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ABSTRACT. In this article, we discuss the existence of Lie regular matrices in
M(4,Z,,). Tt is shown that the general linear group GL(4,Z,,) is generated
by Lie regular matrices for all m > 1.

1. Introduction. The special linear group SL(n,Z) is the multiplica-
tive group of all n x n matrices with integer entries having determinant 1. It
is well known that SL(n,Z) is generated by transvections, the matrices Tj; (
1 <i,7 <n,i+# j) with 1’s on the diagonal and in the (7,j)-th position and
0’s elsewhere. Generators of the unimodular group, the general linear group
GL(n,Z) of all n x n matrices with integer entries having determinant +1, has
been discussed in [1, p. 85], [5]. In 2012, Sharma, Yadav, and Kanwar introduced
Lie regular elements and Lie regular units for non-commutative rings (see [2, 3]).
They have given generators of the general linear group GL(2,Z,,) for some m > 1
in terms of Lie regular units. They proposed an open problem to describe the
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rings that have Lie regular units and whether it is possible to generate the whole
unit group of such rings using Lie regular units. In this article we are consid-
ering this problem for the ring M(4,Z,,). We will discuss the existence of Lie
regular units in the ring M(4,Z,,) and will show that Lie regular units generate
GL(4,Z,) for m > 1.

Throughout this article, ¢ denotes the Euler totient function and U(R)
denotes the unit group of the ring R; |A| denotes the cardinality of the set A.
Suppose G is a group, then o(G) denotes the order of G and o(g) is the order of
an element g of G.

The authors are thankful to the referee for the useful comments and sug-
gestions for improving of the exposition.

2. Preliminaries. We shall frequently use the following well known
results to prove our main results.

Lemma 2.1. The linear group SL(n,Z) is generated by transvections,
the matrices Tj; (1 < i # j < n) with 1’s on the diagonal and in the (i,j)-th
position and 0’s elsewhere.

Lemma 2.2 ([4, p. 21]). The natural map SL(n,Z) — SL(n,Zy,) is

onto.

In the sequel we preserve the notation 7;; for the image of the transvec-
tion.

Corollary 2.1. Transvections generate SL(n,Zy,).

Lemma 2.3. Suppose m and n are two positive integers such that (m,n) =
1. Then U(Zpn) = U(Zp,) x U(Zy,).

Definition 2.1 ([3]). An element ‘a’ of a ring R is said to be Lie reqular
if a = [e,u] = eu — ue, where e is an idempotent in R and u is a unit in R.
Further, a unit in R is said to be Lie reqular unit if it is Lie reqular as an
element of R.

Proposition 2.1 ([3, Proposition 2.6]). If F is a field then the inverse
of a Lie reqular unit in M(2,F) is again Lie regular.

Proposition 2.2 ([3, Proposition 2.14]). IfR is a commutative ring then
any element in M(2,R) of the form

Ay T Ay —y -y v Ay —x
-y =M/ \z M)\ -z Ny \y My’
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where A\, x and y belong to R and zy s invertible in R, is a Lie reqular element.

3. Lie regular elements in M(4,Z,,).

Proposition 3.1. Let R be a commutative ring with unity and let A, B
be Lie regular elements (units) in M(2,R), i.e., A = [e,u] and B = [e1,u1].

A 0
Then the block matrix (0 B) is also a Lie reqular element (unit) in M(4,R).

Proof. Observe that
(0 5)=1G )G )l
0 B 0 e/’ \O wu /|
This completes the proof. O
Note that if R is a field then the inverse of (gl g) is also a Lie regular
unit in M(4,R).

Proposition 3.2. If R is a commutative ring with unity and A, B are
Lie regular elements (units) in M(2,R) such that A = [e,u] and B = [e, u1], then

0 A
the block matriz (B O) is also a Lie regular element (unit) in M(4,R).

Proof. Observe that

(o) =16 2)-G o)l

This completes the proof. O
For example take A, B € M(2,Z,,) such that

=016 (5 )
o016 ()

A
0> is a Lie regular unit in M(4,Z,,).

)

and

)

0
where o € U(Zy,). Then (B

0

Note that if R is a field then the inverse of (B 0

unit in M(4,R).

) is also a Lie regular
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Proposition 3.3. Suppose A = and B =

Q@ o o o
o O 9
S QO

SO © o

oo o o
S O Q
o o o

O & O

0 0 g 0
are elements in GL(4,R). Then A, B are Lie regular in GL(4,R). Further, the

element C' = is also a Lie regular element in GL(4,R).

O = O O
o O O
OO = O

1
1
0
0

Proof. It follows once we observe that

(/0 0 0 0 0 —a 0 —b\]|
A(OlOO c 0 d 0
0000l [0 — 0 —f]||’
\0 001 g 0 0 0))
[ /10 0 0 0 a b 0]
B(oooo —¢ 0 0 —d
0000 |- 00 —f]||
\0 0 01 0 g 0 0)/]
[/0 0 0 0 00 -1 0\]
o— [0 000 00 —1 -1
0010 fTto0o 0 o0
\0 0 0 1 01 0 0/ O

Lemma 3.1. Let acld(Zy,), 1 < i <k, generate the group U(Zy,). Then
any subgroup of GL(4,Z.,) containing SL(4,Z.,,) and the matrices

0 0 01
0 010
€, = 5 1<’i<k,
0 1.0 0
a; 000

coincides with the whole GL(4, Zy,).
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Proof. Since the elements «;, 1 < i < k, generate the group U(Zy,),
every element v € U(Z,,) can be expressed by them. Hence the matrices

, Y EU L),

O = O O
o O = O
o O O =

belong to the subgroup of GL(4,Z,,) generated by e;, 1 < i < k. The matrices
hy, v € U(Zy,) are coset representatives of SL(4,Zy,) in GL(4,Zy,) and every
matrix in GL(4,Zy,) is a product of a matrix hy and a matrix from SL(4,Z,,).
In this way any subgroup of GL(4,Z,,) containing SL(4,Z,,) and e;, 1 <1i <k,
coincides with GL(4,Z,,). O

4. Generators of general linear groups.

Lemma 4.1. Any transvection Tj; (1 < i # j < 4) in M(4,Zy,) can be
written as a product of a,b,c and their inverses, where

0010 0010 0 100
0001 0011 0 010
=11 000" 100 of ™= 00 1
0100 0100 100 0

Proof. The proof is based on the following well known result

(Tij, Tj) = Ti T Ty Tyt = T,

whenever 1, j, k are distinct and 1 < 14,4,k < 4. Observe that

T;j | combination in a,b,c | T;; | combination in a,b,c
Tus ab To1 ba

Tia cab) e T39 ¢ Yhac

113 TuTysT T 119 Ti3T3 15 Tay'
Ta3 o1 TisToy Tyt Try Tor Ty Ty Ty,
T3 T30 Ton Tyy' Ty T34 T30 T2 T3y Ty,
Ty | TeTaTy'Ty' | Te | TeTpTy T

This completes the proof. O
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Lemma 4.2. For m > 1, SL(4,Z,,) is generated by the Lie regular ele-
ments a,b, and c, where

0 010 0 010 0 1 00

0 0 0 1 0 0 11 0O 010
a= , b= , c=

1 000 1 000 0 0 01

01 00 01 00 -1 0 0 0

Proof.  First, observe that a,b,c € SL(4,Z,,). By Lemma 4.1 all
transvections Tj; belong to the subgroup of SL(4,Z,) generated by a,b,c. By
Corollary 2.1, this implies that a, b, ¢ generate SL(4,Z,,) and result follows. O

k
Let n = H p;* be an odd positive integer. Then an element « € U(Zy,,) is
i=1
called a primitive element modulo p? in Z,, if the order of & modulo n is (b(p:l)

For the forthcoming results, m denotes an odd positive integer such that
k

m = H p;’, where the p;’s are distinct primes and r; > 0.
i=1

Theorem 4.1. Let a; € U(Zay) be a primitive element modulo p;* in
Zom for each i and

k
Ha?i # 1 (mod 2m), 0<j < o(p;"),
i=1

where j1,72,...,Jk are not simultaneously zero. Then the general linear group
GL(4,Zap,) is generated by the Lie regular units a, b, ¢, d and e;, where 1 <1i < k,

0 010 0 010 0 1.0 0
0 0 01 0 011 0 010
a = ,b: 7c: )
1000 1000 0 001
0100 0100 -10 0 0
00 01 0 0 01
0010 0 010
d= , € =
0 10O 0 1 .00
1000 a; 0.0 0
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Proof. Since p; is an odd prime, the multiplicative group U (Z k) 18

cyclic, and by Lemma 2.3, the elements «;, 1 <14 < k, from the statement of the
theorem do exist in U(Zay,) and generate U(Zay,).

10 0 O
1 0 0 .
Set x; = e;d = 00 1 0 . For every element v € U(Zs,,) the matrix
0 00 o
1 0 0 0
01 00
hy =
0010
0 0 0 ~

belongs to the subgroup of GL(4,Zs,,) generated by z;, 1 < i < k. By Lemma
4.2 we have that a,b, ¢ generate SL(4,Zoy,). Hence, by Lemma 3.1, the matrices
a,b,c,d, and e;, 1 <i <k, generate GL(4, Za,,) and the result follows. O

Theorem 4.2. Let m > 1 and o; € U(Zy,) be a primitive element modulo
pitin L, for each i and

k

[[ed #1 (mod m), 0<ji<gp™).

=1

where j1,72,...,Jk are not simultaneously zero. Then the general linear group
GL(4,Zy,) is generated by Lie reqular units a, b, ¢, d and e;, where 1 <i <k,

0 010 0 010 0O 1 0 0
0 0 01 0 011 0O 010
a= , b= , C= ,
1 0 00 1 0 0 O 0O 0 0 1
01 00 01 0O -1 0 0 O
0 0 01 0 0 0 1
0 010 0O 010
d: 76i:
01 0O 0O 1 00
1 0 00 a; 0 0 O

Proof. The proof of this theorem is similar to the previous theorem. O
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Theorem 4.3. Let a; € U(Zay) be a primitive element modulo p;* in
ZLam for each i and B € U(Zaw,) with o(5) = 2 such that

k
[[ed #87 (mod 4m), 0<j; < ¢(p}) and j = 0,1,
=1

where j, 1, j2, ..., jr are not simultaneously zero. Then the general linear group
GL(4,Z4) is generated by a,b,c,d,e; and f, where 1 < i <k,

0 01 O 0 01 0 0 1 00

0 0 0 1 0 0 1 1 0O 010
a = 7b: , €= )

1 0 0 0 1 0 00 0 0 0 1

01 00 01 0 O -1 0 0 O

0 0 0 1 0 0 0 1 0 0 01

0 010 0O 010 0010
d= , € = 7f:

01 00 0O 1 00 01 00

1 0 0 a; 0 0 0 8 0 0 0

Proof. Since the multiplicative group U(Z4) is cyclic of order 2, as in
the proof of Theorem 4.1, the elements «;, 1 < i < k, and § from the statement of
the theorem do exist in U(Zy4,,) and generate it. Also, observe that a, b, ¢, d, e; and

100 O 100 0
01 0 O 0100
f € GL(4,Zyy,). Set x; = e;d 00 1 0 and y = fd 00 1 0
0 00 oy 00 0 p

As in the proof of Theorem 4.1 again, a, b, ¢ generate SL(4, Z4y,) by Lemma 4.2
and the proof is complete by Lemma 3.1. O

It is well known that the group U(Zan), n > 2, is a direct product of two
cyclic groups Cyn—2 and Cy of order 2”72 and 2, respectively. It is also well known
that we may choose 5 and —1 for generators of the two cyclic factors of U(Zan).

Theorem 4.4. Let n > 2 and let o, B € U(Zany,) be such that o(B) =

22 and o is a primitive element modulo pitin Lony, for each i. Let

k
(H agﬁ-) B # +1 (mod 2"m), 0<j; < ¢(p}*) and 0 < j < 2"2,
i=1

where j;, ja, ..., Jk,J are not simultaneously zero. Then the general linear group
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GL(4,Zany,) is generated by the Lie reqular units a,b,c,d,e;, f, and g, 1 <1i <k,
where

0010 0010 0 100
0001 0011 0 010
a = , b= , C= ,
1000 1000 0 00 1
0100 0100 “100 0
000 1 0 00 1 000 1
0010 0 010 0010
d: 7€i: 7f: 9
0100 0100 0100
1000 a 0 0 0 800 0

0 00 1

o o010

9= 1o 10 0

100 0

k

Proof. Ifm = szi, then the multiplicative group U(Zan,,) has the
i=1
form

U(Zgnm) = Z/{(Zp?l“l) X oo X U(Zka) X Z/{(Zgn), Z/{(Zgn) = an—2 X 02.

This guarantees that the elements a;,1 < ¢ < k, and S from the statement of the
theorem exist and generate the group U (Zany, ).

Set
100 0 100 0
01 0 O 0100
T, = e;d = s y:fd:

0 01 O 0010
0 0 0 o 000 B

10 0 O

01 0 O ) .

and z = gd = 00 1 0 . As in Theorem 4.1 the matrices a, b, ¢ generate
0 00 —1
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SL(4,Zany,) by Lemma 4.2. Now the proof is completed by Lemma 3.1 because
every diagonal matrix

h’y = 5 Yy S U(ZQ"WL)7

o O O =
O O = O
S = O O
=2 O O O

belongs to the subgroup of GL(4,Zs,,) generated by z;, 1 <i <k, y, z. O
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