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ABSTRACT. By using weighted kernel-type density estimator, the empirical
Bayes test rules for parameter of Exponential-Weibull distribution are con-
structed and the asymptotically optimal property is obtained under negative
associated samples. It is shown that the convergence rates of the proposed
EB test rules can arbitrarily close to O(n_%) under very mild conditions.

Introduction. Since H. Robbins [1, 2| introduced empirical Bayes (EB)
approach, lately it has been studied extensively, the readers are referred to liter-
ature [3]-[7].
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However, few article investigations on EBT or EBE are studied under
negative associated samples. Being different from previous researches, in this
paper, we obtain a more ideal result about convergence rate. Firstly, we introduce
the definition of negative associated (NA).

Definition 1.1 [11]. Random wvariables X1, Xo,..., X, (n > 2) are
said to be NA, if for every pair of disjoint subsets Ty and Ty of {1,2,3,...,n},
Cov(f1(Xi,i € Th), f2(Xj,7 € Th)) < 0. Here fi and fy are increasing or decreas-
ing for every variable such that this covariance exists. Random variables sequence
{Xi,i € n} is said to be NA, if for every natural number n > 2, X1, Xs,..., X,
(n > 2) are negative associated.

Let X have a conditional density function for given 6
(1.1) f(z]0) = e "0(1 — e )71,

where 0 is an unknown parameter, with sample space Q = {z | z > 0} and
parameter space © = {6 | & > 0}. In this paper, we discuss the following one-
sided test problem

(12) Hy:0<60y< Hi:0> 0,

where 6 is a given positive constant.
For the hypothesis test problem (1.2), we have loss function

Lo(e,do) == CL(9 — 90)21(9>90), L1(9, dl) == a(GO - 9)21(9§90).

where a > 0,d = {do,d;} is the action space, dy and d; imply acceptance and
rejection of Hy.

Assuming that the prior distribution G(6) of 6 is unknown, we obtain
randomized decision function

(1.3) d(z) = P(accept Hp|X = x).

Then, the risk function of §(z) is shown by
(1.4)

R(5(x),G(0)) =/@/Q[Lo(&do)f(fﬂ!@ﬁ(w)+L1(9,d1)f(fr\9)(1—5($))]d:ﬂd6’(9)

=a 0(x)dzx + C,
/B(m) (x)dz G
where

(15 Co= [ 1a(0.00)dG(0).5a) = [ (007 1(10)dGI0).
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The marginal density function of X is given by

folz) = / F(2]0)dG(0) = / em0(1 — )P~ LdG(D).
(C] ©
By (1.5) and simple calculation, we have

(1.6) B(x) = ur (2) £ () + ua(@) £ () + us (@) fo (),

where fg)(ac) and fg) (x) are the first and the second order derivative of fg(x),
and uy () = e**—2e"+1,ug(z) = (e®—1)(3e”—20p), uz(x) = 262" —(14+260)e”+63.
Using (1.4), the Bayes test function is obtained as follows

an COR I

Further, we can get the minimum Bayes risk
(18)  R(G)=mfR(.G) = R(i,C) = a / B(x)56(x)dz + Ce.
Q

When the prior distribution of G(6) is known and §(z) = dg(x), R(G) is
achieved. However, when G(0) is unknown, dg(x) cannot be made use of and we
need to introduce EB method.

The rest of this paper is organized as follows. Section 2 presents an EB
test. In Section 3, we obtain for the asymptotic optimality and the optimal rate
of convergence of the EB test.

2. Construction of EB Test Function. Under the following con-
dition, we need to construct the EB test function. Let X7, Xs,...,X,,X be a
random variable sequence with common marginal density function fg(z), where
X1,Xo,...,X,, are historical samples, X is a present sample. Suppose that
X1, Xo,..., X, are weakly stationary NA sequences, and the historical samples
and the present sample are mutually independent. Assume fg(z) € Csq, = € R,
where

Cs,o = {9(z) | g(x) is a probability density function and has continuous s-th
order derivative ¢©*)(z) with |¢®*)(z)| < a, s >2, a > 0}.

First we construct an estimator of 3(x).
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Let K,(z) be a Borel measurable bounded function vanishing off (0, 1)
such that

IR (-1)%, when t=r,
(A1) E/O yKT(y)dy_{ 0, when t#7rt=0,1,2,...,5—1.

The ¢-mixing coefficient statisfies
(A2) > M) < o
i=1
The kernel estimation of fg ) (x) is defined by

1 - r— X
(r) — 7§ : J
(21) fn (l‘) nh$Ll+T.) j:1 KT’ ( hn ) 9

where fg)(ac) is the r order derivative of fg(z) and féo) (x) = fa(x).
Thus, the estimator of §(z) is obtained by

(2.2) Bu(@) = ur(2) £ (2) +ua (@) [P (2) + us (@) ful@).

Hence, the EB test function is defined by

29 =15 o

Let E stand for the mathematical expectation with respect to the joint
distribution of X1, Xo,..., X,
Hence, we get the overall Bayes risk of d,,(x)

b
(2.4) R(6,(2),G) = / B(z) Elb,(2)]d + Cg.

If lim R(0,,G) = R(d¢,G), then {0, (z)} is called the asymptotic opti-

mality of the EB test function, and R(d,,G) — R(6g,G) = O(n™9), where ¢ > 0;
O(n~17) is the asymptotic optimality convergence rates of the EB test function of
{6, (x)}. Before proving the theorems, we give a series of lemmas.

Let ¢, c1, o, c3, ¢4 be different constants in different cases even in the same
expression.
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Lemma 2.1 [10]. Let {X;,1 < i < n} be negative associated random
variables , with EX; = 0 and E|X;|> < 00, i =1,2,--- ,n. Then

n n
B} Xi><c¢) EIX[
=1 =1

Lemma 2.2. Let f{7)(z) be defined by (2.1). Assume that (A1) holds.

Then for every x € (1 :
1
(I) When fg) (x) is a continuous function, nILI{:O hn =0 and lim —5—

=0, we
n—00 nhn

get
lim E|f{)(@) - £§ (@) = 0.

(IT) When fa(z) € Cs q,taking hy, = niﬁ, for0 < A <1, we get

_A(s=m)

Elf{) (@) — f§ @) <eon i

Proof. Proof of (I). By the inequality for C,, we have

2.5) E|f{) (@) — 1D @) < 2EfD (2) - f5 (@) +2Var(f0) (@) = 2013+ 1),

where
1 - x — X;
Efi(z) = E|—— K( )5
Ji (@) nphit" ; hy,
1 T — Xz
- LEK, ( . )
- h;(l‘”)E |:Kr <$ — Xl)]
ho,
= b0 / K, (9” - y) fa(y)dy
0 b,
1
= hnT/ K, (u)fa(x — hyu)du.
0
We obtain the following Taylor expansion of fg(x — hyu) in x
/ " (r) —£h
fola—hau)—fa(z) = 169 Cpyay 18D gy G S

¥ r!
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where 0 < £ < 1.
Since fg(z) is continuous in z and (A1), it is easy to see that

o
IN

Tim |BEf{(x) - £ (@)] = lim

hT/ K, (u)fe(z — nu)du—fG (x)

< 5 [ i 1 ha) — 19 @la =0
Hence, we have
(2.6) Jim 1F = lim |Bf (@)~ 6 (@) = 0.
Since K, (z) is a bounded variation function, there exists monotone bounded

variation functions K,;(x) and K,o(x) such that K,(z) = K,1(x) — Kyo(x).
It is easy to see that

T r 1 - r =X L= X
10 B = — S (152 - (0]

Il
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_|_
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n
Zj = Ko <x hnXJ> — EKy <x hnXJ> ; 2 = ]lejl
It is easy to see that EYJ-’ = EZJ{ =0,7=1,2,--- ,n.

Since K,1(-) and K,o(-) are monotone functions, respectively, Y; and Z;
are monotone functions of Xj.

By Definition 1.1, we get that {Y;,1 < j < n} and {Z},1 < j < n} are
NA sequences.

Further, there exists some positive constant M, so that K,1(-) < M and
KT2(') < M.

By Lemma 2.1, we have

T ' 1
E[f{(x) - BEfY (@) = 2520 7 E[Sn1 — Sna]
n=hn
¢ 2 2

IN
Nlo
:

——
NE

S

+

S|

N

——

¢ 2 2
nhy,
c
< ———{EY*+ EZ}
nhi(l—f—r)
< c
B nhi(HT)
1 .
When —5—= — 0, we obtain
nh2r+
(2.8) lim I, =0.

n—~oo

Substituting (2.6) and (2.8) into (2.5), the proof of (I) is completed.
Proof of (II). Similarly to (2.5), we can show that

ElfO(z) — @) <20Bf0 (@) — £5 (@) + 2Var £ ()

(2.9)
= 2(J + J3).
We obtain the following Taylor expansion of fg(z — h,u) in z
/ " (s) —&h
ela—huw) = Fe@)+ 18 ) B ey IO e
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where 0 < £ < 1. Due to (A1) and fg(x) € Cs o, we have

8@ = €ho)

S—r
o dv<c-h, .

1
B (@) - 19 @) < /0 K, )|

1
When h,, =n" 2+2s we have

A(s—r)
(2.10) TP = [Bf{0(x) — 5 @) <con”
By (2.7), when h,, = niﬁ, we have
_A(s=1)

(2.11) I <RI <eon” s
Substituting (2.10) and (2.11) into (2.9), the proof of (II) is completed. O

Lemma 2.3 [6]. Let R(dq,G) and R(,,G) be defined by (8) and (13).
Then

b
0 < R(6n, G) = R(0a, G) < C/ 18(@)|P(|6n(z) — ()] = |6(z)])d.

3. Asymptotic optimality and convergence rates of empiri-
cal Bayes test.

Theorem 3.1. Let f\)(z) be defined by (2.4). Assume that (A1)-(A2)
and the following regularity conditions hold:
(i) hy >0, lim h, =0, lim nh = oo,

(ii) / |60 — 1|dG(0) < +o0, / |(0 —1)(0 —2)|dG(F) < +oo;
S} S}
(iii) If fg) (x) is continuous function, we have lim R(d,,G) = R(dqg,G).

Proof. By Lemma 2.2, we have
0 < R(0n,G) — R0, G) < G/Q |8(2)|p(|8n () = B(x)] = |B(x)])da.

o) Writing Qn(z) = [8(2)[p(|6.(z) — B(z)| = |6(z)]), we obtain Qn(z) <
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It follows that

0—1
1§ @) = —low)+ | Z—1

(]0)dG(0),

0—1

aipyico) + [ LS oo,

B(x) = (Bo—1)% f(a)+(3—260) /@ (6-1)f (x]0)dG (6)+ /@ (6-1)(0—2) (x]6)dGC(0).

Again by (1.6) and the Fubini theorem, we can get

/ 1B(x)|dz = / / (B — 1)+ (3 — 200)(0 — 1) + (6 — 1)(0 — 2)| f(z]6)dG (0)dx
Q QJO

< / / (6 — 1)2|f (216)dG(0)dz
QJe
+/Q/®|(3—200)(0—1)|f(1:]9)dG(9)dx
+/Q/@|(9—1)(9—2)|f(1:]9)dG(9)dx

< (00— 12413 - 200)| [ 19 - 114G0)
+/ 10— 1)(6 — 2)[dG(8) < +oo.
(S

Applying the domain convergence theorem, then

(3.1) 0 < lim R(6,,G) — R(6c, G) < /Q[ lim O, (2)]do

n—oo n—~o0

If Theorem 3.1 holds, we only need to prove lim Q,(x) =0 a.s.x.
n—oo

By Markov’s and Jensen’s inequalities, then

Qu(2)) < Elfa(z) = Bx)] < i (2)|EIfP (2) - £E) ()]
Hug (@) | B fD () — £ (@) + Jus (@) | Bl fa (2) — fo(x)]
< Ju@)[EIfP (@) — £ @) P2 + luz@)|[E| £V (@) — £ ()22

+us (2)|[E| fu(x) = fa (@))%
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Again by Lemma 2.1(I), for fixed x € 2, when r =0,1,2

0 < lim Qn(x)
< (@) lim EIfP (@) - £ (@)
+ua(@)|[ lim_ BIf{ (@) - £ (@)
+us(@)|[ lim Bl fa() — fo(@) )2 = 0.

Substituting (3.2) into (3.1), the proof of Theorem 3.1 is completed. O

Theorem 3.2. Let fg) (x) be defined by (2.4). Assume that (A1)—(A2)
and the following reqularity conditions hold: fg(x) € Csq for 0 <X <1, and

(B1) / e(m’\x)\ﬂ(:r)ll_’\d:c < +o0, m=0,1,2, when h, = n o
Q

We have

A(s—3)

R(6,,G) — R(0¢,G) = O(n 26+2)), where s> 3.

Proof. By Lemma 2.2 and Markov’s inequalities,
0 < RG.G) = RE6.G) < [ 190 EIf (o) — fola)da

< o /Q 1B(@)| s ()| EN 2 (@) — 12 (@))dc

3.3
o +e /Q 1B(@) "M ua(@)| B D () — £ (2)|de
ey /Q 1B@) " Mg (@) Elfu(z) — fo(@)lde = Ay + By + C.
By Lemma 2.2 (II) and condition (B1), we get
(3.4 An <™ 5 [ 5@ (@) e < can”F

A(s—1)

A(s—1)
(3.5) B,, < can” 25+2 / ]5(1:)|17)‘|u2(a:)]/\(1:)d1: < csn 2FA
Q
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A _A(s+1)

(s+1)
(3.6) Cp < egn” 54 /Q 18()| s () (@)de < cgn™ ST

A(s—3)
Substituting (3.4)—(3.6) into (3.3), we get R(d,,, G)—R (¢, G) = O(n~ 2+2)),
The proof of Theorem 3.2 is completed. O

A(s—3)

Remark. When A — 1, and s — o0, O (n_ 2<S+2>> is arbitrarily close

to O(n_%).
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