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ABSTRACT. The purpose of this paper is to study the Schrédinger operator
P(B,w) = (D, —By)*+ D} +w?z*+V(z,y), (z,y) € R?, with the magnetic
field B large enough and the constant w # 0 is fixed and proportional to the
strength of the electric field. Under certain assumptions on the potential
V', we prove the existence of resonances near Landau levels as B — oo.
Moreover, we show that the width of resonances is of size O (B~°).

1. Introduction. The model of Schrodinger operator studied in this
article is the following

(1.1)  P(B,w) = Py(B,w) + V(z,y) = (Dy — By)> + Dy + w?a* + V(x,y),
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defined on L?(R?), where D, = %8,,, B is the strong magnetic field, w # 0 is a
fixed constant and the potential V is a real smooth function decreasing at infinity.

It is well-known that the operator P(B,w) is essentially self-adjoint on
C§°(R?), (see [12, 23]). For V =0, w = 0, it was shown that the spectrum of the
unperturbed Hamiltonian Py(B,0) := (D, — By)? + Dz consists of eigenvalues
An = (2n +1)B, n € N with infinite multiplicities called Landau levels (see
[1, 7, 24, 25]). However, in the case w # 0, the essential spectrum of Py(B,w) is
absolutely continuous and equal to the semi-axis [v/ B2 4+ w?, +00), (see [23]). On
the other hand, whenever the potential V' vanishes at the infinity, one can show as
in [1] that V (Py(B,w)+i) ! is a compact operator. By applying the Weyl theorem
(see [15]) the essential spectrum of P(B,w) is equal to that of Py(B,w). Further,
the absolutely continuous spectrum of P(B,w) was investigated in [12]. Recently,
the counting function of discrete eigenvalues of P(B,w) in (—o0, vV B% 4+ w?) has
been studied in [10].

Until now, there has been little discussion about the spectral problem of
P(B,w) which can be also regarded as the quantum hall system Hamiltonian
with the unbounded edge potential (see [5, 19] and also [3]). In this work, we
propose to study the existence of resonances of P(B,w) near Landau levels when
the strength of magnetic field tends to infinity. Roughly speaking, the resonances
of P(B,w) are defined by eigenvalues of some dilated operator (see below).

The past thirty years have seen increasingly rapid advances in the study
of resonances of Schrodinger operators with magnetic fields (see [2, 8, 18, 27, 28]
and references therein). For the two-dimensional Stark Hamiltonian with strong
magnetic field, X. P. Wang proved that there exist resonances near Landau levels,
(see [28]). Moreover, M. Dimassi and V. Petkov showed that there does not
exist resonances in the upper-half complex plane, (see [8]). However, we notice
here that the definitions of resonances in these articles are a little bit different.
The resonances are defined by the complex dilation in [28] and by the complex
transition in the x—variable in [8]. For three-dimensional Schrédinger operators
without Stark effect, one of the results of J.F.Bony et al. showed that there exist
infinitely many resonances in a vicinity of each Landau level (see [2]).

By using the arguments in [9, Chapter 7|, we obtain that P(B,w) is
unitarily equivalent to

P (B,w) = VB> + wQ(Dz + 2) 4 w?a?

N
Sy

9 gy _1 1 wA\
z, (B*+w?) 2D, + B2 1+§

o
+V ((32 +w?)"iD, + (1 + %)

).
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Here we use the Weyl quantization (see [13, 16]).
Let 0 be real. Consider the unitary operator Uy : L*(R?) — L?(R?),
u(z,y) — u(e’x, e %y). One has

Pyo(B,w) == UpPi(B,w)Uy ' = VB2 + w2(e* D} + e 2%y?) + e*w?a?

_1
+ Vv (ee ((32 —|—w2)_iD + <1 + w_2> : 1:)
) B2 ’
-0 2 2\ —1 -1 w? E
e (B*+w") 2D, + B2 1+§ vyl |-

We set
(1_2) PO,Q(B#«U) -— /B2 +w2(€29D§ + 6—29y2) + 629w2$2,
and

1
2\ 3
Vi (B,w) =V (é’ ((B2+w2)iDy+ (1+%) 1:)

3
2\ ~1
e ? ((32+w2)%Dx+B% <1+%) y>> ,

PI,G(B7W) = PO,@(B7W) + Vvﬁw(va)'

then we have

By using the analytic extension of the potential V' (see (Hj)), we can
extend the formula of P; g(B,w) from the real axis to a small complex neighbour-
hood of 0 with respect to 6. In this paper we define the resonances of P(B,w)
as the eigenvalues of the non-selfadjoint operator P ¢(B,w) for § € C, |0| small
and Im # < 0. Moreover the eigenvalues and their multiplicities are independent
of 6 (see [4, 15]).

From now on, we fix § € C satisfying Im6f < 0 and |0| small enough.
Note that the essential spectra of P ¢(B,w) and P ¢(B,w) are coincident and

given by | {(2n + 1)V B2 +w? + €2\, A > 0} (see Lemma 3.1). Then the
neN
resonances are distributed outside these semi-lines. As is mentioned above, we

are interested in localizing the resonances near Landau levels. To do this, we
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follow the strategy used by X. P. Wang in [27, 28] and the recent progress in
the analysis of two-dimensional Schrédinger operators with magnetic fields (see
[6, 7, 8]).

1

We fix n € N. Then we set =0n+1)vVB2+w?and h i= ——.
Un ( ) B 1 o2

Let £ € R\ {0}. In Section 3 we prove that z is an eigenvalue of P; g(B,w) — pn,
near E if and only if 0 is an eigenvalue of an h-pseudodifferential operator (called
the effective Hamiltonian). Here the effective Hamiltonian is given by

(1.3) E_i(z) = z — Ag(h) + h*Gy(z; h),

where Gy(z;h) is holomorphic for z in some large, bounded set T,, (see (3.14))
and Ag(h) does not depend on z (see Theorem 3.5). Moreover Ag(h) is also an h-
pseudodifferential operator with symbol a(egac, e~%¢; h) which admits a complete
expansion in powers of h (see identity (3.25)):

a(z, & h) —ap(w,&) ~ Zhjaj(q:,f),

j=1
where

(2n +1)

(1.4) ap(z,€) = w?2® + V(z,€) and ay(x,&) = 1

AV (x,§).
For the h-pseudodifferential operators, we refer the readers to [9, 11].

Therefore, the localization of resonances of P(B,w) can be deduced from
studying the spectrum of Ag(h). In fact, the crucial steps to prove the existence
of resonances are the following:

e Prove the exponential decay of the eigenfunctions of Ay(h) associated
to the eigenvalues near E (see Theorem 4.4).

e Establish a resolvent estimate in the non-selfadjoint case (see Proposi-
tion 4.6).

For these two points, we need a non-trapping condition (see (Hg)).

For the width of resonances, as in [20] we use the WKB method to con-
struct an approximate solution of the problem E_ (z)u = O(h*). Thus by study-
ing a suitable Grushin problem, we obtain the expansion of each resonance in
powers of h with real coefficients. This means that the width of resonances is at
least of size O(h>).

The rest of paper is organized as follows. In Section 2 we give our assump-
tions and results. The essential spectrum of P; g(B,w) is computed in Subsection
3.1. Next the Grushin problem is constructed in Subsection 3.2 to establish a
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reduction to the effective Hamiltonian. In Section 4, we study the spectral prop-
erty of the leading term of the effective Hamiltonian. The existence of resonances
of P; g(B,w) is proved in Subsection 5.1 and the width of resonances is showed
in Subsection 5.2.

2. Assumptions and results. In this section, we will present our
hypotheses and our main result. We recall the operator

P(B,w) = (D — By)* + D + w’a® + V(x,y), (z,y) € R?,

where the potential V' satisfies the following hypothesis:
(Hy) There exist constants oy, ag,a3 > 0 and § > 0 such that V admits
an analytic extension on the domain

A ={(21,22) € C% [Im (21, 2)| < a1|Re (21, 22)| + a2},
and for all (21,22) € A
[V (21, 22)] < ag(Re (21, 22)) .

Here we denote {(t,s)) = (1 + % + 52)%, (t,s) € R2.

We recall that the total electric potential ag(z,y) = w?z? + V(z,y) (see
(1.4)). We introduce the following assumption:

(H2) Let E € R\ {0}. Suppose that ap has a local non-degenerate
maximum (or minimum) point E at (x¢, yo), i.e., the definite Hessian afj(zo,y0) <
0 (or ag(zo,yo) > 0).

By the translation, we can always assume that (zg,yo) = (0,0). Set

Qp = {(z,y) € R?; ag(z,y) = E}.

(Hs) (On the non-trapping condition) Assume that Qg = {(0,0)} UT,
where I" is a connected curve and (0, 0) is an isolated point, and that the classical
Hamiltonian ag(z, ) is non-trapping on I':

(2.1) {ao(, &), Go(,§)} = 0:ap0:Go — DragdeGo
= f@gao(:c,ﬁ) - 1;8ma0($7§) 7& 07 \V/(l',f) € Fa

where Go(z,¢) = z.£, V(r,€&) € R%
Our main result is the following:
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Theorem 2.1. Assume that the assumptions (Hy), (Hz) and (Hg) hold.
For each n, we define

(2.2) Un:{zE(C; Rez € (2n+1)B+E—%,(2n+1)B+E+%[,

1
Imz e } - —,0} },
mz CoB
where Cy > 1 can be arbitrarily large outside a discrete set in R. Then for B

large enough, the resonances of P(B,w) in U, exist and are all given by complete
expansions in powers of B~

(2.3) Enj(B,w)~(2n+1)B+E

1 . 1 A+ L1 k) -k
+3 (j:(2] +1D)(Ap)2 + (2n+ 1)7) B~ kZ»Cim’jB ,

where cgf.)nj € R, X and p are eigenvalues of the Hessian a(j(0,0), and the sign

+(—) corrésponds to a local minimum, mazximum respectively.

Moreover, the resonances of P(B,w) in U, are all algebraically simple
and the width of resonances is of order O(B~°).

Remark 2.2. Notice that in the half-plane {z € C; Re z < vV B? + w?},
the poles of the meromorphic extension of the resolvent from {z € C; Im z > 0} to
{z € C; Im z < 0} are all given by the discrete eigenvalues of P(B,w). Then the
resonances in this half-plane are identically equal to the set of discrete eigenvalues
of P(B,w). Therefore, let E < 0, the width of Ey ;(B,w) is equal to 0.

We want to give an example to illustrate our main result.

Consider V (z,y) = —:646_1# 177 i 1o €2 > 0. Then ag(z,y) = w?2?—
a @ and one has
41 Y241
4eqa3
2w+ ———s =0
0 ,y) =10 441)2
dyao(z,y) =0 200y
g = 0.
(y*+1)

The system (2.4) has only one solution (z,y) = (0,0) and ag(0,0) = —¢; —co. It
is easy to compute the Hessian at (0,0) of ag:

2 2
all(0,0) = ( ‘(‘)’ 222> > 0.
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It shows that ap has a local minimum point at (0,0). On the other hand,
agt(—c1 — c2) = {(0,0)}. Therefore we do not need to verify the non-trapping
condition as in this case I' = (). Our main result shows that there exist resonances
of P(B,w) near (2n + 1)B — ¢; — ¢ for B large enough and for all n € N.

3. Reduction to the semiclassical effective Hamiltonian. In
this section, we reduce the study of resonances of P(B,w) to the spectral study
of an h-pseudodifferential operator.

3.1. Spectral properties of P; g(B,w). In this subsection, we com-
pute the essential spectrum of P; g(B,w) and we give some resolvent estimates.

Lemma 3.1. Let 0 be in a small complex neighbourhood of 0. Then,

(3.1) Tess(Pro(B,w)) = 0ess(Pog(B,w)) = | J {1 + €A, A >0},
neN
where p, = (2n + 1)V B? 4+ w? and Py (B, w) given by (1.2).
Proof. Recall that Pyg(B,w) = VB2 +w?(e? D2 + e 2%y?) 4 e*w?a?.

Then when w = 0, one has Py ¢(B,0) = vVB? + wQ(e%D;—ke_Qey?). We are going
to determine the spectrum of Pyg(B,0) : L*(R?) — L*(R?).
Denote by PO’Q(B7O)’L2(R : the restriction of Pyg(B,0) on L*(R,). Let
Y

us consider

2
Yy

A= {Yn(y); Ynly) = Huly)e™ =
where H, () is the n-th Hermite polynomial, n € N}

the set of normalized eigenfunctions of one-dimensional harmonic operator, i.e.,

(D} +y°) (W (y)) = (20 + 1)ibn(y).

For 6 € C near 0, we set 9, g(y) = efgwn(e_ey), n € N. We put Ay = {1 0; n €
N}. Then one has % C L2(E) and Poo(B,0)| , = (no(y) = putinolu), n €
Y

N. It shows that |J {un} C O'(PQ@(B,O)

‘ ) On the other hand, since
neN L2(Ry)

Py o(B,0) is elliptic for || small, then its spectrum is discrete. In addition,
’ L2(Ry)

Ap is a dense set in L2(R) (see [15, Chapter 16]). Then if A & |J {sn} is an
neN
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and the corresponding eigenfunction f, one has

eigenvalue of Ppg(B,0) 12(R,)
Y

f € A5 = {0}. Therefore,

(3.2) 7 (Poo(B,0)

L2(Ry>> = Utpnl

neN

In fact, we can write Pyg(B,0) = ld2g,) ® P0,9(Bvo)}L2( ) and the
Y

‘ 20,,2,.2

L2(R L?(Re)

is the natural restriction of the multiplication operator e*w?z? on L?(R,). Then

20, ,2,..2 20, ,2,.2

multiplication operator e”’w*x* = e*’w”x )®IdL2(Ry). Here e

and the multiplication

it is easy to verify that the operator Pg(B,0) 2®Ry)
Y

operator 629w2x2} , satisfy [26, Theorem XIII.35]. It enables us to obtain:

T

) + 0(629w2x2
L2(Ry)

) = {e¥); A > 0}. Combining this with (3.2) and

(3.3) o(Pog(B,w)) = a(PO,Q(B, 0)

L2(Rm)>'

Moreover, o (629w2x2

L*(Rz)
(3.3), one obtains

(3.4) a(Pog(B,w)) = |J{pn + €21 > 0},
neN

and then the discrete spectrum of P (B, w) is empty.

Now we prove that the essential spectrum of P (B, w) is equal to that of
Py o(B,w). Firstly we can show as in [1] that V(Py(B,w)—z)~! is a compact oper-
ator for z € o(FPy(B,w)). By the unitary equivalence, T'(0) := V;*(B,w) (P ¢(B,w)—
z)~1 is also a compact operator for @ real and z & o (P g(B,w)). Further, since
T(0) is an analytic bounded operator-valued function in 6 near 0, it is compact
for all 6 near 0 (see [26, page 126, Lemma 5]). From this we can apply [17, page
244, Theorem 5.35] and achieve

(3-5) O—ess(Pl,G(va)) = Uess(PO,G(va)) = U {Mn + 629A; A > 0}:
neN
where p, = (2n+1)vVB?2+w?. O

For each fixed n € N, we denote by 1, the normalized eigenfunction
of the harmonic oscillator corresponding to the eigenvalue (2n + 1) (i.e., (D7 +
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YU (y) = (2n+1)¢n(y) and [|¢n] 2@y = 1). Put ¢ 6(y) = e~ 24, (7). Since
¥n(y) is of the form Hn(y)e*yz/Q, where H,, is the n-th Hermite polynomial, we
have ), g = Vng and (Yng, v, 9) = |n||*> = 1. We next consider the following
operators

R_: L*(R) — L*(R?), R; : L*(R?) — L*(R)
u(@) = u(x)no(y) u(z,y) = (U, ¥y g) L2(R,)
and
I, : L*(R?) — L*(R?)
u(z,y) — (u, ¥y, g) 12, ¥n0(Y),

here the scalar product (-,-)12(g,) denotes the integration in the y variable. The
natural restriction of II,, on L?(R,) we also denote by II,. From the definition,
one has

Ry R_u(x) = Ry (w(@)¢no(y)) = u(z)

R_R+U(.I', y) = <’U,, wnﬁ)LQ(Ry)wn,e(y) = an(‘rv y)

Lemma 3.2 Let 0 be in a small complex neighbourhood of 0. Then we
have

(3'6) U(HnPO,G(va)Hn) = {Mn + 329/\? A> 0}7
and

37  o(1-T)PRe(B,w)1-T,)) = | {m+e*x A>0}
keN\{n}

Here 11, Py g(B,w)IL, : I, L*(R?) — I, L?(R?) and (1 —I1,) Py p(B,w)(1 —1I,,) :
(1 —1I,,)L*(R?) — (1 —II,,) L*(R?).
Proof. First we demonstrate (3.6).

We observe that the Hilbert space I1,L?(R,) is generated by t,, 9. Then
it can be readily verified that

(3.8) J(H,LPO,Q(B, 0)IL,,

= {Mn}'

HnLQ(Ry))
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We recall that U<629w2x2 L® )) = {e?’A\; A > 0}. Then as in (3.3), it follows
from [26, Theorem XIII.35] that:

) + 0(629w2x2
I, L2(Ry)

(3.10) = {un + ¥ X >0},

(3.9) o(IL,Pyo(B,w)IL,) = a(HnPOﬁ(B, 0)IL,,

)

Secondly, we prove (3.7) in the same way as above.
By applying [15, Proposition 6.9], one has

LQ(Ry)) = U {mk

keN\{n}

(3.11) o (1= ) Rog(B,0)(1 — I,

Then we use again [26, Theorem XIII.35] and derive

(812) (1= TL)Poy(B,w)(1 = T1,)) = o ((1 = T) Po,g(B,0)(1 ~ I, Lmy))
+ U<629w2$2 LQ(Rz))
(3.13) = J {m+e*xa=0 O

keN\{n}

From now on, we fix n € N. We put

(3.14) T, = {z € C; [Rez| < 28v/B? + w?,|Im 2| < 2[Im 0|(1 — B)\/B? +w2},

where 0 < 3 < 1.
Proposition 3.3. Let§ € C with |0| small andIm @ < 0. Then for z € T,
-1
the operator Ryg(B,w,z) = <(1 —11,)Poo(B,w)(1 — II,,) — p, — 2) (1-11,)

exists and the following estimate holds:
There exists C1 > 0 independent of B such that

Cy

(3.15) [ Ro,0(B,w,2)| r2r2) < Nk

uniformly in z € T,,.

Moreover, for B large enough, the operator Ry g(B,w,z) = <(1—Hn)P1’9(B,w)(1—

-1
IT,) — ppn — z) (1 —1I,) ewists for all z € T,, and the following estimate holds:
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There exists Co > 0 independent of B such that

Cs
VB2 +w?’

(3.16) [ R1,0(B,w,2)|[12@2) < uniformly in z € T,,.

Proof. From (3.7) and the definition of T}, one has o ((1-1I1,,) Py o (B, w)(1—
II,,) — pn) NI, = (. It implies the existence of Ry (B, w, z), z € T,,. For z € T,,,
we put

z

W)‘h-n@.

C(z) = ((I—Hn)(629D§+e*29y2+e29w2x2)(1—Hn)—(2n+1)_
1 T _{ 1
Bro " VB i

both B and w, then there exists zy € T, such that ||C(zo)|| = sup [|C(z)]].
z€T,

Since z; z € T, ¢ is a compact set independent of

Remark that [|C(zp)|| does not depend on both B and w. On the other hand,
by a change of variables » — (B% + wQ)im, we have Ry (B, w,z) is unitarily

1
equivalent to ——=——==C(z). Then
a VB? + w? )
1
Roo(B,w,2)|| £ —||C(20)||,
” 079( )” \/m” ( 0)”

uniformly in z € T,,. Note that ||C'(zp)]| is finite for Im§ < 0. And this proves
(3.15).
As a consequence of (3.15), we prove (3.16). Indeed, for z € T,,

(1 - Hn)Plﬁ(B7w)(1 - Hn) —HUn — 2
— (1 - TL)Pog(B,w)(1 — L) — pi — 2 + (1 — L)V (B,w)(1 — TI,)
= (0=~ W) P (BLw) (1~ L) = pon — 2)
X <1 + RO,G(vav z)(l - Hn)vew(va)(l - Hn)) :

Since V' is bounded together with all its derivatives, there exists C' > 0 such
C

_ w _ - -

that | Roe(B,w, 2)(1 —11,)V,"(B,w)(1 - 1II,)| < Ca

1
Then for B large enough, ||Ro¢(B,w, z)(1 —11,)V;*(B,w)(1 -1I,)|| < 3 and then

uniformly in z € T,.
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Ry 9(B,w, z) exists. Moreover, for B sufficiently large, there exists Cy > 0 such
that

(3.17)
1B10(B,w ) = | (14 Rop(B.w,2)(1 = L)V (BLw)(1 ~ L))~ Rop(B.w.2)|

Ca
< 77
T VB?Z 4 w?

uniformly in z € T,,. O

Remark 3.4. Let Q be equal to Ry(B,w,z) or Rig(B,w,z). Let
K be a compact set in R. Using the theory of h-pseudodifferential operators of
operator-valued symbols, we can view () as an h-pseudodifferential operator in
the x-variable whose symbol ¢(z,¢,0;h) is bounded operator in the y-variable.
In particular, the proof of Proposition 3.3 shows that q(z,§,0; h) is well-defined
on Rig (resp. K x R) for Im# < 0 (resp. Im@ = 0).

1
3.2. Grushin problem. From now on, we use h = ——. To

VB2 +w?

indicate that the operators depend on h, we replace the indices (B,w) by h. For
example, we write Py g(h) (resp. V" (h)) instead of P ¢(B,w) (resp. Vy*(B,w)).
We now study the Grushin problem for P; g(h) — i, : Set

(3.18)  P(z) = (Plﬁ(h)R:“” s }B‘) . D x LA(R) — L*(R?) x L3(R),

where D C L%(R?) is the domain of P; g(h).
Fix 6 € C with |#| small enough and Im 6 < 0.

Theorem 3.5. For B large enough, the operator P(z) is invertible uni-
formly for z € T,,. Moreover, the inverse of P(z) is holomorphic in z € T,, and

given by
_( E(z)  Ei(2)
2= (50 £0)"

where
(3.19) E_(2) =z —e?w?2® — R, V()R- — Ryb(2)[V(h),0,|R_

with b(z) = (I + [[,, Vi ()] Ryg(h, 2))~".
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Here the operators E(z), E_(z) and E4(z) are given by
E(z) = Rig(h, 2)b(2) ; E_(2) = Ryb(2)

E1(2) = R — Ry p(h, 2)b(2)[V4" (), I1n] R

(3.20)

In addition, z is an eigenvalue of Py g(h) — pun if and only if 0 is an eigenvalue of
E_.(z). Here the notation [-,-] is the commutator which is defined by [A,C] =
AC — CA.

Proof. The proof follows from a simple modification of [27, Theorem
2.2] (see also [8, Section 6]). So we omit the details. O

Now we are interested in studying the operator E_ (z). In fact, for z € T,,
(T,, is defined in (3.14)) and h sufficiently small, we prove that E_4(z) — (z —
629w2x2) is an h-pseudodifferential operator with bounded symbol.

By applying the Beal’s characterization of pseudodifferential operators
(see [9]), one easily sees that II,, is a pseudodifferential operator with bounded
symbol 7,(y,n). Then making use of the pseudodifferential calculus ( see [9,
Chapter 7)), one obtains that the symbol of the commutator [V;*(h),IL,] has the
asymptotics ) b; hz in SO(RY). It follows that

i>1

(3.21) Vi“(h),TI,] = O(h?)

in £(L?(R?)) - the space of bounded operators from L?(R?) to L?(R?).
Now for z € T,, and h small enough,

E_(2) = 2 — ”w?a® — Ry V" (M)R- — Ryb(2)[Vy" (h), TL,] R

(3.22) =z — e — R.VP(hR_
— R > (V" (). T R (h, 2)) [V (h), TL R -
7>0

Here we used (3.16), (3.21) and the Neumann series. From this and the fact that
R [V,*(h),I1,]JR_ = 0, one obtains

E_(2) =2z—e?w?2®> — R,V (h)R_

— Ry ST (V3 (h). ILa)Rug(h, 2))’ [Vi® (h), I R
j>1

(3.23) =z —e®w?2? — RV (h)R_ + h?Gy(z; h),
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where Gy(z; h) is holomorphic for z € T;,. We set
(3.24) Ag(h) = e®w?s? + RV (h)R_.

As in [7], we can prove that R} V,’(h)R_ is an h—pseudodifferential operator with
bounded symbol which belongs to SO((x2+£2)"2 ) where ¢ is given in Assumpt1on

(Hy). Here SO((z2+¢%)~ ) is the class of symbols with order function (z2+¢2)~2
(see [9, Chapter 7]). Therefore,

(3.25) Ag(h) = a®(’z, e hD,; h),

where a(-,-;h) is holomorphic in some conic neighbourhood of R? and we have
the following complete expansion in powers of h:

(3.26) a(z, & h) ~ > hiaj(x,€)
j>1
with
(3.27) ap(z,€) = w?a? + V(x,€) and ay(z,§) = MAV(:U,@.

4

By using the arguments in [27], we can prove that F_ (z) — (z — e w?2?)

is an h-pseudodifferential operator with bounded symbol. Moreover the symbol
also admits a complete expansion in powers of h.

Fix § € C with |6| small enough and Im6 < 0. We have obtained the
following:

Proposition 3.6. For z € T, and h sufficiently small, the operator
E_(2) — (2 — €?w?a?) is an h-pseudodifferential operator with bounded symbol.
Moreover, the symbol admits a complete expansion in powers of h in S°(R?):

(3.28) E_,(2)— (z—e®w?x?) = a¥ (%, e nD,) + a¥(®x, e D, ) h + O(h?),

where ag, a1 are given in (3.27).

Remark 3.7. It follows from the theory of h-pseudodifferential opera-
tors of operator-valued symbols, formula (3.23) and Remark 3.4 that the symbol
corresponding to E_(z) is well-defined for = in a compact set and Im 6 = 0.

Thanks to Theorem 3.5, our purpose is now to study the spectrum of the
effective Hamiltonian E_ (z).
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4. Spectral properties of the leading term of E_ (z). In this

section, we investigate the spectrum of Ag(h) near E . We recall that Ag(h) =

22?2 + Ry V,°(h)R_ which satisfies (3.25). For 6 € C with |#| small enough
and Im @ < 0, we have the following:

Lemma 4.1. The essential spectrum of Ag(h) is equal to the set
{e?’X; X >0}

Proof. Weregard R, V,"(h)R_ as the perturbation of the multiplication
operator €2?w?22. Recall that the decay of V' at infinity implies that the symbol of
RV (h)R_ belongs to SY((z? +§2) ) (see Assumption (Hy)). Therefore it fol-
lows that R}V (h)R_(e??w?2? — 2)~1 is a compact operator, for z € o(e??w?x?)
(see [22, page 62]). Thus, we apply [17, Theorem 52.35] to obtain the essential
spectrum of Agy(h) is equal to that of €20 w222, In addition, the essential spectrum
of the multiplication operator e??w?z? is nothing but {e?\; X\ > 0}. The lemma
is proved. O

Without loss of generality, we may next assume that the total electric
potential ag(x, &) has a local minimum at (0,0) (otherwise we study —Agy(h)).
Moreover, the real part of # can be ignored by a unitary transformation, it is
then sufficient to consider Re 6 = 0.

To study the spectrum of Ay(h) near F, it is very important to know some
properties of the principal symbol. We will see below that ag(e?z, e 0¢) — E is
elliptic outside (0,0).

So far, we want to show the exponential decay of eigenfunctions of Agy(h)

corresponding to eigenvalues near FE. Then it is essential to study an operator of
f(=z) _f=x)
the form e » Ag(h)e™ " , of which the principal symbol is ao(e z,e 0 (E+if! ().

So by choosing a suitable functlon f, we show below that ag(e?z, e~ (E+if! ()~
F has the same properties as ag(ez, e=%¢) —
From now on we fix 8 = iy with v < 0 . Let 8 > 0, we set B(f) =

{(z,6) € R? Jz[ + [¢] < B}
Lemma 4.2. For 3 > 0 sufficiently small and |y| small enough, there
exists a smooth function f(x) such that

(4.1) f(z) >0 for x € R\ {0},

(4.2) f(z) = c12? for x near 0,

where ¢1 s a small positive constant, and the following lower bounds hold:
There exists C > 0 large enough such that

(13)  Re(an(ee, e € +if' () ~ E) > S+ €) for (5,€) € B()
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(@4 Jao(e e e +if @) B 2 T jor (2,6) € B2\ B(S).

Proof. PutI'y := {z € R; 3¢ € R, (x,§) € T'}. Remember that I' =
{(z,€) € R?; w2224V (x,¢) = E} and ’ 151)r|n V(z,€) =0, then I'; is a bounded

set.
For (3, || small enough chosen later on, we construct a real smooth func-
tion f depending on these constants:

f(@) = az®x1(z) + caxa () + esxs (@),

where x1 € C§°(R; [0, 1]), x3,x2 € C*(R;[0,1]) satisfy:

e x;1=1on {zeR; I € Rs.t. (x,§) € B(B)}, the support of x; lies in
some small neighbourhood of 0 and x;1 + x2 = 1.

e The support of y3 lies outside a neighbourhood of I'1U{0} and x3(x) = 1
for |z| large,

and positive constants ¢y, co, c3 > 0 small enough (to be chosen later on).
Remark that ¢, cs depend on 7, c¢3 is independent of ~.

Then it is easy to see that (4.1), (4.2) are verified. By using a symplectic
change of coordinates if necessary, one can assume that Hessian of ag at (0,0) is

given by
A0
an(0,0) = ( ) .

We start by proving (4.3). Notice that the constant C' may change from line to
line in what follows. For 8 > 0 small enough, by applying Taylor formula of order
three to ag at (0,0), one obtains:

(4.5) ag(e"z, ) = E+ %@eiw +pe”PE) + O((x,€)°)

for (z,€) € B(B). We replace £ by & + if'(z) in (4.5). Since f'(z) = 2c1z for
z€{yeR; IneRs.t. (y,n) € B(B)}, we can choose ¢; small enough such that
there exists C' > 0 large:

1
C
for (z,£) € B(B). Thus the lower bound estimate (4.3) is proved.

Now we demonstrate the estimate (4.4). The proof is divided into two
cases according to the sign of E.

Re(ag(e"a,e (¢ +if (x))) ~ B) > 5 +€2),
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Case E < 0. First remark that Qg is a compact set in this case.
Since (0,0) is an isolated point, then for 3 small enough, I' = T NR?\ B(3) =
QpNR?\B(B). It implies that T is also a compact set. We choose a neighbourhood
of I' as follows:

The non-trapping condition on I' (see Assumption (H3)) implies that, for
each (xg,&y) € I, there exists e(xg,&p) > 0 such that

1
(4.6) |x0pa0(x, &) — ED¢ap(x, &)| > Clzo,60)

> 0,

for all (z,£) € D((zo,&),e(20,&)). Here C(xo,&) is a large constant depending

on (zo,&) and D((zo,&),e(x0,&)) = {(#,8) € R |z — zof* + [€ — &* <
£(r9,&)?}. The compactness of I' gives: there exists a finite number of such

discs such that
k

I c | D((x5,) elx;,€)) = V().

j=1
a) For (z,&) € V(I'):

1
max C(z;,&;)

1<j<k

(4.7) |[20rao(x, &) — §0zao(x, )| = >0,

where C(z;,&;),j =1,...,k, are given in (4.6).
Since Im (e7x, e~"¢) = sin(y)(x, =€) and Re (e7z, =€) = cos(7)(x, £),
then

Im (e7z,e”€).Vag(Re (e7x, e™7€))
= sin(7) (fcaxao(COS(’Y)(l‘»é)) — &0ag(cos(7)(z, f)))-

Combining this with (4.7) we have, for || small enough,

(4.8) Im (e7z,e”€).Vag(Re (ewx,e_mg))‘ > %, V(z,§) e V(I),
where C' is a large constant.

Notice that (z,£) near I' corresponds to x near I';. Then we can choose
¢1,¢o small depending on v such that |f/(x)| < || for x near T'y. Here the

constant ¢ is small enough. Thus the inequality (4.8) remains true when we
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replace (e7x,e~¢) by w = (e7z,e " (E4if!(x))), i.e., there exists C sufficiently
large such that

Il

(4.9) Im w.Vag(Rew)| > ok

Remark that the Hessian of ag is given by

" (2P OV (2,6) V(2,6
0/0(1.76) - 62 V(l‘,g) a£2£V(13,€)

and dpcao(z,§) = 05V (x,€) for all o € N2 |a] > 3. Then we apply the Taylor
formula of order two to ap(w) at Rew:

(4.10) ag(w) = ag(Rew) + i Im wVag(Rew) + w?a?sin?(v) + r(w),

where |r(w)| < C'sin?(|y|). Combine this with (4.9), we have for C large enough,

(@1)  laow) — Bl > i (ao(w) — )| = U (e, €) € v(r).
b) For (z,¢) € R?\ B(3) and (x,¢) & V(I'): From now on, we set V(I') :=

R*\ (B(B) UV(D)).
Choose R > 0 sufficiently large such that: w?R? > sup |V| and
RQ

E
sup |V(z,&)| < ——=. Then
{(z.£)eR?; |¢|2R} 2
2 2 L
(4.12) wiz +V(m,§)—E2—5>O
for all (z,¢) € {(z,€) € V(I'); || > R or |¢] > R}. In fact for |z| > R we
use w?x? + V(z, &) — E > 2R2 - sup|V| E > —F and for [{] > R we use
E

w2 +V(z,6) — E > — sup \V(z,8)| — E > -5 Then for |y| small

{(z,£)eR?; [§|> R}
and c3 small (c3 is independent of ),

(4.13) Re(ao(e%,e*”(g +if'(2)) — E) > 250

on the set {(z,£) € V(I); |z| > Ror || > R}.
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Since 'NV(T') = 0 and ag(z,§) — E' = 0 if and only if (z,&) € TU{(0,0)},
one has ag(z, &) — E # 0 on V(I'). Thus, on the compact set {(z,€) € V(I'); |z| <
R, || < R},

lag(z,&) — E| > const > 0.

By a perturbation argument, for |y| and c;, ¢2, c3 small enough, one obtains
(4.14) }ao(e”x,e A +if (x))) — } > const > 0,

for (z.£) € {(z.€) € V(D): [z] < R, [¢] < R).
Therefore, from (4.13) and (4.14), one has

(4.15)

ag(eMx, e (€ +if'(z))) — E} > const > 0,

for all (z,£) € V().
It follows from (4.11), (4.15) that, for |y| and ¢;, co, c3 small enough, there
exists C' large enough such that

(4.16) ap(ez, eV (E+if'(x)) — E| > %,
for all (z,&) € R?\ B().
Case E > 0. Note that Qg is no longer a compact set. In fact, there are

two asymptotes of I': x = iTE since V vanishes at infinity. Let € > 0 small,
we can choose R > 0 large enough such that I' N R?\ D((0,0), R) C {(z,¢) €
R2\ D((0,0), R); |w?z% — E| < ¢}. Here R >> 3.

First, for (z,&) € D((0,0),R) \ B(f3), by using the same arguments as
in case £ < 0, i.e., the non-trapping condition on I' and the compactness of
D((0,0), R), we obtain (4.4).

Next we divide the set R?\ D((0,0), R) into two sets

R?\ D((0,0), R) = R(¢) U R(¢)°,

where

R(e) := {(z,€) e R*\ D((0,0), R); |w?z® — E| < &}.

e In R(e), when € — 0 one has

V(l’,f), l'ax‘/(l',f), §8§V(:1:,§) = 0(1)7



558 Anh Tuan Duong

and
wir? — B = o(1).

Therefore, for e sufficiently small and (z,€) € R(¢)
(417) | {26 a0(2, )} | = [2(20?0 + 0,V (2,€)) ~ £0eV (2.€)| = 2B +0(1)] 2 B,

Apply again the perturbation argument, one gets
(4.18) [1m (¢, e (€ + i(2))) Vao (Re (¢"Ta, e + i @)))] = 22 > 0
The same arguments as in (4.11), one obtains
(4.19) ’ao(eivx,e—wg +if'(2))) - E| > @ > 0.
e In R(¢)%, one has |w?z? — E| > ¢. Since lim  V(x,€&) = 0, we choose

()| —o0

R large enough such that

w?a? +V(2,6) - Bl > -,

for all (z,£) € R(e)¢. Now we apply again the perturbation argument to obtain,

for |y|] and ¢, c2, c3 small enough,

(4.20) ap(eVz, e (E+if'(x)) — E| > = > 0.

€
4
The proof of the lemma is thus complete. O

Since x and & play the same role, the following lemma can be proved by
using the same arguments as above:

Lemma 4.3. For 3 sufficiently small and |y| small enough, there exists
a smooth function g(§) such that

(4.21) g(€) >0 for € R\ {0} and g(£) = c2&* for € near0,

where ¢y is a small positive constant, and the following lower bounds hold:
There exists C > 0 sufficiently large such that

(422)  Re(ao(e™(w +ig'(©)), ) ~ B) > (o +€) for (¢, 6) € B(S),
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el

(4.23) ag(e(z +ig'(€)),e7€) — B| > o Jor(z,€) € R*\ B(f).

Recall that v =Im 6 < 0.
By relying on Lemma 4.2 and Lemma 4.3, we prove the exponential decay

of eigenfunctions corresponding to eigenvalues of A;,(h) near E:

Theorem 4.4. Let f be constructed in Lemma 4.2. Let Cy > 0 be a large
and fized constant, we define a neighbourhood of E,

D ={z€C; |z— E| < Coh}.

Suppose that A\(h) € D is an eigenvalue of Ay (h) and u(h) is a normalized
eigenfunction associated to A(h), then there exists C > 0 such that

(4.24) le” @ Mu(n)| < €,

Proof. Let @, be the symbol of A;,(h) — e*?w?z?. We recall that
(x,€) — aiy(z,& h) is holomorphic in some conic neighbourhood of R2. Let
us put As(h) = 6£Aw(h)e_%. Then by using the contour integration in the &
variable, one has for u € C’go (R),

(Af(h) —62i7w2x2>u(9c) =57 // ile—y)e+f@)—Ffw)/hg, (1:+y7£ h) (y)dyd¢

- 27rh// el (“yafﬂf (2,9); )dydf,

where f’(z,y) is determined by f(z) — f(y) = (x — y) f'(x,y).

Using the analyticity of @, it follows from Cauchy formula that As(h) —
e?w?2? is also an h-pseudodifferential operator with bounded symbol. Moreover,
the symbol of A f(h)—e*w?z? can also be expanded in powers of i in S°(R?) (the
set of bounded symbols) with the principal symbol is V(e7z, e~ (¢ +if'(z))).
Then the principal symbol of A¢(h) is ag(eVz, e~ (£ +if'(x))).

Let us put us(h) := e£u(h) which belongs to L?(R) since f is bounded.
Let B(f) be as in Lemma 4.2, we choose a partition of unity x1 + x2 = 1,
suppx1 C B(f), x1 = 1 near (0,0). The idea of the proof is to estimate separately
X7 (x, hDy)us(h) and x§ (z, hD,)us(h).




560 Anh Tuan Duong

Firstly we want to evaluate x4 (x,hD,)u¢(h). From (4.4), the symbol

x2(2, ) (ap(ez, e (& +if'(z))) — A(h)) " exists. Moreover since (Af(h) —
A(h))us(h) = 0, one has

(o, &) (anlem, e €+ if (@) = M) ) (2 AD) (A (B) = AB)ug (h) = 0.

By applying the h-pseudodifferential calculus in the right hand side of this equal-
ity, one obtains

(4.25) (X;U(x, hDy) + O(h))uf(h) ~0.

Secondly, we estimate u}(h) = x{(x,hD;)ug(h). In fact, it results from the
compactness of the support of x1 and (Af(h) — A(h))us(h) = 0 that

(4.26) Re((As(h) = A(h))uj(h), up(h)) = Re([Af(h), XY (x, hDy)lus(h), uj(h))
(4.27) - (9(h)<uf(h),u}(h)>.
In addition, by using (4.3) and the Gérding inequality, one obtains
Re((Ay(h) = A(R)uf(h), up(h))
= e (hDy +if'(x))) — E)U}(h)&}(h)> +O(h) [[uy(h)]?
(4.28) > é<(h2ch +a? — Cihyul(h), ub(h)),

for some large constants C, C].
Since h?2D? is a positive operator, then

(4.29) <(h2D§ a2 — clh)u}(h),u}(h)> > <($2 . clh)u;(h),u}(h)>.

Let M be a large constant. We decompose the scalar product in (4.29) into two
parts according to |z| > Mh and || < Mh. Then one has

) (0.3 0) = (0 OO0 e

2 _ ! L
+((@® = Cih)uj(h), ) (h)>L2({meR; el <MR1/2))
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By using 22 > 0, one obtains

(4.31) <($2 - Clh)“}(h)v“}‘(h)> = <(M2 B Cl)hu}(h)’u}(h»m({xeﬂx; |z|>Mh1/2})

. clh<u}(h),u}(h)>

L2({z€R; [z|<Mh1/2})

2
For |x| < Mh'/2 one has flz) = ar < ¢;M?. Combining this with the

fact that ||u(h)|| = 1, one derives: There exists C(M) > 0 such that

(4.32) <u}(h),u}(h)>L2({xeR; ey < COO).

Then, combining (4.29), (4.31) and (4.32) one has

(4.33) <(h2D§ +a?— clh)u}(h),u}(h)> > (M2 = Cy)hllub(h)|)> = M>C(M)h.
From (4.26), (4.28) and (4.33), there exists Cy > 0 such that

(4.34) (M? = C)hllup(h)|[* = MPC(M)h < Cahllug(h)||lug (R,

which implies that

M2C(M) Cy
ar—cy ooyt

lup (h)]* < ol

From (4.25), (4.34) and the fact that x{(z,hD;) + x5 (2, hD;) = 1 we have
lugp (MI* = (XY (2, hDy) + x5 (, hDz) Jug ()|

M?C(M) Co
Sar—o) tor—o)

lug (R)I* + Cshllug (h)]%,

for some C3 > 0. The proof follows by choosing M sufficiently large, h small
enough. O

Since z and £ play the same role, we also obtain the following:
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Theorem 4.5. Let g and D be as in Lemma 4.3 and Theorem 4.4.
Suppose that A(h) € D is an eigenvalue of Ay (h) and u(h) is a normalized
eigenfunction associated to \(h), then there exists C' > 0 such that

(4.35) |9 P=) /Py ()| < C.

Thanks to the Theorems 4.4 and 4.5, we need only study the symbol of
the operator A;,(h) near (0,0). We also have assumed near (0,0) that ag(z,§) =
E+ 12?4+ p€?) + O((x,€)?) (i-e., the matrix afj(0,0) is diagonal). Putting

2 1
LAy (0,00,

Loy o —2i
(4.36) A (h) = 5(Ae2 Ya? 4 pe *h2D?) +
Since AV(0,0) = A+u—w?, then it is clear that the spectrum of A%(h), O'(A?,Y(h)) =
{hey; k € N} where

(2k + 1)/ Au N 2n + 1)(X\ + p — 2w?)

4. =
( 37) €L 5 1

, keN.

Notice here that in the work of X. P. Wang (see [28]) the total electric potential is
W(z,y) = wx+V(z,y) and then AW (z,y) = AV (z,y). But in our case, the total
electric potential is ag(z,y) = w?x?+ V(z,y). Then Aag(x,y) = 2w? + AV (z,y).
This explains why there is —2w? in the formula of e.

Let Cy be a large fixed constant such that Cy # e, kK € N. Henceforth
we denote the neighbourhood of F,

(4.38) D ={z€C; |z— E| < Coh}.

For f > 0 small and j € N, let D; = {z € D; |z — E — hej| < Sh}. Then we
prove that the spectrum of A (h) in D\ |J D; is empty.
JEN
Proposition 4.6. Let z be in D\ |J D;. For h small enough, the
JEN
following resolvent estimate holds:

I(Aiy (h) = )Y < CR7,

for some C > 0.

Proof. Choosing {x1,x2} a partition of unity on R?, x; = 1 near (0,0)
and x1 = 0 outside an SB-neighbourhood of (0,0).
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From the proof of the inequality (4.4), it is easy to see that for z € D,

one has |ag(e"w, e ¢) — 2| > % for (z,£) € suppys. Denote by Bi(z) the

h-pseudodifferential operator with symbol xa(x, &) (ag(eVz, e ™€) — 2)~!. Then
one has

(4.39) B1(2)(Aiy(h) — 2) = x5 (2, hDy) + O(h).

For ze D\ |J Dj, then z — E € p(A%(h)) which shows the existence of
JjeN
By(z) == (A?V(h) + E —2)~!. Our purpose is to study x%(z, hDy)B2(2)(Aiy (k) —
z). It can be readily verified that 27 (hD,)* By(2) is unitarily equivalent to

h%*lxﬂ‘p’;(%@e%w + pe 2V D?) + 2n + 1AV(O, 0) + E- Z)_l.
Then,
(4.40) |27 (hDy)* Ba(2)|| < Ch' "1, 0 < k+ 5 < 2.
We have

XY (2, D) Ba(2)(Aiq () = 2) = XY (2, hD,) (14 B(2)(Aiy (h) — A% (h) - E) )

= XV (2, hD) (14 Ba(2)(Ain (h) = AL () = B)) (X5 (2, hDy) +1 = ¥ (2, hDy)),

where x3 = 1 near suppy; and y3 = 0 outside 23-neighbourhood of (0,0). From
(4.40) and suppx1N suppxs = ), we obtain by inductive arguments that

(441)  XY(2,hDy)Ba(2)(Aiy (h) — A} (h) = E)(1 = x5 (2, hDy)) = O(h™).

One has the symbol of A;y(h) — A?,Y(h) — E on the support of x3 is O((x,&))h +
O(h?). Thus we use again (4.40) to obtain

(442) I (2, hD2) Ba(2)(Asy (h) — AL, (h) — E)XE (z,hDy)|| < CB + Ch,

for some C' large.
These arguments give

(4.43) X1 (@, hD2) By(2)(Aiy (h) — 2) = X1’ (2, hDz) + O(B) + O(h).



564 Anh Tuan Duong

From (4.39) and (4.43), there exist Cy,Ca,Cs,Cy > 0 such that

(1= CB = Cih)Jull < XY (2, hD2) B2 (2)(Aiy (h) = 2)ull + [[B1(2)(Aiy (h) = 2)ull
< Coh™[(Ay (h) = 2)ull + Csl| (A (R) — 2)u]
< Cah™|(Aiy (h) = 2)ull, Yu € CG°(R).

We choose 3 and h small such that (1 — C8 — Cyh) > . It implies that A;,(h)
does not have any eigenvalue in D\ |J D;. On the other hand Lemma 4.1

JEeN
asserts that oess(Aiy(h)) N D\ |J D;j = 0. Thus D\ U D; C p(Ai(h)) and
JjeN JEN
|(Aiy(h) —2)7 Y| < Ch Ll forallze D\ J D;. O
jeN

From Proposition 4.6, the spectrum of A;,(h) near E is contained in
U D;. Further, one obtains the following:
jEN

Theorem 4.7. Let D be the set defined in (4.38). Then for h sufficiently
small, there is one to one correspondence between the eigenvalues of Aiy(h) in D
and the set {e;; e; < Cy, j € N}. Moreover, we can rearrange the eigenvalues of
Aiy(h) in D such that the jth eigenvalue is

(4.44) E;(h) = E + he; + O(h?).

Proof. According to Proposition 4.6, it suffices to show that for each j
such that e; < Cy, in D; = {z € D; |z — E — hej| < Bh} there exists uniquely an
eigenvalue of A;,(h). Denote I'j = {z € C; |z — E — he;| =26h} C D\ U D;.

JEN
For z € I'j, one has ||(z — Ai(h))7!|| < Ch™1. Let us define for each j € N
1

(4.45) =) =57 | (- Agy(h))tdz.

In the same notations as in Proposition 4.6, one has
Bi(2)(Aiy(h) — 2) = x5 (z,hDz) + O(h)
and

XY (@, hDy) Ba(2)(Aiy (h) — 2) = XY (2, hDy ) (1 + Ba(2)(Aiy (h) — A7, (h) — E)).

iy
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Then,
(B1(2) + X1 (2, hDy) By(2)) (Airy (h) — 2)

=1+ O(h) + XY (2, hDy) Ba(2)(Air (h) — A, (h) - E)
=1+ O(h) + XV (z, hD2) Ba(2)(Aiy (h) — AL, (h) — E)x§ (x, hDy),

which shows that
(4.46)
(Air(h) = 2)~! = Bi(2) + x{ (¥, hDy) Ba(2)

— (OR) + X¥ (@, hD2) By(2)(Ain () = AL (h) = E)XE (2, hDa) ) (Aig () = 2)7"

We notice here that Bj(z) is holomorphic in z € D. Then, by inserting (4.46)
into (4.45), one obtains

Ej(h) = x{ (z,hD)II°(h) + /F.(O(l) +O(B)hY)dz

(4.47) = X1 (2, hDz)TI°(h) + Bs(h, B),

where I1°(h) is the spectral projector associated to e; of A%(h) and ||Bs(h, B)|| —
0 as B,h — 0. It implies that, for j € N such that e; < Cp, rank=;(h) =
rankyI1°(h) = 1. According to [26, Theorem XII.6] there exists uniquely a
simple eigenvalue of A;,(h) inside I'; denoted by Ej(h).

Now we prove the estimate (4.44). Let ¢;;,(x; h) be the unique eigenvalue

. e?27,,2
associated to he; of A%(h). Since ¢; i (x; h) is of the form pj(eyﬁm)h*ie*‘: 2

where p; is a polynomial, by a scaling argument, one gets

k43

|27 (hDy)* (X (2, hDy)djiny(zh))| = O(h 2 ), 0< k + 5 < 3.

It follows from this that

[SI3Y

(4.48) (Aiy (h) = B — AL ()XY (2, hDy)djin (; h) = O(h?).

A direct computation gives
(Aiy(h) — E — hej)xy djiy(x; h)
= [Aiy (h), XV]bjin (x5 1) + XT (Aiy (h) — E — AL (1)) (), (5 1))
= [Aiy (h), XP )b, (23 1) + XT (Aiy (h) = B = AL () (XY + 1 = X5) (8,05 (x3 b))
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Combining this with (4.41) and (4.48), one has

(4.49) (Am(h) - F- hej)Xiu@',iv(x? h) = [Aiv(h)vX?Wj,m(xS h) + O(h%)~

Let ¥ € C§°(R?) such that ¥ = 1 near (0,0) and y1¥ = X. It follows from the
h-pseudodifferential calculus that [A;y(h), x']X" = O(h™). Combining this with
the exponential decay of ¢;;,(x;h), one obtains

[Airy (h), XY 10j,i7 (25 h) = [Aiy (R), XY IXY Gjiin (@5 1) + [Aiy (R), XT](L = X*) i (25 1)
(4.50) = O(h™).

From (4.49) and (4.50), one obtains

o]0

(4.51) (Aiy(h) — E — hej)xy' (z, hDy)djiy (x5 h) = O(h?).

Let u;iy(h) be a normalized eigenfunction of A;(h) associated to E;(h). We

denote by A;y(h)* the adjoint of A;, (h). Now we take u;;(h)* an eigenfunction of

Aw(h)* such that Aiv(h)*uj,i”/(h)* = Ej(h)u%m(h)* and <Uj7i,y(h),uj'7m(h)*> =1.
It follows from (4.47), (4.51) that

Njw

(452)  ((Aiq(h) = B = he;)(usin (B) = Bl B)us i (1), i (h)* ) = O(h3).

Remark that u; i (h) (resp. w;iy(h)*) is the eigenfunction of A;(h) (resp. Aiy(h)*).
Then (4.52) follows that

Njw

(4.53) (Ej(h) — E = he;)(1 = (Bs(h, B)uj,iy(h), ujiy(h)*)) = O(h2).

Recall that ||Bs(h, 3)|| — 0 as h, 3 — 0. Then for h, 3 sufficiently small, it results
from (4.53) that E;(h) = E + he; + O(h2). O

By using the fact that FEj(h) is a simple eigenvalue and repeating the
same arguments as in [20] (see also [14]), we obtain:

Theorem 4.8. The eigenvalue Ej(h) of Ay (h) can be expanded asymp-
totically in powers of h, i.e.,

Ej(h) ~ > Ajxht,
k>0

where Ajp = E, )\j71 = €.
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5. Proof of the main theorem. In this section, we prove the exis-
tence of resonances and show the width of resonances is O(h*).

5.1. The existence of resonances. In this subsection, we prove the
existence of resonances of P(B,w) in each set U,, n € N. For fix j € N, let
us recall some notations used in the proof of Theorem 4.7. We consider u; ;- (h)
be a normalized eigenfunction of A;,(h) associated to E;(h). We denote by
Aiy(h)* the adjoint of A;y(h). Take w;;y(h)* an eigenfunction of Az (h)* such
that Agy(h) ujiy(h)" = Ej(h)ujiy(h)*, (ujiy(h), ujiy(h)*) = 1. Let II;(h) be
the spectral projection associated to Ej(h) of A;,(h) defined by IL;(h)(u) =
(u, wj iy (R)* )i (h).

Lemma 5.1. For e small enough, we put ; := {z € C; |z — Ej(h)| <
eh}. Let z € Q;, then for h sufficiently small, one has

(5.1) R(z) = ((1 = IL;(R) Aiy (R) (1 = T;(R)) — 2) 7' (1 — II;(h))
exists. Moreover, R(2) is holomorphic in z € Q; and ||R(z)|| < Ch~ L.

Proof. By Theorem 4.7, there is only a simple eigenvalue E;(h) of A;(h)
in €2;. This shows that

o (1= T (1) A () (1 = T (1)) = 0 (Aiy () \ {E; ()}

Then,
Q; € p((1=10;(R) Ay (W) = Ty (R) )

which gives the existence of R(z). The estimate of R(z) can be followed immedi-
ately by imitating the proof of Proposition 4.6. Then we omit the details. O

Theorem 5.2. For each n € N fixed above, and let h be small enough,
there exists only one resonance E, j(h) of P(B,w) in {z € C; [z — (2n+1)h ™1 —
Ej(h)| < eh},

(5.2) E,j(h) = (2n+ 1)h™ + E + he; + O(h?)

which is algebraically simple. In particular, for all j such that e; < Cy (Cy is
defined in (2.2)), E, j(h) is a resonance of P(B,w) in U,. Remark that U, is
defined by (2.2).
Proof. Let
Rl :C — L*R), A Auj;y(h)
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RL i L*(R) — C, v+ (v,uj:,(h)*).

Then RLR. = II;(h) and RLRL = 1. Let us consider the following Grushin
problem for E_(z):

(B4 (2) R — 5
Pl(z)—< R 0>.L(R)><(C—>L(R)><(C.

We treat this problem in the same way as Theorem 3.5. In the same notations
as in Lemma 5.1, we put

- —R(z) RY

By a simple computation, we also get P1(2)€1(z) = I + O(h) and & (2)Py(z) =
I + O(h) uniformly in z € Q;. So Pi(z) is invertible, whose inverse is

0 1
_ (6(2) e+ (2) )
e-(z) e—1(2) 7
where h2Giy (23 h) = (E_4(2) — 2+ Ay (h)) = O(h?) (see (3.23)). The right lower
corner element of &£ (z) is

_; ((1 — h2Giy (2 W) R(2)) ™ —(1 — h2Giy (2 W) R(2)) " h2Gy (2 h)ujm(h)>

e (2) = Bj(R) = 2 = (1= B2Gin (5 M) R(2)) " W2Goiy (25 By (). i ()" )
= Ej(h) — 2+ O(h2).

We have e_;(z) : C — C and 0 € o(E_4(z)) if and only if z € o(e_4(2)).
Combining this with (3.18), z € o(e_4(z)) if and only if (2n + 1)h™! + 2z €
o (Priy(h)).

By applying the Rouché theorem, e_ (z) = 0 has a unique simple solution
in Q;, z = Ej(h) + O(h?). Therefore E, j(h) := (2n + 1)h~! + E;(h) + O(h?) is
an unique resonance of P(B,w) in {z € C; |z — (2n+ 1)k~ — E;(h)| <eh}. O

5.2. The width of resonances. In this subsection, we use the same

notations as in the preceding sections. Let j € Nand ; := {2 € C; |2 —FE;(h)| <
eh} be fixed as above (here ¢ > 0 small enough). We want to construct an
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approximate eigenvalue Z;(h) € €; and an approximate eigenfunction ;g(h)
such that

(5.3) E_.(%j(h))tje(h) = O(h™),
where we recall that
E_(2) = z— Ag(h) + h2Gy(z; h)

and 0 € C with |6| small enough, Im 6 < 0 (see (3.23)).

Let x € C§°(R) such that x = 1 near [-R,R] (R > 0). It follows
from Remark 3.7 that Gy(z;h) := x(x)Ga(2; h) is well-defined and holomorphic
in # € C, |A| small enough. In addition, Gg(z;h) is self-adjoint if z real and
Im6 = 0.

Let x € C§°(R) such that suppx C (—R, R). Using the h-pseudodifferential
calculus, one has

(5.4) 1X(2)[Go(2; h) = Go(z; R)]|| = O(A™).
Then we are led to construct an approximate solution for the following problem
(5.5) (Ao(h) — h2Go(z; h))u(l‘) = zu(x), z € ;.

In fact, the same problem was studied in [20, 21, 28] by using the WKB method,
so we only want to recall main steps. First of all, with the help of Theorem 4.4,
one can construct an approximate solution near 0 to

(5.6) (Ao(h) — 2D (1))u (23 h) = O~ 1)

in the form

2D () ~ 3" AR

>0

and

u® (25 h) ~ =1 S uf) ()il
1>0
where d(z) is some phase function holomorphic in z near 0 and Re (d(z)) > 0 for
reR\{0}, AV = B, AP =¢;, AV € R for all 1, j € N. Here 20)(h) — E;(h) =
O(h*°) and Hu(()j)H > const > 0.
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After that, one solves the following problem by using inductive arguments
inkeN:

(5.7 (Aolh) = B2Go(t (k) ) — (k) ) o (w3 h) = O (=5 %),
where v(()j)(a:; h) = u¥)(z; h), t(()j)(h) = 2U)(h). The solution of (5.7) is of the form

](6 Z/\(J ! and Ul(f)(ac h) ~ e~ -4 Zvl
1>0 1>0

where tl(jll(h) —tl(j)(h) O(h**2) and v,(izl(:r h) —v,(f)(ac h) = O(h¥+2), )\Z(Jk) are
real and vl( ) are holomorphic near 0. Here )\((),)g = F and /\(]l)€ = e;. Taking the
diagonal series, we get an approximate solution of (5.5):

5i(h) ~ Do NH,

1>0

and

where /\((){% = F and /\y% = ej.

Let x1 € C§°(R), x1 = 1 near 0. Let us choose ;9(x; h) = x1(z)ij(e’z; h).
From the analyticity of Gy(z;h) with respect to 6 near 0 and (5.4), we obtain
an approximate eigenvalue Zj(h) and an approximate eigenfunction ;g(x;h) of
(5.3).

Thus, we have proved the following theorem:

Theorem 5.3. Let Q; := {z € C; |z — E;(h)| < eh}, for some small

constant € > 0, j € N. There exist Zj(h) € Q; and ijo(-1h) € L2(R) verifying
|@j0(-; h)|| > const > 0, such that

(5.8) E_(%;(h))uje(x; h) = O(h™),
where '
Z(h) ~ S A7 H
>0

M= B ) = ¢ and A € R, Wil €.
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Now we carry out again Subsection 5.1 in which 8 = i, the eigenfunction
wjiv(h) of Ajy(h) is rleplaced by @ iy(-;h) given in Theorem 5.3, w;;y(h)* is re-

@j,—iy(-;h) and Ej;(h) is replaced by Z;(h). We

placed by — -
(Qjiy (-3 h), Uj—in (-5 )
then obtain

(5.9) Enj(h) ~ 2n+ DA™t + 3 A0 !
>0

5.3. End of the proof of Theorem 2.1. We end the proof of our main
result in this subsection by proving the following
Proposition 5.4. The resonance E,, j(B,w) has an asymptotic expansion

in powers of B~! as B — oo

(5.10) E,;(B,w)~ (2n+1)B+E

I @2n4+ 1A+ p)\ (k) p—k
+5(@+ DV + sy B,

k>2

where c( ) € R and A\, p are two eigenvalues of aj(0,0). In particular, the width
of resoncmce E, j(B,w) is of order O(B~).

Proof. For B large enough, one has |5| < 1. Thus, for all N € N,

2
(5.11) \/32+w2:B\/1+%: 1+§§+Zak3_2k (N+1)))7

k>2
1 1 1 1
512) —— = — = ( b B-2* + O(B-2N+1) )
(5.12) VB2+w? B [{ w» B 2BQ+Zk )
+ 5z k>2

where ag, b € R.

Replacing h by in (5.9) and taking into account (5.11), (5.12),

B2
we obtain, for all N € N,

+ w?

N
(5.13) E,;j(B,w)=(2n+1)B + Z cfng’k + 0B N,
k=0
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n’ 2 2 2

2n + 1 1 on + 1
where C(OEZE» Cff;:@ﬁ o w2=§<<zj+1>m+(”+ )(A+M)>,

o

- € R. In particular, the imaginary part of E, ;(B,w) is of order O(B~>).

This ends the proof of Proposition 5.4. O

Acknowledgements. The author would like to thank the anonymous

referees for their constructive comments and suggestions to improve the quality
of this paper.

1]

2]

REFERENCES

J. AvrON, I. HERBST, B. SIMON. Schriodinger operators with magnetic
fields. I. General interactions. Duke Math. J. 45, 4 (1978), 847-883.

J. F. Bony, V. BRUNEAU, G. RAIKOV. Resonances and spectral shift func-
tion near the Landau levels. Ann. Inst. Fourier (Grenoble) 57, 2 (2007),
629-671.

V. BRUNEAU, P. MIRANDA, G. RAIKOV. Discrete spectrum of quantum
Hall effect Hamiltonians I. Monotone edge potentials. J. Spectr. Theory 1,
3 (2011), 237-272.

H. L. CvycoN. Resonances defined by modified dilations. Helv. Phys. Acta
58, 6 (1985), 969-981.

S. DE BIEVRE, J. V. PULE. Propagating edge states for a magnetic Hamil-
tonian. Math. Phys. Electron. J. 5 (1999), Paper 3, 17 pp. (electronic).

M. Dimassi. Trace asymptotics formulas and some applications. Asymptot.
Anal. 18, 1-2 (1998), 1-32.

M. Dimassi. Développements asymptotiques de l'opérateur de Schrodinger
avec champ magnétique fort. Comm. Partial Differential Equations 26,3—4
(2001), 595-627.

M. Dimassi, V. PETKOV. Resonances for magnetic Stark Hamiltonians in
two-dimensional case. Int. Math. Res. Not. 77 (2004), 4147-4179.



[9]

[10]

Resonances of two-dimensional Schrédinger operators 573

M. Dimassi, J. SJIOSTRAND. Spectral Asymptotics in the Semi-classical
Limit. London Mathematical Society Lecture Note Series, vol. 268. Cam-
bridge, Cambridge University Press, 1999.

A. T. DUONG. Spectral asymptotics for two-dimensional Schrodinger oper-
ators with strong magnetic fields. Preprint, 2012.

L. Evans, M. ZWORSKI. Semiclassical analysis. Preprint, 2012.

P. EXNER, A. JoYE, H. KOVARIK. Magnetic transport in a straight par-
abolic channel. J. Phys. A 34, 45 (2001), 9733-9752.

A. Griais, J. SIOSTRAND. Microlocal Analysis for Differential Operators.
An Introduction. London Mathematical Society Lecture Note Series, vol.
196. Cambridge, Cambridge University Press, 1994.

B. HELFFER, J. SJOSTRAND. Résonances en limite semi-classique. Mém.
Soc. Math. France (N.S.), vol. 24/25, 1986, 228 pp.

P. D. Histop, I. M. SIGAL. Introduction to Spectral Theory. With Ap-
plications to Schro”dinger Operators. Applied Mathematical Sciences, vol.
113. New York, Springer-Verlag, 1996.

L. HORMANDER. The analysis of Linear Partial Differential Operators.
III: Pseudo-differential Operators. Grundlehren der Mathematischen Wis-
senschaften vol. 274. Berlin etc., Springer-Verlag, 1985

T. KATo. Perturbation theory for linear operators. Grundlehren der
mathematischen Wissenschaften, Band 132. Berlin—Heidelberg—New York,
Springer-Verlag, 1966.

A. KHOCHMAN. Resonances and spectral shift function for a magnetic
Schrodinger operator. J. Math. Phys. 50, 4 (2009), 043507, 16 p.

N. MAcRris, P. A. MARTIN, J. V. PULE. On edge states in semi-infinite
quantum Hall systems. J. Phys. A 32, 10 (1999), 1985-1996.

A. MARTINEZ. Résonances dans I'approximation de Born-Oppenheimer. 1.
J. Differential Equations 91, 2 (1991), 204-234.

A. MARTINEZ. Résonances dans ’approximation de Born-Oppenheimer. II.
Largeur des résonances. Comm. Math. Phys. 135, 3 (1991), 517-530.



574

22]

23]

Anh Tuan Duong

A. MARTINEZ. An Introduction to Semiclassical and Microlocal Analysis.
Universitext. New York, Springer-Verlag, 2002.

H. MatsumoTo, N. UEKI. Applications of the theory of the metaplectic
representation to quadratic Hamiltonians on the two-dimensional Euclidean
space. J. Math. Soc. Japan 52, 2 (2000), 269-292.

M. MELGAARD, G. ROZENBLUM. Eigenvalue asymptotics for weakly per-
turbed Dirac and Schrédinger operators with constant magnetic fields of full
rank. Comm. Partial Differential Equations 28, 3-4 (2003), 697-736.

G. Raikov, S. WARZEL. Quasi-classical versus non-classical spectral as-
ymptotics for magnetic Schrodinger operators with decreasing electric po-
tentials. Rev. Math. Phys. 14, 10 (2002), 1051-1072.

M. REED, B. SIMON. Methods of modern mathematical physics. IV: Analy-
sis of operators. New York—San Francisco-London, Academic Press, 1978.

X. P. WANG. Barrier resonances in strong magnetic fields. Comm. Partial
Differential Equations 17, 9-10 (1992), 1539-1566.

X. P. WANG. On the magnetic Stark resonances in two-dimensional case.
In: Schrodinger operators (Aarhus, 1991). Lecture Notes in Phys. vol. 403,
Berlin, Springer, 1992, 211-233.

LAGA, (UMR CNRS 7539)

Univ. Paris 13

F-93430 Villetaneuse, France Received December 5, 2011
e-mail: duongat@math.univ-parisi3.fr Revised June 23, 2012



