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The paper presents several new limit theorems for a class of non-negative alternating
regenerative processes and for the embedded renewal processes with two alternative
states. These results give new method for further investigations of Bellman-Harris
branching processes with state-dependent immigration. The limiting distributions for
these processes are obtained in the critical case with infinite offspring variance.

1. Introduction. It is well known that the renewal and regenerative processes
play an important role in many asymptotic investigations and real applications, see, for
example [14, 15, 6, 16, 8, 3, 2, 4, 13, 7].

The aim of the paper is to present several limit theorems for a class of non-negative
alternating regenerative processes, proved in [12].

The dynamics of these processes on a period of regeneration can be described as fol-
lows: the process stays at zero random time (waiting period) and after that it develops
following some stochastic laws until it hits zero (living period or work time). The in-
vestigation of the regenerative processes with two states needs the investigation of the
corresponding two states renewal processes.

So, at first we investigate the asymptotic behaviour of the spent time associated with
an alternating renewal process. The asymptotic results generalize those obtained by
Dynkin [5], Lamperti [9] and Erickson [6] (see also [16, 4] and [1]). On the other hand,
in alternating case new phenomena are obtained not observed in the classical renewal
processes (see Renewal Theorems 1 and 2).

We apply the results for alternating regenerative processes to prove several new limit
theorems for Bellman-Harris branching processes with state-dependent immigration de-
fined in [10, 11].

2. Definitions. Let on the probability space (Ω,A,P) be given:
i) A set X = {Xi, i = 1, 2, ...} of independent, identically distributed (i.i.d.), positive

random variables (r.v.) with distribution function (d.f.) A(t) = P{Xi ≤ t}.
ii) An independent of X set Z = {(Ti, (Zi(t) > 0, t ∈ [0, Ti), Zi(Ti) = 0)), i = 1, 2, ...}

of i.i.d. pairs of a nonnegative r.v. Ti and a measurable stochastic process Zi(t) with
state space (R+,B+), where R+ = [0,∞), and B+ is the Borel σ-field. The r.v. Ti with
d.f. B(t) = P{Ti ≤ t} is called the life-period of the process Zi(t).

*This paper is supported by NFSI-Bulgaria, grant No. MM 704/97
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Denote by Yi = Xi + Ti, i = 1, 2, ... the sequence of i.i.d. non-negative r.v.’s with
d.f. C(t) = (A ∗ B)(t) ≡

∫ t

0 A(t − u)B(du).
We will denote by the same letters the d.f. and the corresponding measures on R and

will assume the d.f. right continuous. For the integrals we assume
∫ b

a ≡
∫ b+

a− .
Define the ordinary renewal process N(t) = max{n : Sn ≤ t < Sn+1}, where S0 = 0,

Sn+1 = Sn + Yn+1, n = 0, 1, 2, ... . The sequence {Sn, S′

n+1}
∞

n=0 where S′

n+1 = Sn +
Xn+1, n = 0, 1, 2, ... is called an alternating renewal process. In the terms of reliability
theory one can interpret Xi as the time for the installation (or repairing time) of i−th
element in some system and Ti as the work time of the same element. So, in the process
{Sn, S′

n+1} there are two types of renewal events: Sn the beginning of the installation
and S′

n+1 = Sn + Xn+1 the beginning of the work of the (n + 1)−th element.
For the ordinary renewal process the behaviour of the spent life time τ(t) = t−SN(t)

is well studied (see e.g. [16],[6]). We define now the spent time for the alternating renewal
process {Sn, S′

n+1}
∞

n=0,

σ(t) = t − S′

N(t)+1 = t − SN(t) − XN(t)+1, t ≥ 0.

Note that we obtain the classical renewal process if all Xi are identically equal to
zero. In this case σ(t) is always non-negative. It is obviously that for the alternating
renewal process, σ(t) can take both negative and positive values.

We will use the process σ(t) (spent time) to construct an alternating regenerative
process Z(t), t ≥ 0, as follows

Z(t) =
{ ZN(t)+1(σ(t)), σ(t) ≥ 0,

0, σ(t) < 0.
(2.1)

The process Z(t) is a classical regenerative process, if we consider only the renewal
epoch {Sn}

∞

n=0, but it can be interpret as an alternating regenerative process, if we
consider also the epoch {S ′

n+1 = Sn + Xn+1}
∞

n=0. So, Z(t) can be described as follows:
Z(t) = 0 for t ∈ [0, X1), Z(t) = Z1(t − X1) > 0 for t ∈ [X1, X1 + T1), ..., Z(t) = 0 for
t ∈ [Sn, Sn + Xn+1), Z(t) = Zn+1(t − Sn −Xn+1) > 0 for t ∈ [Sn + Xn+1, Sn+1), and so
on.

3. Basic assumptions. We will suppose that A(0) = 0, B(0) = 0, and A(t) and
B(.) are non-lattice d.f. and some of the following basic conditions are satisfied:
(A.1) mA ≡ EXi < ∞.
(A.2) EXi = ∞, Ā(t) = 1 − A(t) ∼ t−αLA(t), t → ∞, α ∈ ( 1

2 , 1], and for each h > 0
fixed A(t) − A(t − h) = O(1/t), t > 0.
(B.1) mB ≡ ETi < ∞.
(B.2) ETi = ∞, B̄(t) = 1 − B(t) ∼ t−βLB(t), t → ∞, β ∈ ( 1

2 , 1].
The functions LA(.) and LB(.) are slowly varying at infinity.
(C.0) For x ≥ 0 there exists the limit

lim
t→∞

P{
Z1(t)

M(t)
≤ x|T1 > t} = D(x),

where M(t) is a positive, non-decreasing function, regularly varying at infinity with ex-
ponent γ ≥ 0, and D(x) is a proper d.f. on R+.

The following notations mA(t) =
∫ t

0 Ā(u)du and mB(t) =
∫ t

0 B̄(u)du will be used.

4. Limit theorems for the spent work time σ(t). If the both means EXi and
ETi are finite the limit behaviour of σ(t) can be easily obtained from the classical results
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(see e.g. [16], Sect.11.9). For this reason we assume that at least one of these means is
infinite. Moreover, we will always assume that there exist the limit

lim
t→∞

Ā(t)

B̄(t)
= c, 0 ≤ c ≤ ∞.(4.1)

The next two theorems contain the basic limit results for σ(t).

Renewal Theorem 1.Assume (B.2) and (4.1) with 0 ≤ c < ∞. If (A.1) or (A.2) is
fulfilled, then

lim
t→∞

P{σ(t) ≥ 0} =
1

1 + c
.

(i) If additionally 1/2 < β < 1 in (B.2), then for 0 < x < 1,

lim
t→∞

P{
σ(t)

t
≤ x|σ(t) ≥ 0} =

sin πβ

π

∫ x

0

u−β(1 − u)1−βdu.

(ii) If additionally β = 1 in (B.2), then for 0 < x < 1,

lim
t→∞

P{
mB(σ(t))

mB(t)
≤ x|σ(t) ≥ 0} = x.

Renewal Theorem 2.Assume (A.2) and (4.1) with c = ∞. If additionally (B.1) or
(B.2) is fulfilled, then

lim
t→∞

P{σ(t) ≥ 0} = 0.

(i) If only (B.1) holds, then for x > 0,

lim
t→∞

P{σ(t) ≤ x|σ(t) ≥ 0} =
mB(x)

mB
.

(ii) If only (B.2) with 1/2 < β < 1 holds, then for 0 < x < 1,

lim
t→∞

P{
σ(t)

t
≤ x|σ(t) ≥ 0} =

∫ x

0

u−β(1 − u)α−1du

B(α, 1 − β)
,

where B(., .) is the standard beta function.
(iii) If only (B.2) with β = 1 holds, then for 0 < x < 1,

lim
t→∞

P{
mB(σ(t))

mB(t)
≤ x|σ(t) ≥ 0} = x.

The proofs of these theorems are based on the equations of renewal type for the
distribution of σ(t), and some results correspond to the key-renewal theorem in the
infinite mean case.

5. Basic Regeneration Theorem. In this section we formulate a theorem which
describes the limiting behaviour of the process Z(t).

Basic Regeneration Theorem (BRT). Assume conditions (2.1), (4.1) and (C.0).

1) Let (B.2) holds with 1/2 < β < 1 :
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(i) If additionally (A.1) or (A.2) is fulfilled, and 0 ≤ c < ∞, then

lim
t→∞

P{
Z(t)

M(t)
≤ x} =

c

1 + c
+

G1(x)

1 + c
,

where G1(x) =
sinπβ

π

∫ 1

0

D(xu−γ)(1 − u)1−βu−βdu is a d.f. on R+.

(ii) If (A.2) is fulfilled and c = ∞, then

lim
t→∞

P{
Z(t)

M(t)
≤ x|Z(t) > 0} = G2(x),

where G2(x) =
1

B(1 − β, α)

∫ 1

0

D(xu−γ)(1 − u)α−1u−βdu is a d.f. on R+.

2) Let (B.2) holds with β = 1, D(0) = 0 and γ > 0 :
(iii) If additionally (A.1) or (A.2) is fulfilled, and 0 ≤ c < ∞, then for 0 < x < 1,

lim
t→∞

P{
mB(M−1(Z(t)))

mB(t)
≤ x} =

c

1 + c
+

x

1 + c
,

where M−1(.) is the inverse function of M(.).
(iv) If (A.2) is fulfilled and c = ∞, then for 0 < x < 1,

lim
t→∞

P{
mB(M−1(Z(t)))

mB(t)
≤ x|Z(t) > 0} = x.

3) Let (B.1) and (A.2) hold. Then

lim
t→∞

P{Z(t) ≤ x|Z(t) > 0} =
1

mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.

Remark 1. If one assume (A.1) and (B.1) only, then the process Z(t), with renewal
epochs {Sn}, is positive recurrent and without any other assumptions by the classical
regenerative theorem (See e.g. [13], Theorem 2.1) there exists

lim
t→∞

P{Z(t) ≤ x} =
1

mA + mB

∫

∞

0

P{Z(u) ≤ x, X1 + T1 > u}du.

The proof of the BRT is based on the properties of the limiting distributions of
σ(t), given in Renewal Theorems 1 and 2, and certain results for the convergence in
distribution.

6. Branching processes with state – dependent immigration. In this section
we assume that on the same probability space (Ω,A,P) instead of the set Z are given:

i) The set Z̃ = {(Zij(t), t ≥ 0), i = 1, 2, ..., j = 1, 2, ....} of independent, identically
distributed (i.i.d) Bellman-Harris branching processes with p.g.f. of the offspring of one
particle f(s), and the d.f. of the life-length of one particle G(t). We denote by F (t, s)
the p.g.f. of Zij(t).

ii) The set W = {Wi, i = 1, 2, ...} of i.i.d., positive, integer valued random variables
(r.v.) with p.g.f. g(s) = E{sWi}, s ∈ [0, 1].

Define the sequence {Zi(t), t ≥ 0, i = 1, 2, ...} of i.i.d. branching processes starting
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with positive random number of ancestors Wi at time t = 0 as follows

Zi(t) =

Wi
∑

j=1

Zij(t), t ≥ 0,

and denote by Ti the life period of the process Zi(t), i.e. Ti is a r.v. such that Zi(0) =
Wi > 0, Zi(t) > 0 for t ∈ [0, Ti), Zi(Ti) = 0.

It is clear that the r.v. Ti, i = 1, 2, ... are independent and identically distributed.

Now, if we use the pairs (Zi(t), Ti) in the definition of the process Z(t) then Z(t) will
be a Bellman-Harris branching process with state-dependent immigration. (Cf. [10,11].)

In what follows we will assume for the set X the conditions (A.1) and (A.2), but
instead of (B.1), (B.2) and (C.0) we will assume the following conditions:

1) For the offspring p.g.f.

h(s) = s + (1 − s)1+δL(
1

1 − s
), s ↑ 1, δ ∈ (0, 1],(6.1)

where L(t) is a s.v.f. at infinity.

2) For the particle life d.f.

G(0) = 0, G(t) is non-lattice and r =

∫

∞

0

xdG(x) < ∞,(6.2)

and there exists

lim
n→∞

n(1 − G(n))

1 − hn(0)
= d, 0 ≤ d ≤ ∞,(6.3)

where as usual hn(s) is the n−fold iteration of h(s): h0(s) = s, hn+1(s) = h(hn(s)).

In some cases the following condition will also be assumed:

1 − G(t) ∼ t−κLG(t), t → ∞, κ > 0.(6.4)

3) For the immigration in the state zero it is assumed one of the following conditions:

mW = EWi = g′(1) < ∞,(6.5)

or

EWi = ∞, g(s) ∼ 1 − (1 − s)θLB(
1

1 − s
), θ ∈ (0, 1],(6.6)

where LB(t) is a s.v.f. at infinity.

Remark 2. The condition (6.1) determines Zij(t) as critical Bellman - Harris pro-
cesses with possibly infinite variance. Since the case of finite variance is considered in
[10, 11], then we will suppose now that h′′(1−) = ∞.

In the theorems which are stated below we will use the following Laplace transforms:

D̂ρ,δ(λ) = 1 − λ
(

1 +
ρδ(0)λδ

r

)

−1/δ

, D̂δ(λ) = 1 − λ
(

1 + λδ
)

−1/δ

, λ > 0,

and the following p.g.f.:

fρ(s) = 1 −
ρ(s)

ρ(0)
, fδ(s) = 1 − (1 − s)1/(1+δ), s ∈ [0, 1].

Remark 3. The function ρ(s) is the unique positive solution of the equation (see
[20])

ρ(s)1+δ − rρ(s) − (1 − s)dδ = 0, s ∈ [0, 1].
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where δ ∈ (0, 1] is defined by (6.1), 0 < r < ∞ by (6.2) and 0 < d < ∞ by (6.3). The
Laplace transforms and the p.g.f. given above arise for the corresponding limit distri-
butions of the process Zij(t), obtained by Vatutin in [17,18,19,20] under the conditions
(6.1)-(6.4).

Further on, we will always suppose that there exists:

lim
t→∞

Ā(t)

B̄(t)
= c, 0 ≤ c ≤ ∞.(6.7)

We will use the basic notation Q(t) = 1 − F (t, 0) = P{Zij(t) > 0}. Note that in the
case 0 ≤ d < ∞ one has Q(t) ∼ t−1/δLQ(t), where LQ(t) is a s.v.f. as t → ∞ (see [20]).

Now, we are able to present some limit theorems for the Bellman-Harris branching
process Z(t) with state-dependent immigration. The proofs of these theorems consist of
the examination of the conditions of BRT.

Theorem 6.1. Assume (6.1), (6.2), (6.3) with d = 0, (6.5) and (6.7).
1) Let δ = 1 and ETi = ∞.

(i) If additionally 0 ≤ c < ∞, and (A.1) or (A.2) is fulfilled, then

lim
t→∞

P
{mB(Q−1

1 (Z(t)))

mB(t)
≤ x

}

=
c + x

1 + c
, x ∈ (0, 1),

where Q−1
1 (t) is the inverse function of 1/Q(t).

(ii) If additionally c = ∞, and (A.2) holds, then

lim
t→∞

P
{mB(Q−1

1 (Z(t)))

mB(t)
≤ x

∣

∣

∣
Z(t) > 0

}

= x, x ∈ (0, 1).

2) Let δ ≤ 1 and mB = ET1 < ∞.

(i) If additionally (A.2) holds, then for x ≥ 0,

lim
t→∞

P{Z(t) ≤ x|Z(t) > 0} =
1

mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.

(ii) If additionally (A.1) is satisfied, then for x ≥ 0,

lim
t→∞

P{Z(t) ≤ x} =
mA

mA + mB
+

1

mA + mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.

Theorem 6.2. Assume (6.1), (6.2), (6.3) with d = 0, (6.6) and (6.7). Let β = θ/δ.

1) If 1/2 < β < 1 and, either (A.2) with α > β or (A.1) is fulfilled, then for x ≥ 0,

lim
t→∞

P{Z(t)Q(t) ≤ x} =
sin πβ

π

∫

∞

0

Dδ,θ(xu−1/δ)(1 − u)1−βu−βdu = G1(x),(6.8)

where the d. f. Dδ,θ(x) has a Laplace transform D̂δ,θ(λ) = 1 − (1 − D̂δ(λ))θ, λ > 0.
2) If (A.2) holds and 1/2 < α < β < 1, then for x ≥ 0,

lim
t→∞

P{Z(t)Q(t) ≤ x|Z(t) > 0}(6.9)

=
1

B(1 − β, α)

∫

∞

0

Dδ,θ(xu−1/δ)(1 − u)α−1u−βdu.

3) Let β = 1 and ETi = ∞ :
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(i) If additionally (A.1) or (A.2) is fulfilled and 0 ≤ c < ∞, then for 0 < x < 1,

lim
t→∞

P
{mB(Q−1

1 (Z(t)))

mB(t)
≤ x

}

=
c + x

1 + c
, x ∈ (0, 1).

(ii) If additionally (A.2) holds and c = ∞, then for 0 < x < 1,

lim
t→∞

P
{mB(Q−1

1 (Z(t)))

mB(t)
≤ x|Z(t) > 0

}

= x,

where Q−1
1 (t) is the inverse function of 1/Q(t).

4) If β ≥ 1, mB = ET1 < ∞ and (A.2) is fulfilled, then for x ≥ 0,

lim
t→∞

P{Z(t) ≤ x|Z(t) > 0} =
1

mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.

5) Let (A.2) holds and 1/2 < α = β < 1 :
(i) If 0 ≤ c < ∞, then for x ≥ 0,

lim
t→∞

P{Z(t)Q(t) ≤ x} =
c + G1(x)

1 + c
,

where G1(x) is from (6.8).
(ii) If c = ∞ then the limit (6.9) is fulfilled.

Theorem 6.3. Assume (6.1), (6.2), (6.3) with 0 < d < ∞ and (6.7).
A) Suppose additionally (6.5), (A.2) and, 0 < δ ≤ 1 but ET1 < ∞. Then

lim
t→∞

P{Z(t) ≤ x|Z(t) > 0} =
1

mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.(6.10)

B) Suppose additionally (6.6) and denote β = θ/δ :
1) If 1/2 < β < 1 and, either (A.1) or (A.2) with β < α ≤ 1 hold, then

lim
t→∞

P{Z(t)Q(t) ≤ x} =
sin πβ

π

∫ 1

0

Dρ,δ,θ(xu−1/δ)(1 − u)1−βu−βdu = G1(x),(6.11)

where the d.f. Dρ,δ,θ(x) has a Laplace transform D̂ρ,δ,θ(λ) = 1 − (1 − D̂ρ,δ(λ))θ , λ > 0.
2) If (A.2) with 1/2 < α < β < 1 is fulfilled, then

lim
t→∞

P{Z(t)Q(t) ≤ x|Z(t) > 0}(6.12)

=
1

B(1 − β, α)

∫ 1

0

Dρ,δ,θ(xu−1/δ)(1 − u)α−1u−βdu.

3) Let (A.2) with 1/2 < α = β < 1 be fulfilled:
(i) If 0 ≤ c < ∞ then

lim
t→∞

P{Z(t)Q(t) ≤ x} =
c + G1(x)

1 + c
,

where G1(x) is given in (6.11).
(ii) If c = ∞ then (6.12) holds.
4) Let (A.2) holds. If β ≥ 1 and ET1 < ∞, then (6.10) is fulfilled.

Comment 1. It is not difficult to see that D̂ρ,δ(∞) = 1 −
r1/δ

ρ(0)
= Dρ,δ(0) > 0 and

D̂ρ,δ,θ(∞) = 1 −
rθ/δ

ρθ(0)
= Dρ,δ,θ(0) > 0.
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This explains why it is not possible to apply the BRT, 2). Thus the case β = 1 and
ET1 = ∞ is an open problem.

Comment 2. Under the conditions of the Theorem Vatutin [19,20] proves that

lim
t→∞

P{Zij(t) = |Zij(t) > 0} = pn = P{ξ = n},

where the p.g.f. Esξ = fρ(s). It is not difficult to see that fρ(1) = 1 − ρ(1)/ρ(0) =
1 − r1/δ/ρ(0) = P{ξ < ∞} < 1, i.e. the limit distribution is improper one. Therefore, it
is not possible to apply the BRT because the condition (C.0) is not fulfilled. So, it is an
open problem to obtain the corresponding limit theorem for the process Z(t).

Theorem 6.4. Assume (6.1), (6.2), (6.3) with d = ∞, (6.5), (6.7) and (6.4). Denote
β = κ/(1 + δ) :
1) If 1/2 < β < 1 and, either (A.1) or (A.2) with β < α ≤ 1 is fulfilled, then

lim
t→∞

P{Z(t) = n} = P{Z∞ = n},

where the p.g.f. EsZ∞ = fδ(s).
2) If (A.2) with 1/2 < α < β < 1 is fulfilled, then

lim
t→∞

P{Z(t) = n|Z(t) > 0} = P{Z∞ = n},(6.13)

3) Let (A.2) with 1/2 < α = β < 1 holds:

(i) If 0 ≤ c < ∞, then

lim
t→∞

P{Z(t) = n} =
c + P{Z∞ = n}

1 + c
.(6.14)

(ii) If c = ∞ then (6.13) is fulfilled.
4) If (A.2) holds, β ≥ 1 and mB = ET1 < ∞, then

lim
t→∞

{Z(t) ≤ x|Z(t) > 0} =
1

mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.

Theorem 6.5. Assume (6.1), (6.2), (6.3) with d = ∞, (6.6), (6.7) and (6.4). Denote

by β =
θκ

1 + δ
:

1) If 1/2 < β < 1 and, either (A.1) or (A.2) with β < α ≤ 1 is fulfilled, then

lim
t→∞

P{Z(t) = n} = P{Z̃∞ = n},

where the p.g.f. fδ,θ(s) = EsZ̃∞ = 1 − (1 − fδ(s))
θ.

2) If (A.2) with 1/2 < α < β < 1 is fulfilled, then

lim
t→∞

P{Z(t) = n|Z(t) > 0} = P{Z̃∞ = n},(6.15)

3) Let (A.2) with 1/2 < α = β < 1 holds:

(i) If 0 ≤ c < ∞, then

lim
t→∞

P{Z(t) = n} =
c + P{Z̃∞ = n}

1 + c
.

(ii) If c = ∞, then (6.15) is fulfilled.
4) If (A.2) holds, β ≥ 1 and mB = ET1 < ∞, then

lim
t→∞

{Z(t) ≤ x|Z(t) > 0} =
1

mB

∫

∞

0

P{Z1(u) ≤ x, T1 > u}du.
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