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ABSTRACT. This paper is concerned with consecutive-k-out-of- n system in
which all the components have the same ¢ lifetime probability, so, it’s possi-
ble to estimate g from a sample by using the maximum likelihood principle.
In the reliability formula of the consecutive-k-out-of-n system appears the
term ¢®. The goal in this work is to propose a direct estimation of ¢* to
avoid the accumulated errors owed to the power. More precisely, we estab-
lish a new method based on the Markov chains to calculate and estimate
the reliability of the system.

1. Introduction. A consecutive-k-out-of- n system is formed by n
linearly components. This system fails if and only if there’s at least k failed con-
secutive components, (1 < k < n). Until now, a great number of closed formulas,
recursive and direct algorithms(cf. [1, 3, 6, 13]), limit formulas (cf. [2, 7, 8]) and
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bounds (cf. [5, 10, 11]) for the reliability of linear and circular “consecutive-k-
out-of-n: F systems” are established by use of methods from combinatorics and
probability theory.

In the most articles dealing with the reliability of such systems, it is
supposed that the lifetime probability ¢ of a component is known, and it will be
estimated by choosing a sample in the expression of the reliability R:

R:(l_qk) |:1_ l—qk

We can conclude this formula, (cf. [1, 6, 13]), by supposing that all components
of the system are independent and identically distributed.

In this formula we have the term ¢*, so, a little gaps in the evaluation of
q yields a great one in the evaluation of ¢* and then in the estimation of R. For
this reason we propose a new method based on the Markov chains. This can help
us to estimate directly R with the ¢* estimator rather the g estimator.

We Consider that the structure function of this system is given by

S, = min max X
1<i<n—k i<j<itk—1

where X is the state of the component j , 7 =1,...,n.
We suppose that the components are independent and have the same distribution.

2. Notations. Fori=1,...,n:

{0 if the component i breaks down
7: =

1 if the component 7 is working

where P(X; =0) = ¢, P(X; = 1) = p=1—q. Finally, let Z; a sub-system with
k components and S,, = 1 means that the system is working.

3. Results. Let the variables Z,, = max X;.
n<i<n+k—1

Theorem 1. The process (Zy)n>1 is a Markov chain.

Proof. For all n > 1 and z, € {0,1}, we must proof that,

P(Zn+1 = Zn+1/Z1 = Zl,ZQ = Z92,.. .,Zn = Zn) = P(Zn+1 = Zn+1/Zn = Zn).
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1) T
Apn=Z1=2,29 =2,..., Zpn-1= 2n-1,%n =0,

then

1
P(Zpy1 =1/An) = m/l[zmll}dp

[An]

1

= m / Lz, =1)dp + / L(Z,i1=1)dp
[An]N[Xn=0] [An]N[Xn=1]

L(x, 1 =1)dp
[An]N[Xn=0]

P(Zpi1 = 1/4,) = PO

1

= Py / L, 5 =1)dP-
[An]

It is clear that the two events, (X,,4x = 1) and A, are independent. So

P(Zy=0,Xpix=1)

P(Zn'i‘l:l/An): P(ZnZO) )

we have used the fact that (Z,, =0) and (X, =1) are independent events.
We can write:

(Zn=0,Xpsn=1) = {Zy=0}N{Xnrp=1)
= {Zy=0}N{Znp1 =1}
= (Zn=0,Zns1=1).

Then,

In the same way we obtain:

P(Zps1 =0/Ay) = P(Zpy1 = 0/Zy = 0).
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NOW, put Bn = Zl = Z1, Z2 = ZQ,...,Zn,1 = Zn—1, Zn =1. Cn,1 = X1 = I,
Xo=wg,..., Xn-1=Tp-1. Dn,nkarl =Xpn=1,Xp41=0,..., Xpyp-1=0.

1
P(Zp+1=0/B,) = m / Lz, 1=1dp

[Bn]

= n4+1= =
/ l[Z 1 1}dp+/ l[Z ) 1}dp
) [Bn]N[X7n=0] [Ba]N[Xn=1]

P By) l[maX(Xn+1,...,Xn+k):0]dp
[Br]N[Xn=1]

- m 1[(Xn+1:0,..,,Xn+k:0)]dp
[Bn]ﬁ[anl]

=P By) 1[Xn+k=0}dp
[Bn]N[Xn=1]N[Xpn4+1=0,..., Xy k—1=0]

P(anDn;n—k—i-l)'P(Xn—i-k = 0)
P(By)

. P(Cn—laDn;nkarl)-P(XnJrk = 0)
P(Cyn-1,Z, =1)

It is clear that C,_1 and D, ,_11 are two independent events, and so are the
two events C,,_1 and (Z,, = 1). Then,

P(Dn TL*k‘i’l)
P(Z =0/B,) = ——-F——"--.
We can write (Z, =1, Z,+1 = 0) as:

(Zn = l,maX(Xn+1, NN 7Xn+k) = 0) = (Zn = l,Xn_;’_l = 07 e ,Xn+k = 0)

= (Xp=0,Xp41=0,...,Xp4 =0).
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So,
P(Zp1=0/By) = P (Zn1 =0/Zn =1).

Finally:

P(Zpi1=1/B,) = 1—P(Zps1 =0/By)
= 1= P(Zpy1=0/Z, =1)

= P(Zu1=1/Z,=1).

We conclude that (Z,,),>1 is a Markov chain.

Now, To compute the reliability of the consecutive-k-out-of-n system,
we must compute the transition probabilities from the state i (at the time n)
to the state j (at the time n + 1) where ¢ and j € {0,1}. For this end, let

II(l,m) = P(Zp11 =j /Zy =) where i,5,l,m € {0,1}.

Computation of the transition probabilities. We have:

P(Zpi1=0,Z, =0)
1(0,0) =
(0,0) P(Z, =0)

_ P(Zn1=0,2,=0,X,=0) | P(Zns1=0,Z,=0,X, =1)
P(Z, = 0) P(Z, =0)

_ P(Z141=0/2,=0,X, =0)  P(Z, =0/Xy = 0)P(Xy = 0)
P(X, =0) P(X, =0)

= q,

and

H(07 1) - P(Zn—H = I/Zn = 0)
= 1— P(Zps1 =0/Zy = 0)

= 1—q.
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In the other hand, we have:

II(1,0)

and finally:

P(Zpi1 =0/Z, =1)
P(Zpi1=0,2, =1)

P(Z,=1)
P(Zpir = 0,2y =1,Xn =0)  P(Zni1 = 0,2y =1,X, = 1)
P(Z, =1) P(Zy =1)
P(Zn+1 = O/Zn =1,X,= 1) % P(Zn = 1/Xn = 1)P(Xn = 1)
P(Z,=1) P(Z,=1)
¢"(1—q)
1—gF
M(1,1) = P(Zuot=1/Z, =1)
— 1= P(Znir =0/Zy = 1)
1 - II(1,0)
= 1— M
1—qgk

Now, we can establish a computing formula of the system reliability.

Theorem 2. The reliability of the “consecutive k-out-of-n” system is

given by

R=(1-¢" [1— =

Proof. With S, = Z1.25...Z,_.Zp—+1 We have R = P(S,, = 1).

Then,

P(Sn = 1) = P(Z1Z2 e Zn—k'Zn—k+1 = 1)

= P(Z1=1,2y=1...,Zn_js1=1)
= P(Znpi1=1/Z1=1,..., Zn_y=1)
XP(Zn,k = 1/Z1 = 1,... 7Zn7k71 = 1)

X'”XP(ZQZI/Zl:l)XP(lel).
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Since, (Z;)i>1 is a Markov chain, we conclude that:
P(Sy=1) = P(Zng+1=1/Zp=1)
XP(Zp_p=1/Zp_-1=1)
XX P(Zy=1/2Z1=1).P(Z1 =1)
and
R = P(S,=1)
= II(1,1) x---xII(1,1).P(Z1 =1)

= [M@,)" 1= P(Z =0)
n—k
_ [1 _ qlz(i;;])] (1 _ qk) _

Likelihood Estimator of R. We estimate R with two methods. We
set Ry = R in the first method and Ry = R in the second. R; and Ry denote the
estimators of R; and Ry respectively.

First method: Consider a system with n components X1, Xs,..., X,
such that:

PX;=1)=p and P(X;=0)=gq.

Then,

@
Il
3
\g|
8
i
T
8

P(X1 =21, ., Xn = @n) = H(Xi —2;)=pi=t (1—p)

where z; € {0, 1}.
The probabilities p and g are estimated by the maximum likelihood method:

L(z1,...,xn,p) = P(Xi=m1,..., X, =12,)

3

3 (1—=i)
= pi=l (1_p)i 1

OlnL (x1,...,2,,p) OlnL (x1,...,2,,p)
Op B dp
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Then,
Oln L(xy,..., Ty, 1 - 1
(16 np): xi——Z(l—xi)l_ =0.
p - P p
Then,
n
2 S ()
—~ i=1 ~ i—1 \L — T4
= — d = L
p " an q n
Consequently:
n—k

Second method: We consider

Zi= max X;, i=12,....,n—k+1L
1<) <i+k—1

and we put:
Ap k1 =21=21,- s Znkt1 = Zn—k+1-
Then

P(Ankarl) = P(ankJrl :znkarl/Anfk)
= P(Zn—k = Zn—k/An—k—l) X X P(Zg/Zl) X P(Zl) .

We have already proved that (Z,),>1 is a Markov chain, therefore, we
deduce that:

P(Ap—41) = P(Zn—it1 = Zn—tos1/Zn—k = Zn—k)-
P(Zn—t = 2n—k/Zn—t—1=2n—k-1) X -+ X P(Zo = 29/21 = 21).P(Z1 = z1).
We set:
I1(0,0) = P(Z,41=0/Z,=0) =q,
ML) = P(Zup=0/Z0=1) =5,

S0,
I1(0,1)=1—« andII(1,0)=1- 3.
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The precedent expression can be written as:
P(Zy=2z1,Z9=29,..., Zp_kt1 = Zn—k+1)
=P(Z1 =2).a"° (1 —a)" gm0 (1—p)"0,
where, for i =1,... ,n—k+ 1
noo = Card {i:Z; =0and Z;;; =0}
noy = Card {i:Z; =0and Z;; =1}
nig = Card {i:Z;=1and Z;1; =1}
nio = Card{i:Z;=1and Z;;; =0}.

The estimators likelihood of the parameters « and (3 are:

G0 g o
10,0 + No,1 nio +ni1
Since,
P(Sn = 1) = P(Zn,kJrl = I/ank = 1) X P(ank = 1/Zn7k71 = 1)

XX P(Zy=1/21 =1).P(Z1 =1).
Then the reliability of the system is:
Ry = P(S,=1)
= II(1,1) x---xII(1,1).P(Z1 =1)
= @@y 1 - P(Z =0)
It is not difficult to derive:

qk(l—kQ) md1_p=T0-0

I(1,0) = =5

After elementary calculus we obtain:

1-p
¢ = :
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Then,

ok 11—«
re=rt (52555):

( — )

4. Numerical applications We propose some numerical examples.

~n—k

Ry = p3

Example 1. Consider the system with 15 components with states given
by: 111001000011000. After some computation, we obtain:

n | k| 7| a 8 R Ry
15 2 0.6 0.6 0.625 0.0232 0.0011
15 3 0.6 0.5 0.8181 0.1931 0.0659
15 4 0.6 0 0.9 0.4429 0.2852
15 5 0.6 0 1 0.6544 1
15 6 0.6 0 1 0.7979 1

Example 2. Consider the system with 20 components with states given

by: 00011011100000100001. After some computations, we obtain:

n k ,q\ a /,é ﬁl ]/%2
20 2 0.65 0.6666 0.7777 0.0028 0.0065
20 3 0.65 0.5 0.8181 0.0647 0.0241
20 4 0.65 0.3333 0.8461 0.2317 0.0561
20 ) 0.65 0 0.9333 0.4365 0.3330
20 6 0.65 0 1 0.6163 1

Example 3. Consider the system with 30 components with states dis-

posed as bellow : 100000011001000111100011001111. After some computations,
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we obtain the numerical values:

n |k 1 @ 8 R Ry

30 2 0.5333 0.5454 0.7058 0.0001 3.5FE — 05
30 3 0.5333 0.5 0.8571 0.0275 0.012
30 4 0.5333 0.6666 0.9565 0.1907 0.2784
30 5 0.5333 0.5 0.9583 0.4460 0.3185
30 6 0.5333 0 0.9565 0.6681 0.3297
30 7 0.5333 0 1 0.8157 1

5. Conclusion. In these numerical examples, we notice the difference

between the estimators Ry and Ry. We believe that the second method is better
than the first to estimate the reliability (R) of the consecutive k-out-of-n system.
Since, in the first method, to estimate R it’s necessary to estimate ¢ then to

~ —~ ~k
calculate ¢. In the second, we use directly 8 (not depending to q and q ) to
estimate the reliability of the system. Then this method permits to avoid the
accumulated errors owed to the power.
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