Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 40 (2014), 99-110 Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

LIMIT OF THREE-POINT GREEN FUNCTIONS:
THE DEGENERATE CASE

Duong Quang Hai, Pascal J. Thomas

Communicated by P. Pflug

ABSTRACT. We investigate the limits of the ideals of holomorphic functions
vanishing on three points in C? when all three points tend to the origin,
and what happens to the associated pluricomplex Green functions. This
is a continuation of the work of Magnusson, Rashkovskii, Sigurdsson and
Thomas, where those questions were settled in a generic case.

1. Introduction. Let Q be a hyperconvex bounded domain in C"
containing the origin 0 and let O(Q2) denote the space of holomorphic functions,
respectively PSH_ () the space of nonpositive plurisubharmonic functions on €.
For every subset S of 2 we let Z(S) denote the ideal of all holomorphic functions
vanishing on S. We consider ideals Z such that their zero locus V(Z) := {z €
Q: f(z) =0,Yf € I} is a finite set. Since the domain is pseudoconvex, there are
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Key words: pluricomplex Green function, complex Monge-Ampere equation, ideals of holo-
morphic functions.
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finitely many global generators ¢; € O(2) such that for any f € Z, there exists
h; € O(§2) such that f = Zhjwj, see e.g. [2, Theorem 7.2.9, p. 190].
J
Definition 1.1 [6]. Let 7 be an ideal of 2, and 1); its generators. Then

G (z) := sup {u(z) :u e PSH_(Q),u < mjaxlog ;] +O0(1)}.

Note that the condition is meaningful only near a € V(7). In the special
case when S is a finite set in Q and T = Z(S), we write G7(g) = G's. This case
reduces to Pluricomplex Green functions with logarithmic singularities, already
studied by many authors, e.g. Demailly [1], [8], Lelong [3], and Rashkovskii and
Sigurdsson [6].

Following the lead of [4], we want to study the limit of Gs. when S; is a
set of points tending to the origin, and relate that to the limit of the ideals Z(.S;)
(in a sense to be specified below, see [4] for more details).

Definition 1.2. Let Z be an ideal such that its zero locus is a finite set.
Then T is called a complete intersection ideal if it admits a set of n generators,
where n is the dimension of the ambient space.

The main result of [4], Theorem 1.11, states:

Theorem 1.3. Let 7. = Z(S;), where S: is a set of N points all tending
to 0 and assume that iiil(l).'ze =7Z. Then (G71.) converges to G locally uniformly
on Q\ {0} if and only if T is a complete intersection ideal.

Furthermore, [4, Theorem 1.12, (i)] works out the limits of Green func-
tions when N = 3 and the dimension is 2.

We need a notion of convergence of ideals, inspired by Hausdorff conver-
gence. This is taken from [4].

Let Q be a bounded pseudoconvex domain in C". Let E C C\ {0} such
that £ > 0 be the set of parameters along which we take limits. Convergence of
holomorphic functions is always understood uniformly on compacta.

Definition 1.4. If (Z;).cg are ideals in O(Q2), we define

liminfZ, :={f € OQ): Yee E,3f. € I, lim f.= f}.
0 E>e—0

Ese—

Likewise limsup Z. is the vector space generated by
E>e—0

{feO():3E' CE,0€ E' andVe € E', f. € I. : m Ofg = f}.
'Se—
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Note that a typical example of such an E' is a sequence tending to 0.
We say that (Z:).ep converges to Z if iminfZ, = limsupZ. = Z, and
E>e—0 E>e—0
write lim 7, =1.

E>e—0
Of course liminfZ, C limsupZ,, and they are both ideals.
E3e—0 E3e—0
Let S. := {aj,a5,a3}. For each pair of distinct indices, 4, j, let [aj —a5] =

v € CP! where {4,7,k} = {1,2,3}. The cases which are studied in [4] are those

where there exist ¢ # j such that lim o7 and lim wv; exist and are distinct. In
E>e—0 E>e—0

those cases Elim OI (S.) = M2 (the square of the maximal ideal at zero, i.e. the
Se—

set of functions vanishing at zero together with all their first derivatives), which
is not a complete intersection ideal.

The main goal of this note is to investigate the asymptotic behavior of
ideals and Green functions in the remaining (and most singular) case, when there
exists v € C?, with ||v|| = 1, such that
(1.1) lim of = [v] for 1 <i < 3.

E3e—0

We use the notation z - := 21w 4 2919 for z,w € C?, and ||z||? := 2 - 2.

The notions we study do not depend on the order of the points in S., nor
does (1.1). We may number the three points so that for each ¢,

|laf = a3]| = [la3 — a3l = ||a] — as]|.

We perform a translation so that aj = (0,0). Since the distance from aj
to the origin tends to 0 by hypothesis, this does not change any of the limits we
are studying, and we shall make this assumption henceforth.

Let 0 be the (acute) angle between the complex lines directed by a5 and

g | /€
a5, i.e. 0 :=cos ! <M
a3 [flas]l
between the real lines directed by e

> . Geometrically, this is the smallest possible angle
ih a5 and e't2 a5 for any real numbers 1, to.

Theorem 1.5. With the above normalizations, Elim OI(SE) = 92 if and
Se—

o e .
Wi 1 _ 0, lentl
only if A or equivalently
: llas]]
(1.2) Elalgo a; RV 0,
| det (raéy, fay)]

where the determinant is taken with respect to an orthonormal basis.
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Theorem 1.6. (1) Suppose that hmovj le1] :==[1:0], for1 <j <3,
E>e—
and that lim M(e) = m € C, where
E>3e—0

Lo ™

_e 3
a _aj
M) = det(pety, geip) (o1~ 1)

(13) <a3 a2 H H) (as a;
fatt — 1931 ) Tazlmasn
then
1.4 lim Z. = (25 — mz?
(1.4) pdim T (20 —ma2t, 7).

(2) Conversely, if (1.4) holds for some m € C, then Elimovj- = [e1] ==
Se—
[1:0], for 1 <j <3 and (1.3) holds.

Of course the same result holds with any other unit vector instead of e;.
Note that, unlike the situation of Theorem 1.5, when the limit ideal is known, the
limits of the directions v} are determined. Notice also that when (1.2) is verified,
then |M(e)| — oo. This will be made clear after equation (2.7).

Using some of the results of [4] and [7], we now draw consequences about
the limits of the Green functions. The case not covered in [4, Theorem 1.12, (i)]

is when Elim OUJE- =le1] :==[1:0], for 1 < j < 3, so we make that hypothesis.
Se—

Theorem 1.7. (1) If condition (1.2) is satisfied, then

3
lim Gz, = max(2log |z1], log |z2]) + O(1).
E>e—0

(2) If lim M(e) =m € C, then
E>e—0

lim Gr. = max(3log|z],log |z — mzi]) + O(1).
E>3e—0

Notice that although in case (1) the limit ideal does not depend on the

common value of Ehm Ov 1 < 7 <3, the limit of the Green functions does.
Se—
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2. Proofs of Theorems 1.5 and 1.6.

2.1. Preliminary facts. Denote the Taylor expansion and Taylor poly-
nomial of a holomorphic function f by

> . .
F2)=flzm) = ) apaAzs; Pa(f)(z):= ) apzb.
4.k=0 ik
Jtksm

It follows from the Cauchy formula on the distinguished boundary of D?

that

Lemma 2.1. Letm € N*, U a bidisk centered at (0,0), relatively compact
in D%, There exists C = C(m,U) such that for any f € O(D?) with sup||f|| < 1,
D2

there exist holomorphic functions rjj € (’)(DQ) satisfying : for j+k =m+1,
sup|rji| < C,0 < j<m+1 and for z = (21,22) € U, then
U

m~+1 ' ‘
F(2) = Pu(f)(2) + Ring1(2) = Pu(£)(2) + D rjms1—j(2)21 25" 7.
=0

We also recall that given z,y € C2, we always have | det(z, y)|* + |z - §|* =

|z||?||y||?, so with our notations

as as
det(—2-, —3_ ' =sin 6,
Tagl T
13
and this proves the equivalence of (1.2) with lim lasll =0.

e—0 0
2.2. Proof of the sufficiency in Theorem 1.5. Under the hypothesis
(1.2), we will prove that limsupZ. C 93 C liminf Z..
13

£

N
Suppose that f € limsupZ,, then f = Z fi, where for each ¢ there exists
€ i=1
E; C E such that 0 € E; and a family of holomorphic functions {ff,c € E;},
with f; € Z., ¢ € E;, converging to f; uniformly on a fixed neighborhood U of
the origin. It will be enough to show that each f; € smg. We do this, dropping
the index i from the notation henceforth and write f; = f, E; = F'.
Observe that all the Taylor coefficients of f© will have to converge. Since
fe(af) =0, ag = 0 for any e. Applying Lemma 2.1 form =1,if U € U’ € Q,

[e(21,22) = af 21 + af 122 + Ra(z1, 22)
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with |Ra(21, 22)| < C||2||?, where C only depends on U, U’ and sup | f|.
U/
Applying this to z = a5, dividing by ||a;|| and writing V f¢(0) := (a] g, a5 1),
we find

a;
laZ

Write M for the 2 x 2 matrix with rows given by the coordinates of

-VfH0) = O(llagl)), i =2,3.

E
and

H%H

’ )~ 1). Since by our

5
v H Then [ M| = O(1) and [|M ] = O (rdet< 95
3

choice of numbering, ||a3|| < ||a5]||, we have

V££(0) = O(|IM~Hlla3]),
so that if condition (1.2) is met, then Elim 0Vfa(O) =0, thus f € M3, We have
'Se—

a5 | " [lag]|

proved that condition (1.2) implies that limsup Z. C 932
€

To prove the inclusion S)JT% C liminf Z,, it will be easier to take suitable
€

£
coordinates. We choose a new (varying) basis B, with e] := Ha—z”, and e5 = €7,
ay
where for any z = (21, 22) we write Z := (—Z22, 2z1). Let
(2.1) 2] =z-€],25=12-¢€
be the coordinates of a point z in this new basis. Note that z - § = — det(z,y).
In B,
(2.2) a5 = (£',0), a5 = (p,dp).
Then . e
as - a3 P

laglllag ]l lol(1 + [6]2)1/2"

5J

so # = tan"! || and (1.2) is now equivalent to Elim 03 = 0. Note that by our
Se—

numbering of the points,

(2.3) pl(L+ 18112 < |€').

With those new coordinates, the following polynomials are in Z.:

Qi(2) = (20)? = €' - E5=25 = (29)” + o(L);
5(2) = 5 (5 — p) = 2§25 + o(1);
Q3(2) = (2 — 8p) = () + (1)
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Let ayj := €5 - €;, for 1 <i,j < 2, so that

13 )
(2.4) 21 = Q112 + 1225,

2.5) zo = 912] + 9975,
or in compact notation z = Az®). If we let

fi(2) = a1, Q5 (2) + 2011012Q5(2) + a1,Q5(2),
f5(2) = (anazz + a120421)Q§(Z) + a11021Q7(2) + a1002Q5(2),
f5(2) = 05,Q7(2) + 2a21022Q5(2) + a5,Q5(2),

then
22 = lim f§(2) € liminf Z,;
e—0 e—20
z1zo = lim f5(2) € liminf Z;
e—0 e—20
23 = lim f5(2) € liminf 7.,
e—0 e—20

which proves that 93?% C liminf 7.
&

Thus (1.2) is sufficient for the claimed convergence.

2.3. Proof of Theorem 1.6, direct part. We use the notations from
(2.4) above. Recall that all the coefficients c;; depend on e. The hypoth-

esis  lim UJE- = [e1] implies lim «jo = lim a9 = 0, and lim |oagq| =
2e—0 E>e—0 E>e—0 E>e—0

Elim |age| = 1, but arg arj; = — arg age doesn’t have to converge.

2e—0

According to (2.2),

as - as 1det(a3,a§)  det(a5,as)
20 S I 7 TR
2 p 2 3742
From (1.3) we find
sai J
(2.7) M(e) = 0‘11/7 thus m = lim %,
p—¢ = (p—¢€)aq;
/
and we see that M (¢) doesn’t admit a finite limit when (1.2) holds, i.e. Elim . % =
Se—

0.

We now prove that <22 —mz?, z?> C lém ingIE. Let
Se—

g1e(2) = (2-€1)((z — a3) - &1)((z — a3) - €]);



106 Duong Quang Hai, Pascal J. Thomas

then € 7. for any € and 23 = lim o3 so 23 € liminf Z..
Gl & Le Y L™ p3emo 1191(2), L~ E3e—0
On the other hand, Z. contains

990
20 () + of)

—a226

Q1( ) = agaz5 —

S0 29 —mzi € 1119m in(i)"IE.
Se—

To see that limsupZ, C <22 — mz%, z§’>, we decompose any function f €
limsup Z; in the samiafw_a); as at the beginning of the proof of Theorem 1.5, and
sf)a\izzomay work with an f = E/hgi . e, ffel..

Given any function f expressed in the (z1,z2)-coordinates, we denote
f(2) = f(Az), so that f(2¥)) = f(2). Therefore f¢ € Z. means that F(0,0) =
FE(€.0) = F(p.dp) = 0.

We write

21722 E :az] Zl 22

(both the function and the coordinates depend on €).
Applying Lemma 2.1 for m = 2, taking ag , = 0 into account,

e ~E g ~E 2 g 2 ~E
fe(21,22) = a7 g21 + GG 122 + G3021 + Gf 925 + 4] 12122 + R3(21, 22)

with |Rs(z1, 22)] < C|\2|?, uniformly in € € E' by the convergence hypothesis.
Since f5(£ 0) = 0 we have a5 &’ + a5 o€’ 2 4 R3(¢’,0) = 0. Thus

R3(’,0
(2.8) Qi = —a50e — 73(;’ )
for any ¢ € E'.
Thus ﬁ(0 0)= lim a5,ay =0
dz1 Broe—g LOTH T

Furthermore, from f¢(p,dp) = 0, and (2.8) we deduce

. R3(¢',0 . . .
— 508" — 73(23, ) p+ag,0p+ a%,opz + a8,252P2

+ a5 10p” + Rs(p,dp) =0,
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and dividing by p(p — £’),

)

as o + ac
200 0 - 2= T =P T =) T -2

We observe that |p — /| < €. From (2.3), we see that |p —&'| < 2¢.
Conversely, by our choice of numbering, ||as|/* > ||az — as||* > |las||?, which is
equivalent to [lag||* > 2Re(as - a3) > ||as||*. Therefore

Re(a§-a§) _ 1 e
2.1 —&l > — = |lag|| = =222 78 2Nacll = =
(2.10) lp—e|=Re(p—¢) = a3 ] = 2HCL2|| 5
q.e.d.

Rs(p,dp) _

Since Ry(p, dp) = O(p”), we have lim plo—e) 7

and a5 o = —ag + o(1).
2,0 01, (1)
Now f(z) = Ehm . f5 (z E)) and their Taylor coefficients converge as well,
'Se—
So since

o~ . B 5 3
fe(z(e)) = aal (0(222:2 — ﬁa%12%>
+ G 903025 + G5 10110221 22 + Rg,(zie), zég)) +o(1),

. Sa?
and m = lim %
E3¢—0 (p — &'tz

mag,1 = 0, i.e. f € <22 — mz%,zi’), q.e.d.

, the Taylor coefficients of f satisfy a0 = 0, a2 +

2.4. Proof of the necessity in Theorem 1.5. Suppose that (1.2)
doesn’t hold, so there exists E' C E with 0 € E’ \ E such that

(2.11) inf —— >0
EE’ 5 a3
< ety magy)|
This implies that hm 0det( Ha2H Ha?’H) = 0. Passing to a subsequence (which
E'>e— 5 a3
we omit in the notation), we may assume that lim [a§] exists in CP'. We take

E'5e—0
an orthonormal basis (e1,ez) such that lim [a5] = [e1]. Then lim v; = [eq]
E'3e—0 E'3e—0
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for j = 2,3. To study [v1] = [a5 — a§], we recall that the coordinates of a5 — a5
are (p —€',6p) in B (2.2). Then by (2.10) and (2.6)
| det(a5, a3)| a; a5

€
= |det( )}
|a5|[?[la5||* — | det (a5, a3)|? } lasll” lag) "]’

op
p—¢

< 0] =

S0 Elim SV = [e1] as well: the first hypothesis of Theorem 1.6 is satisfied. To
'Se—

check the second, observe that

as a$ as o
IM(2)] =< detlpady ) <9 det( ey i)
- €.-¢ <
Tt — llas| las]

by (2.10). So by (2.11) M (e) remains bounded along a subsequence. Passing to
a further subsequence E”, we assume that it converges to m € C. Applying the

direct part of Theorem 1.6, we have . lim OIE = <22 — mz%,z§’> #+ S)ﬁ%. So the
"3e—

whole limit can’t be 92 either.

2.5. Proof of Theorem 1.6, converse. The reasoning is analogous to
the one immediately preceding. By the sufficiency in Theorem 1.5, (1.2) does
not hold. The proof above shows that there is a subsequence along which all v;
converge, and to the same limit v.

Along this subsequence, M (¢) remains bounded, so there is a further sub-
sequence along which it converges to some m € C, so the direct part of Theorem

1.6 shows that Elim I. = <22 - mé%, 2;’), where 21, 25 are the coordinates in an
2e—0

orthonormal basis é1,é; so that [é1] = v. But if v # [e1], then (25 — m27, 2%’) is
not the limit given by the hypothesis, a contradiction. In the same way, if the
quantity in (1.3) didn’t converge to m, it would converge to m’ # m along a
subsequence, the ideals would converge to <22 —m/ z%, z§’>, which contradicts the
hypothesis.

3. Proof of Theorem 1.7. In case (2), the limit ideal is a complete
intersection ideal and we may apply Theorem 1.3.

In case (1), we refer to [7, Example 5.3]. Since the proof given there refers
to an earlier version of the present paper with some technical imperfections, we
write a slightly more careful proof here.

Given any p € N*, define Z,) := lignfg’, if it exists. Note that Z(, D

(lign Z)P.



Limit of three-point Green functions 109

If Z,,) is well defined for all p, [7, Theorem 1.1] shows that the limit G of
the Green functions Gz, exists and is obtained as the regularized upper envelope

1
of the scaled functions —Gz,, for p € N*. Furthermore, its Monge-Ampere mass
at the origin is equal to N. If furthermore the Monge-Ampére mass at the origin

1 1
of —Gz(p) is equal to N for some finite p, then by [7, Theorem 4.10] G = —Gz(p).
p p

In our case, Z(g) D (M2)2 = MY > 2} in particular. On the other hand,

3
B e

(T.)? 5 (QFENQEE) - (Q3(1))?)

p—¢
/

dpe P
— (99 - 2555+ 0ol — V6P

6%p 5(e" —2p)
Py 6,(2@225 + ﬁzf(zgf

SO zg’ € o).
This implies that

1 1 3
3G700(2) =  max(iog |l log 41) + O(1) = masx (21og . § 1og 2] ) + O

Since the Monge-Ampere mass of this lower bound is 3, G(z) itself is of this form.
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