [{e) choose
Fh [CH and Gy [Q such that Fy x Gy [CH_ n Hr. For each H [Ie)
find fy CFh 0V, 2(X) n Vg 2(x) and gu TGl n VL(Y) n Vr(Y). If follows that
fox OV, y™igy [V, xf ;1 [V and gyy™* V. Furthermore f ;*gn — e and
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gnf 5t - e Hence y lguf'x MV [land y_l(ngi_Tl)x — y~x. Therefore
y~Ix O and thus (y;x) Q.. Similarly, xf ;'gqy~! MV [0 and
xf Jrogny ™! - xy 7%, and thus xy~* [0 and (y;x) [UOg. We have shown that
Ug is quiet.

Remark 1. An appropriate modification of the proof of Theorem 3
shows that the left and right quasi-uniformities of a regular paratopological group
are uniformly regular.

In [4] Doitchinov develops a quasi-metric variant of his completion theory
for so-called balanced quasi-metrics. We next outline how this theory can be
applied to paratopological groups.

The following definition can be found in [16]. Let G be a group. An
absolute quasi-valued function for G is a nonnegative real-valued function on G
such that (i) (e) =0; (i) (xy) = (X)+ (y)forall x;y [CQand (iii) (xn) - 0
implies (axpa™t) - 0 for all a [Q.

Suppose that is an absolute quasi-valued function on a group G. Then
the functions defined on G < G by d. (x;y) = (x7ty) (resp. dr(X;y) = (yx1))
are quasi-pseudometrics on G that induce the left (resp. right) quasi-uniformities
with respect to the corresponding induced topology. It is shown in [16] that each
first-countable paratopological group admits an absolute quasi-valued function
and thus a left invariant quasi-pseudometric inducing its topology.

Example 4. Let X = Rand (x) =xifx =0and (x) =1 if
X < 0. The left invariant quasi-pseudometric induced by the absolute quasi-
valued function is the usual Sorgenfrey quasi-metric on X .

A sequence (Yn)nraain a quasi-pseudometric space (X;d) is called D-
Cauchy [4, 12] provided that there exists a so-called co-sequence (Xi)k min X
such that for each > 0 there is N [T with the property that d(Xk;yn) <
whenever k;n [T1and k;n = N. In this case (Xk;yn) is called a Cauchy pair of
sequences and we write (Xk;yn) — O.

A quasi-pseudometric space (X;d) is called balanced [4, 11] provided that
for each Cauchy pair (Xk; yn) of sequences and all x;y [XI we have that d(x;y) <
SUP, i d(X Yn) +supy i fA(Xk; ). It is known that a balanced quasi-pseudometric
d induces a quiet quasi-uniformity Ug.

Lemma 4. Let (G;-) be a paratopological group and let on G he
an absolute gquasi-valued function for (G;-) such that the quasi-pseudometric d
induces the topology of G. Furthermore suppose that the map is continuous
on (G; ). Then d(x;y) = (x~ly)+ (yx™1) is a balanced quasi-pseudometric
on G inducing the two-sided quasi-uniformity of G.
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Proof. We have to show only that d satisfies
d(x;y) < supd(x;yn) +supd(Xk;y)
nLal k Ll

whenever x;y [CQ and (Xk;Y¥n) — 0. Choose a subsequence (yn,) of (yn) such
that d(X;yn,) - sup,@A(X;yn). Furthermore find a subsequence (Xx,) of (Xk)
such that d(Xk.;y) - supxfA(Xk;y). Then by property (ii) of , we have
Ty X Y) + (X yn XY < d(X;yn) +d(X ;y). Observe that yn, x, " - e
and x;slynI - eif s;l - oo. By the continuity of we conclude that d(x;y) =
(x"tey)+ (yex 1) < supp, f(X; Yn)+supy (XK, y). Hence d is balanced.

J. Dedk [2] has given an example of a quiet quasi-metrizable space that
does not admit any balanced quasi-metric. The existence of this example moti-
vates the following question.

Question. Does each completely regular first-countable Ty-paratopological
group admit a balanced quasi-metric?

We next wish to prove the result on the Doitchinov completion of a
paratopological group mentioned in the abstract.

Remark 2. Let us note that the condition on D-Cauchy filters stated
in the following result is equivalent to the property that with respect to Ug
the product of any two D-Cauchy filters is a D-Cauchy filter: Observe that
the envelope of a filter F with respect to Ur (resp. Up) is the filter (e) - F
(resp. F - (€)). Hence if the product of any two D -Cauchy filters is a D-Cauchy
filter, the condition is satisfied. The converse follows from the proof given below,
which shows that under the stated condition the product of any two (minimal)
D -Cauchy filters is D -Cauchy.

Theorem 4. Let (G;-) be a regular Ty-paratopological group such that
for each minimal D-Cauchy filter G on (G;Ug) the envelope of G with respect
to UL is coarser than the envelope of G with respect to Ur. Then the Doitchinov
completion (@; Gg) of (G; Ug) can be considered a regular Ty-paratopological group
containing G as a doubly dense subgroup. Furthermore Qg is the two-sided quasi-
uniformity of &.

Proof. First recall that it is known that (G;Ug) is a doubly dense sub-
space of the D-complete quiet Tp-space (@; Gg). Let Gy;G, be any two minimal
D-Cauchy filters on (G;Ug). Then we define the product 6; - 6, in @ as the
equivalence class of G; - Go. It follows from Theorem 1 that the latter filter is
D-Cauchy. In particular we conclude that under our assumption the envelope of
a minimal D -Cauchy filter with respect to U_ and Ug are equal (compare Remark
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2). It is also readily checked that - extends the multiplication of G to @ (un-
der the identification x B b(x)), because we have (xy) = (x) - (y) whenever
x;y Q. The operation - defined on & is clearly associative.

Let G be a minimal D -Cauchy filter on (G; Ug) and let G; be a co-filter of
G. We show that G; is also a co-filter of (€)-G and G- (). Indeed, let U [{e)
and let W [{e) be such that WW [Ul There are G; [G} and G, [Glsuch
that GG, W and G,G; ' WM. By our assumption on G there are H [{e)
with H and F [Glwith F G} such that HF [CGpW. Thus G; }(HF) 1
G;'G,w [WW [O. Furthermore (HF)G;! CHW [CWW [U. Hence
be)-® = ®. An analogous argument shows that ®- b(e) = ®. Hence e is the unit
element for the operation - on a.

Similarly, it is straightforward to check that -1 is the inverse of ® with
respect to the operation - where F is any co-filter of G. We have shown that
(®; ) is a group.

We next verify that the multiplication - : & x 8 _ & is continuous.
Suppose that (F3)srm — P and (63)smn — ©. Let F1 be the minimal co-filter
of F and let G; be the minimal co-filter of G. First note that since F5 — Ib, for
any U [Xe) there are ¢ [H, F; [H; and F G such that F; x F [k
and F [Hs whenever [H and = g : Indeed, choose ¥g [@g such that
VBB 9§ and set F; = ‘OB_l(Ib) nGand F = ‘Oé(lb) nG. Since F5 — B, there is

o [H such that F5 [0 (P) whenever = . Thus ¥g(Fs) Ijg(lb) and since
(9= (F5) n G) [Hs, we have V2(P) n G [H;, whenever = . This completes
the proof of our assertion.

Consider any U [1e) and let W [Xe) be such that WW [U. By
the condition just verified there are o [CH, F; [H; and F, [ such that
F P and F, [H; whenever [H and = . Since F; ! is a minimal
D-Cauchy filter, there are P [e) and E; [H; such that E;'P CWF,; .
Moreover by the condition verified above there are G; [Gh, ; [CH such that

1= o and G, [Glsuch that Gl_le [Pland G, G} whenever = 1. Then

(G1E1)"Y(G2F2) [CEL'GI'G,F, CE'PF, CWF; 'F, CWW [0 The
second inequality is shown similarly. By the definition of Og we conclude that
6sF5 — OB and thus the multiplication - is continuous on ®.

Finally, we are going to show that the two-sided quasi-uniformity Ug of

the paratopological group 8 is equal to the quasi-uniformity Gg. Let U be an
arbitrary neighborhood of e in G.
Consider the following typical entourage of Ug:

{B;0) rAxd: P16 Ug(e) and ®- B~ [Ug(e)}:
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Clearly it is contained in

{(®;®) CAx®d: For some co-filter F; of F and some G, C® there are

H [{e);F1 [H; and G, G} such that
HF [ 'G, [UIF; 'G,H [UIHG,F; ! [Mland G,F; 'H U}

The latter relation is contained in the following basic entourage of Gg :

{(®;®) A= b : For some co-filter F; of F and some G, [C®
there are F; [Fy and G, [G} such that F; 'G, [Uland G,F,; ! [U}:

We conclude that Gg [CU}%.
Let U;W [{e) be such that WW [Ul Consider the following typical
entourage of Gg :
{(®;®) =& For any co-filter F, of F and any G, [C®
there are F; [Fy and G, [G} such that F; G, W and G,F; * [W}:

That relation is contained in

{(®;®) =& : For some co-filter F; of F and some G, [C®

thereare H [ {e);F1 [Fy and G, [ G}
such that HF ;1G, [UIF;G,H [CUIHG,F; ! [Uland G,F;'H [CU¥:

The latter relation is contained in the following basic entourage of Ug :
{(B;0) CAxb:P1.6 Ge) and ®- B G (e)}:

We conclude that the two quasi-uniformities U5 and U are equal.

Let us observe that the quasi-uniformity @B_l yields the Doitchinov
completion of the two-sided quasi-uniformity Ugl of the paratopological group
(G; 1) (see [6)).

Corollary 1. Let G be a regular Ty-paratopological group such that
UL = Ur. Then the Doitchinov completion of its two-sided quasi-uniformity
((9; Gg) can be made a paratopological group that contains G as a doubly dense
subgroup.
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Example 5.  The restriction of the Sorgenfrey line to the set Q of
rationals provides an example of a metrizable paratopological group such that
the two-sided quasi-uniformity is quasi-metrizable by a stable! quiet bicomplete
non D -complete quasi-metric. Note that the D -completion of this paratopological
group is the Sorgenfrey line.

5. Completeness properties. We finish this paper with some remarks
on completeness properties of paratopological groups. Recall that a filter F on a
quasi-uniform space (X; U) is said to be a left K -Cauchy filter [11, 19] provided
that for each U [Ul there exists F [H such that U(x) [CH whenever x [CFEl. A
quasi-uniform space (X; U) is called left K -complete provided that each left K -
Cauchy filter converges. A quasi-metric space (X;d) is said to be left K -complete
provided that its induced quasi-uniformity Ugq is left K -complete.

Our investigations are motivated by the following open problem.

Question. Let (G; ) be a (regular) paratopological group such that (G; Ug)
is left K -complete. Is G a topological group?

In the following we obtain some partial results related to this question.

Proposition 3. Each regular paratopological group that admits a left
K -complete quasi-metric is a topological group.

Proof. Let us recall that a sequence (Xn)nrain a quasi-metric space
(X;d) is called left K -Cauchy provided that for any > 0 there is N [T such
that m;n [CDand m =n = N imply that d(xn;xm) < . A quasi-metric space
(X;d) is known to be left K -complete if and only if each left K -Cauchy sequence
is convergent [18]. The assertion follows now from [17, Proof of (B)].

Remark 3. It is known that each topological space admits a left K -
complete quasi-uniformity [14]. Therefore it is not possible to formulate the
preceding result for quasi-uniformities instead of quasi-metrics.

A quasi-uniform space (X; U) is called S-completable if each left K -Cauchy
filter is a Cauchy filter with respect to the uniformity U ~{see e.g. [11]).

Proposition 4. Let (G; ") be a regular first-countable Ty-paratopological
group such that the two-sided quasi-uniformity Ug is S-completable. Then G is
a topological group.

Proof. The bicompletion (&; LfJB) is a first-countable quiet [13, Proposi-
tion 12] paratopological group that is S-complete (see e.g. [11]), i.e. in particular

1 This concept is explained below.
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left K -complete. Thus it is a topological group by the preceding result. Therefore
G is a topological group.

Question. Can “first-countable” be omitted in Proposition 4?

A filter F on a quasi-uniform space (X; U) is called stable [1] provided
that ng (=lJ(F) belongs to F whenever U Ul A quasi-uniform space is called
stable [7, 12] provided that each D-Cauchy filter is stable.

Proposition 5. A Tj-paratopological group (G;-) having the property
that its two-sided quasi-uniformity Ug is stable and left K -complete is a topolog-
ical group.

Proof. Suppose that G - ein (G; ), but G B ein (G; ~1) for some
filter G on G. In particular for some -neighborhood U of e, we have U™ TGl
Let H be an ultrafilter on G containing G [{G \ U™'}. Then (fil{e};H) - 0
with respect to Ug; thus H is stable in (G;Ug), i.e. H is left K-Cauchy in
(G;Ug") [19]. Therefore H — ain %, because (G;Ug') is left K -complete.
Since (Ug) is a Ty-topology, we have e = a. Thus H — e with respect to !
— a contradiction. We conclude that G — e with respect to ~! and that G is a
topological group.

Corollary 2. A regular T;-paratopological group (G;-) with the property
that its two-sided quasi-uniformity Ug is stable and S-completable is a topological
group.

Proof. Its bicompletion is a stable [13, Proposition 13], left K -complete
(quiet) Ty-paratopological group.
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