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HJILKNMPORQTSUSUIVMGIXWPOTKRYUZU[\MGIRS]ZG^XKD_`IL[\aGILKRZGbTS]OVKNc=WUdUORQJbeORfTghOTZG_iKNbjQTS]MGI]k=l?dGI\YUZGmPZGOLMUMGIRSUI
npo I\qPS o I\aUMPORQTSrbhWPOjY=YGc=dGstI\MGI�WUdUbiYUZ n MPO�ONS�QjWPbjmPZ=I\aPZGQTS]Z�WPOvuwZGa]ORQjORuwZG^xMGI n IRS]b`y
n IRS]ZGqPIRSUI]z{MPOtMGI\WPORQja]biYGc=qXZ�MU^RqNOTZ�ILKNS]OLdPZ=S]bTS]MPZQjcGKNdUb n bjMUMPZ n IRS]b n IRS]ZGmPZhZG_|dGI\_iZU}UIONS]MPOL~VbjMPZGbTS]O
Q`Z	q]c n KNc=WUdUORQTI]kp�JI\WUdPZ n bjd�[jORa]b n ZG^NS�d o Qjq{Z n IRS]b n IRS]ZGq�� aGI\YUZ n ZGd� dUMPORaPY�_`IT^\KN^\K{I]z��Ub
�{�xIRS]b n IRS]ZGqPIRSUI�b
�GI\QTS�ONS�uwZG_iZGqPIRSUI��|k �XIRS]O�I\dP[ oPn bjMGSUI\mPZG^Y]ORfNILKN^Pz]�Ub��Nl?bjOLdUb n IRSUIV_`IJWUdUbjQjbj�UMGIRSUItS]OT�UqPIJMGIeKRZGQjOT�PZGMPZ=S]b�KVSPdPZGcG[\c=aUMPZGqPI�b�Qja]biYUyQTS]KRZGbtONSvSPc�seY]bjQTS]KNONS]ODMGID��qNORfLZ?�|k

� ITghO�QjbrWPOR^\KN^\K{IRS�WPOjY]ORf\MPZ�Y]bjq]aGI\dGI\mPZUZwz?I\qNO�QjcGYGc=dGstI\MPZGbTS]O�Z n b�MGILZGQTS]ZGMGI
fNbj_|QjWPOLdUMPO{����I\fRONSUIRSUIrbK�S]OTK{I]zp�UbWPOxKNc=WUdUORQTIvZ n IxdGI\_i[jOLdUb|ghbjM	QjWPOLd�z!qNOTZ=S]O
SPdGI\bONS n MPO\[jO�QTSUI\dPZxKNdUb n bjMGI]k�l?OTK{IaPZG�PZ
ONSxQja]biYGMPONS]O n MPbjMPZGbXMGIhI\MP[\aPZU�GQjq{ZG^huwZGa]ORQjORu�tdGI\MPQ`ZGQt� b`�Gq]c=M�ZG_|qPI\_`I\MPOhOjghbtWUdUbj_X�T�N�\�D[]kU�R�ebJ_|MGI n qPI\q�QTSUI\MGIDSUI\qPI]zUa]O\[LZGqPIRSUIXZ
n IRS]b n IRS]ZGqPIRSUI]z�qNOTZ=S]OMPbX_`I\Qja o stILK{IRSrWPOTKNbj�UbVONS
dUORaU^NSUIMGIQja o [LZr_`IuwZG_iZGqPIRSUI]zGY=IZGQjqPIRS�_`I\dGI\YUZ
Q`KNOR^NSUIhQTSPdUO\[jORQTS�MPbjWUdUb n bjMUMPOVY=IVYUZGqPS o K{IRS�Q`KNOTZ=S]btWUdGILKRZGaGI��|k

�w��� B�� @w�P@w JB?¡�<?;�Ch;�:�EGCh;�:�B ¢�;�: ; �r£X¤P¥¦§�¨N©�¨]ªG¥U«=¥D§�¨�¬]{®¯«�°v¦P±\¤�°�§�«=±\²�±R³L´!«v¤G´!µ
¶ °�ªG¥U³L¥ ¶ °�·U«�¨§�¨vµ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨h±h¸]°�ª�³\«�°�µ?¹Pª�°�²�¨]§�ºNª�¨]¦P§=¥v¥U«�µ�¨P«=±Rµ�¨P«�°�»�°r°�ªG¥PºN°�»�°
¼
½ ¨�¾�²�°�¾=¥]µ?§�°�µ)³\¨Pµ ¥�§�¨]¿=®À¾�´w²�¦P¥{¤Gª�¨P³L§�°�«=±PÁ!ÂX¥U¨]§�¤=¨]²�±PÃ!ÄV°�ª�¸U±\²�«�Ã�Åe²�¨N¹G±\²�ÃpÆ�´!³L±\ª�Ã�Ç²�±\ºL±
¼�«=¥	¾=¥]®À¤G´!³L§=¥�± ½ §=¥�¾=¥]®¯³L´�Èx±R³\«�¦P±\§=¥	¦P´wÉT²�¨]Ê ½ ¨]§=±�³L±�ÉL¨]¸U±\ª�·PÉT¦U¨�ºNª�¨]¦P§=¥�¦ ¶ °�ªG¥U³L¥ ¶ ³L¤G°=Ë«=±�³L²�± ½ °,³LªG± ½-ÌRÍGÎ{Ï ºGÐ Ã ¤P¥Pº{¨P«=¥�°�ÉTª�°�ÉL¨�°�ÉT¦P±R³\«=§�¨P«�¨�³\«�¨P«�°�·�§�¨�ÂX¥Pª,Åe±\§�¨P³L±\²�¨ ¶ÒÑ ÌLÓ ¾=¥ ½ÉL¨]ºNª�¨]¦P°�±xÔPÕ	¨P«=±Rµ�¨P«�°�©�±R³L¤=¨P«�¨v°�³\«�°�§�¨�Ö\Ðp×J³L´�È
§=¥U³\«�¦�«�¨]ÉT°�³\«�¨P«�°�·�¨]¦P«=¥{²�´!« ½ °�³L¤U¹=«�°�²�¨«�²�¹ ½ §=¥U³\«�°�«=±�¥U« ¶ °�ªG¥U³L¥ ¶ ³L¤P¥�±R³\«=±R³\«�¦P¥�ÉL¨�²�¨]ÉT¦P°�¦U¨]§=±R«=¥�§�¨�¾�²�°�±Rµ?ª�°�¦U¨�³L±Rµ�¨]§�«�°�¤=¨%ÉL¨
µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�ØJ±\ÉT°�«�²�¹ ½ §=¥U³\«�°�¦P´wÉT§�°�¤G¦U¨P«�¤P¥Pº{¨P«=¥�³L°�¾=¥U³\«�¨]¦P°�µ�ÉL¨�»=±\ª ½ ¨	¥U³L°�ºN¹G²�°�µ«�¨]¤=¨]¦U¨D³L±Rµ�¨]§�«�°�¤=¨hÉL¨µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨X¤P¥P·U«=¥ ½ ¨�³L±X°�§�«=±\ºN²�°�²�¨³t± ½ §�¨²�¨]ÉT¸]°�²�¨]±Rµ�¨h«=±\¥{²�°�·ÉL¨�°�³\«�°�§�¨P«�¨�°�§�¨N¹G©�§�¨P«�¨�±\¾�°�³\«=±Rµ ¥PªG¥PºN°�·�Ð?Ù�ªG± ½ §�°�·U«%»�°�«�¨P«�±�¥U«%»�°�«�°�²�¨]§�¨P«�¨�¾=¥]®ÀºL¥{²�±
³\«�¨P«�°�·�Á

“Two quite distinct kinds of concerns have separately motivated accounts of the nature
of mathematical truth: (1) the concern for having a homogeneous semantical theory in
which semantics for the propositions of mathematics parallel the semantic for the rest of
the language, and (2) the concern that the account of mathematical truth meshs with a
resonable epistemology”:Ú ¨Åe±\§�¨P³L±\²�¨ ¶ §=±t±t·U³L§=¥h¤=¨]¤�§�¨N¹G©�¨]¦U¨Pµ ±e§=±LÈx¥ÉL¨D§=± ¶ °�ÉT°�©�§�°�«=±Xµ�¨P«=±Rµ�¨P«�°�©�±R³L¤G°�¥P¸U±\¤UË
«�°�ÛÜ¨]¤P¥rºN°�°�µ�¨r¦P´w¥P¸{Èx±NÝTÐwÆ�¨]ÉT¸]°�²�¨x³L±vµ ¥{ÊD±Rµ ½ ¨r¾=¥U³\«�¹Pª�°�²�¨Pµ ±�³L´�Èx±R³\«�¦P¹G¦U¨]§=±R«=¥v°�µJÃw§=¥¾=¥U³\«�¹Pª�¨P«�°�«=±V§=±�°�µ?¾�ª�°�»�°�²�¨P«�³L´�Èx±R³\«�¦P¹G¦U¨]§=±PÃ=«�¨]¤=¨x¤=¨]¤=«=¥
«=¥
±�¾�²�°�±R«=¥
¦r²�± ¶ ±\²�±\§�»�°�¨]ª=Ë
§�°�«=±�¾�²�°�©�°�§�§�°�«=±\¥{²�°�°�ÉL¨�ÉT§�¨]§�°�±R«=¥	°�ÉT¥P¸{Èx¥�Ð?ÂX²�°�¦P±TÊ ½ ¨Pµ ±�¥NÈx±�°Þ³LªG± ½ §�°�·�»�°�«�¨P«%¥U«
³L´�Èr¨P«�¨v³\«�¨P«�°�·�Á
Î{ß



“If, for example, numbers are the kind of entities they are normally taken to be,
then the connection between the truth conditions for the statements of number theory
and any relevant events connected with people who are supposed to have mathematical
knowledge cannot be made out. It will be impossible to account for how anyone knows
any properly number-theoretical propositions”Ç°�ªG¥U³L¥ ¶ ´!«�Õ	¨]²�¤�à�«�¨]¿�§=±\² Ñ ¬ Ó ¹=³L¾�·P¦U¨ ½ ¨	¾�²�° ½ ¨ ½ ±�³LªG± ½ §�¨P«�¨�°�ÉT¤Gª�áV©�°�«=±\ª�§=¥	·U³L§�¨°�§�«=±\²�¾�²�±R«�¨]»�°�·�§�¨
«=±\ÉL¨P«�¨§�¨xÅe±\§�¨P³L±\²�¨ ¶ Á

“The objection is that, if mathematical entities exist, they are unknowable - hence
mathematical truths are unknowable. There cannot be a science treating of objects that
make no causal impresion on daily affairs. : Since numbers, et al. are outside all causal
chains, ouside space and time, they are inscruptable. Thus the mathematics faces a
dilemma: either his axioms are not true (supposing mathematical entities not to exist),
or they are unknowable”.â ÉTªG¥{ÊD±\§�¨P«�¨x¾=¥]®ÀºL¥{²�±�«=±\ÉL¨
§�¨�Åe±\§�¨P³L±\²�¨ ¶ ½ ¥P¸]²�±�¾�²�°�ª�·Pº{¨�§�¨�ÊD±\ª�¨]§�°�±R«=¥ ½ ¨�°�§�«=±\²�¾=Ë²�±R«�°�²�¨Pµ ±Dµ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨V¤=¨P«=¥�©�¨P³\«
¥U« ¶ °�ÉT°�©�±R³L¤G°r¾�²�°�±Rµ?ª�°�¦P°�·x³L¦P·U«�ÐUØJ¥{¦U¨±V¾�¹G§�¤=«�Û Ì Ý¦ ¶ ¥{²�µ?¹Pª�°�²�¨]§�¨P«�¨r«=±\ÉL¨�Ðw×J³L´�È
§=¥U³\«�«�²�¹ ½ §=¥U³\«�°�«=±PÃ=¤P¥{°�«=¥r³L²�±LÈr¨Pµ ±v¤P¥Pº{¨P«=¥r³L±�¥{¾�°�«�¦U¨Pµ ±
½ ¨�³Tã=¦U¨]§=±Rµ�µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨X¥U«
ºNªG± ½ °=Èx±V§�¨±Rµ?¾�°�²�°�©�§�°�«=±V§�¨N¹G¤G°�ÃU³\¨�¥U« ½ ¨]¦U¨]§�¨D°�ÉT¦P±R³\«=§�°�Ðä °�«=¥VªG¥PºN°�¤=¨P«�¨�ÃL§�°�«=¥Dµ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨J³L±e¾=¥ ½ ¨]¦U¨P«D§�¨V¥P¸]°�©�¨]¿�§=¥U«=¥t±Rµ?¾�°�²�°�©�§=¥h«�²�±R«�°�²�¨]§=±PÐ×e´w¾�²�¥U³L´!« ½ ¨]ª�°,©�°�³Lª�¨P«�¨

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, . . .
°�µ�¨P«,³\¨Pµ ¥U³\«=¥]Ë

·U«=±\ª�§=¥�³L´�Èx±R³\«�¦P¹G¦U¨]§=±PÃ!§=±\ÉL¨]¦P°�³L°�µ ¥�¥U«�§�¨]åv±R«=¥�³L´wÉT§�¨]§�°�±PÃ�§=±�µ ¥{ÊD± ½ ¨	³L±
¥P¸P³L´wÊ ½ ¨�±\¤UË³L¾=±\²�°�µ ±\§�«�¨]ª�§=¥�Ã�§=¥,³L¦P¥{¿�³\«�¦U¨P«�¨�°�µ ½ ¥{¾�¹UÈr¨P«�±\¤U³L¾=±\²�°�µ ±\§�«�¨]ª�§�¨�¾�²�¥{¦P±\²�¤=¨�Ð ä ¨]¾�²�°�µ ±\²
³LªG± ½ §�¨P«�¨�¤P¥{§�¤G²�±R«=§�¨�¨]²�°�«�µ ±R«�°�©�§�¨ ¶ ¥{²�µ?¹Pª�¨�Á

3 × 5 = 5 × 3

³L±v°�ÉT¦Pª�°�©�¨�±\¤U³L¾=±\²�°�µ ±\§�«�¨]ª�§=¥�³L²�¨]¦P§�·P¦U¨]¿�¤G°�¥P¸{È
°�·�¸]²�¥{¿	¦�«�²�°�ºN²�¹G¾�°�¾=¥�¾=±R«	¥P¸U±\¤=«�¨r³
«=¥PÉT°,§�¨�¾=±R«,ºN²�¹G¾�°Þ¾=¥%«�²�°�¥P¸U±\¤=«�¨�Ð?ØJ¥{¦U¨�³L±�¾=¥U³\«�°�º{¨	©�²�±\É�±\ªG±Rµ ±\§�«�¨]²�§=¥�°�ÉT©�±\²�¾�¦U¨]§=±PÐ
ä ¨]¸Pª�á ½ ¨]¦U¨]¿�¤G°�µ?§=¥{ÊD±R³\«�¦P¥�¾=¥ ½ ¥P¸]§�°�Ûæ±\¤U³L¾=±\²�°�µ ±\§�«�¨]ª�§=¥�¾�²�¥{¦P±\²�·P±Rµ?°wÝ ¶ ¥{²�µ?¹Pª�°�Ã�©�°�°�«=¥
³L¾�°�³L´w¤�µ ¥{ÊD±Rµ ½ ¨�²�¨]ÉLµ?§=¥{Ê�¨]¦U¨Pµ ±�¤P¥Pª�¤P¥U«=¥�³L°�°�³L¤=¨Pµ ±PÃ�µ ¥{ÊD± ½ ¨�¾�²�±Rµ?°�§=±Rµ)¤G´!µ)¨]ª�ºL±{¸]Ë
²�°�©�§�¨P«�¨ ¶ ¥{²�µ?¹Pª�¨

a.b = b.a
Ð

Øt¨]¤=¨D¥U«�¤G²�°=ã�µ ±J± ½ §�¨¨]ª�ºL±{¸]²�°�©�§�¨ ¶ ¥{²�µ?¹Pª�¨�Ð â ÉTºNªG±TÊ ½ ¨D¹G¸U± ½ °�«=±\ª�§=¥D± ½ ¨h§�¨P³\«=¥P·P¦U¨Pµ ±PÃ©�±°�µ ±\§�§=¥
Ô]¥U«�¤G²�°=ã�µ ±�Ö�¾=¥U³L¥N©�±\§�¨P«�¨ ¶ ¥{²�µ?¹Pª�¨�Ã�¨v§=±·x°�ÉLµ?°�³Lª�°=ã�µ ±PÐ
ä ¨]¦P·P²�§=¥r¾�¨]¤�±\¤U³L¾=±\²�°�µ ±\§�«�¨]ª�§=¥r³\¨r¥U«�¤G²�°�«�°�«�¨]¤=¨
§�¨]²�±\©�±\§�°�«=±�ÂX°�«�¨]ºL¥{²�¥{¦P°�«�²�¥{¿�¤G°�Ð

ä ¨]¾�²�°�µ ±\²�ÃeÛ Ï Ã�ç�Ã?èPÝTÃ�Û Î Ã ¬{ç�Ã ¬PèPÝTÃ�Ûé¬{ç�Ã Ì ç Ï Ã Ì çGèPÝTÃ�Û ß çU�Ã�ç Ì Ã ß ç Ì ÝV° ½ ²�Ð�ØJ¹G¤�¨]§�¨]ªG¥PºN°�©�§=¥°�µ�¨Pµ ±�³L¾�°�³L´w¤�¥U«�¤P¥{§�¤G²�±R«=§�°�¨]²�°�«�µ ±R«�°�©�§�° ¶ ¥{²�µ?¹Pª�°

32 + 42 = 52
, 72 + 242 = 252

, . . .

¤P¥{¿�«=¥Xµ ¥{ÊD± ½ ¨D³L±�¹G§�° ¶ °�»�°�²�¨V©�²�±\É�¨]ª�ºL±{¸]²�°�©�§�¨P«�¨ ¶ ¥{²�µ?¹Pª�¨
a
2 + b

2 = c
2
Ð Ú ¨ ½ ¨V¾�²�± ½ ¾�¨{ËÉT°�µ�©�°�«�¨P«=±\ª�·{¼=µ�¨P«=±Rµ�¨P«�°�¤e¥U«h©�¹G¦U³\«�¦P¥U«=¥�Ã`©�±�ºL¥tÉL¨]§�°�µ�¨]¦U¨Pµ ±�³�«�²�°�¦P°�¨]ª�§�°h§=±LÈr¨�Ã ½ ´wª�Ê°�µ

½ ¨�§�¨]¾=¥]µ?§�°�µJÃG©�±V¾�²�°�¦P± ½ ±\§�°�«=±X¾=¥]®ÀºL¥{²�±X¾�²�°�µ ±\²�°�³\¨�°�ÉT¾=¥Pª�ÉT¹G¦U¨]§�°x¥U«r°�ÉT¦P±R³\«=§�°�·¸]²�°�«�¨]§=Ë³L¤G°	µ�¨P«=±Rµ�¨P«�°�¤�Õ	¨]¿�¤G´wª	£V«�°�·
¤=¨P«=¥x¨]²�ºN¹=µ ±\§�«�¨]»�°�·
§�¨
µ?§=±\§�°�±R«=¥�Ã�©�±�µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�³L±
¤P¥{²�±\§�°�¦x²�±R¨]ª�§�°�·
³L¦P·U«�Ð

Ù�±\º{¨ ½ ¨�³L±t¦P´w²�§=±Rµ�¤G´!µ�¾�¹G§�¤=«�Ûé¬PÝ?¥U«x«=±\ÉL¨P«�¨X§�¨Åe±\§�¨P³L±\²�¨ ¶ ÐPÅe±\É ½ ¨�³L±t°�§�«=±\²�±R³L¹G¦U¨Pµ ±
½ ¨]ª�°r©�°�³Lª�¨P«�¨�³L´�Èx±R³\«�¦P¹G¦U¨P«v§=±\ÉL¨]¦P°�³L°�µ ¥�¥U«
§�¨]åv±R«=¥�³L´wÉT§�¨]§�°�±PÃGµ ¥{ÊD± ½ ¨�§�¨P³\«=¥P·P¦U¨Pµ ±PÃ{©�±³Tã=¦U¨{Èr¨Pµ ±
³L¦P¥{¿�³\«�¦U¨P«�¨x°�µ)° ½ ¨]ÊD±PÃp©�±
ºN°�¤P¥ ½ °�²�¨Pµ ±x©�²�±\Éx¨]ª�ºL±{¸]²�°�©�§�° ¶ ¥{²�µ?¹Pª�°�Ã�¤P¥{°�«=¥³\¨
¥U³L±\ÉL¨]±Rµ ¥x²�¨]ÉT¸]°�²�¨]±Rµ?°�Ð=êV°�ªG±Rµ�¨P«�¨
Ô]°�ª�°	¨]¤U³L°�¥]µ?°�«=±h§=±�³\¨
¦P±\²�§�°�Ã�°�ª�°	§�·Uµ�¨Pµ ±�ÉT§�¨]§�°�±

Î{Í



ÉL¨�¥P¸U±\¤=«�°�«=±�Öh¤=¨P«=¥�©�±�ª�°�§=±�¦P´w²�¦P°�¦	²�¨]ÉTºNªG±TÊ ½ ¨]§�°�«=±
³Lª�¹G©�¨]°�Ð ä ¥�µ ¥{ÊD± ½ ¨	³L±�¦P´wÉT²�¨{ËÉT°�Ã�©�±�«�¹G¤�§�·Uµ�¨Pµ ±�¨]¤U³L°�¥]µ?°�Ã�§=¥
°�µ�¨Pµ ±�ÉT§�¨]§�°�±�¸Pª�°�ÉT¤P¥ ½ ¥�«=¥{¦U¨�¦ ¶ °�ÉT°�¤=¨P«�¨�Á=§=±LÈx¥
¤=¨P«=¥°�§ ½ ¹G¤=«�°�¦P±\§%³L°�§�«=±\É�°�ÉT¦PªG±\©�±\§�¥U«�±\¤U³L¾=±\²�°�µ ±\§�«�¨]ª�§�°�«=± ½ ¨]§�§�°�Ð ØJ¹G¤�ÉL¨P³Lª�¹GÊ�¨]¦U¨ ½ ¨�¾�²�°=Ë¾=¥]µ?§�°�µ,°�¥{¤=¨N©�±R³\«�¦P·P¦U¨]§=±R«=¥h§�¨
µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨ ½ ¨ ½ ±\§=¥x¥U«�ÂX¥U¨]§�¤=¨]²�±PÐ Ú ¨x§=±\ºL¥ “faire des
mathematiques, c’est donner le meme nom a des choses differentes”

Ð�×ë²�¨]ÉTºNªG±TÊ ½ ¨]§�°�·³Lª�¹G©�¨]¿�«=¥{¦U¨x«�²�·P¸]¦U¨ ½ ¨�³L±�²�¨]ÉT¸]°�²�¨x¦�³\µ?°�³L´wª�Ãw©�±v¦P´wÉT§�°�¤G¦U¨{Èr¨P«�¨x¨]ª�ºL±{¸]²�°�©�§�¨ ¶ ¥{²�µ?¹Pª�¨¹G§�° ¶ °�»�°�²�¨¸U±\ÉT¸]²�¥{¿�§=¥hµ?§=¥PºL¥©�¨P³\«=§�°
³Lª�¹G©�¨]°�ÃP³L°�§�ºN¹Pª�·P²�§�°r«�¦P´w² ½ ±\§�°�·�³L¾=¥{²�± ½ ªG¥PºN°�¤=¨P«�¨�Ðì ©�¨P³\«�¦U¨{È
°�«=±�¸]¹G¤G¦P°vµ ¥Pº{¨P« ½ ¨h³L±t«�²�±R«�°�²�¨P«�¤=¨P«=¥D¾�²�¥{¾=¥PÉT°�»�°�¥{§�¨]ª�§�°�ÛÜ³L´wÊ ½ °�«=±\ª�§�°wÝ ¾�²�¥]Ëµ ±\§�ª�°�¦P°	°�ÉLµ ±\§�·]È
°�³L±�¦�µ?§=¥{ÊD±R³\«�¦P¥U«=¥�§�¨r±R³\«=±R³\«�¦P±\§�°�«=±h©�°�³Lª�¨�Ãw§=¥�«=¥{¦U¨v¦P±\©�±�¦P¤Gª�áV©�¦U¨
³L±\²�°�¥PÉT§�¨�°�§�«=±\²�¦P±\§�»�°�·x§�¨vªG¥PºN°�¤=¨P«�¨�Ð

Æ�¨]ÉT¸]°�²�¨h³L±Vµ ¥{ÊD±Rµ ½ ¨§�¨P³\«=¥P·P¦U¨Pµ ± ½ ¨h§=±V³L±X¦P´w¦P±TÊ ½ ¨P«�¸]¹G¤G¦P±\§�°x°�ÉT²�¨]ÉT°�Ã]°�ª�°r¨]¸P³\«�²�¨]¤UË«=§�°%¨]ª�ºL±{¸]²�°�©�§�° ¶ ¥{²�µ?¹Pª�°�Ð ä ±\¤=¨�²�¨]¸P¥U«�°�µ�³\¨Pµ ¥	³x¤P¥{§�¤G²�±R«=§�°�«=±x¨]²�°�«�µ ±R«�°�©�§�°�°�ÉT²�¨]ÉT°�Ã
¤P¥{°�«=¥r³L´ ½ ´w²�Ê�¨P«�©�°�³Lª�¨r°�¥PÉT§�¨N©�±\§�°�·rÉL¨
¥{¾=±\²�¨]»�°�°	¦P´w²Uã=¹�«�·]ã�°�§�°=Èx¥ ½ ²�¹GºL¥�Ð!Øt¨]¤=¨
¾=¥]Ëª�¹G©�¨]¦U¨Pµ ±x± ½ °�§�¤=¨P«�¨]ªG¥Pº
¥U«�±Rµ?¾�°�²�°�©�§=¥	¾�²�¥{¦P±\²�±\§�°�©�°�³LªG¥{¦P° ¶ ¥{²�µ?¹Pª�°�Ã�³x¤P¥{°�«=¥�µ ¥{ÊD±Rµ±\¦P±\§�«�¹G¨]ª�§=¥ ½ ¨D¥{¾=±\²�°�²�¨Pµ ±eªG¥PºN°�©�±R³L¤G°�ÐUÙ�¤G°�»�°�²�¨]§=¥U«=¥D²�¨]ÉT¸]°�²�¨]§=±�±X«=¥N©�§=¥D«=¥{¦U¨�Ã\¤P¥P±R«=¥ ¶ °=ËªG¥U³L¥ ¶ °�«=±�§�¨]²�°�©�¨P«�í�îRï�ð=í�ñRòGðUóPô�ï�¾=¥]®¯«=¥N©�§=¥hïJñ{õ
öjïJñ{õvð=÷�öRøLù=ð
í�îRï�ð=í�ñRòGðUóPô�ï�Ã]ÉL¨V²�¨]ÉTª�°�¤=¨
¥U«�«�²�¨ ½ °�»�°�¥{§�§�°�·
§=¥]µ?°�§�¨]ª�°�ÉT´!µJÃ�¤P¥{¿�«=¥v°�ÉT¥P¸{Èx¥
°�ÉT¤Gª�áV©�¦U¨x°�ÉT¾=¥Pª�ÉT¹G¦U¨]§=±R«=¥�§�¨r¨]¸P³\«�²�¨]¤UË«=§�°�¥P¸U±\¤=«�°�Ð

£Xª�«=±\²�§�¨P«�°�¦P±\§�¾=¥ ½ ãU¥ ½ ± ½ ¨r¾�²�°�±Rµ ±RµJÃ!©�±�©�°�³Lª�¨P«�¨r³L´�Èx±R³\«�¦P¹G¦U¨P«�§=±\ÉL¨]¦P°�³L°�µ ¥r¥U«�§�¨{Ëåv±R«=¥r³L´wÉT§�¨]§�°�±PÃ�²�¨]ÉT¸]°�²�¨
³L±�°�ÉT¦P´w§�¾�²�¥U³\«�²�¨]§�³\«�¦P¥U«=¥�°�¦P²�±Rµ ±R«=¥�Ã�¤=¨P«=¥x§�·P¤=¨]¤G¦P°�° ½ ±R¨]ª�§�°³L´�È
§=¥U³\«�°�Ã�¤P¥{°�«=¥�§=±	³L±�¾=¥ ½ ©�°�§�·P¦U¨P«,§�¨�¥P¸{Èx¥{¾�²�°�±R«�°�«=±�¦%¥{¾�°�«=§�°�«=±�§�¨N¹G¤G°�¾�²�°�©�°�§�§�°
¦P²�´wÉT¤G°�Ð!Ù ½ ²�¹GºN° ½ ¹=µ?°�¾�²�°�±Rµ�¨Pµ ±�§�·P¤=¨]¤G¦U¨v³L±Rµ�¨]§�«�°�¤=¨vÉL¨v©�°�³Lª�¨P«�¨�Ã=¤P¥P·U«=¥�±�³L´w¦P´w²�åv±\§=¥²�¨]ÉTª�°�©�§�¨x¥U«�¥P¸]°�©�¨]¿�§�¨P«�¨�³L¦P´w²�ÉL¨]§�¨x³ ¶ °�ÉT°�©�§�°�«=±¾�²�± ½ µ ±R«�°�Ð�ØJ¥N©�§=¥
«=¥{¦U¨vÅe±\§�¨P³L±\²�¨ ¶ §=±
°�³L¤=¨�Ãp¤P¥Pº{¨P«=¥�§�¨P³\«=¥P·P¦U¨
ÉL¨�Ô{ãU¥]µ ¥PºL±\§�§�¨�³L±Rµ�¨]§�«�°�©�§�¨�«=±\¥{²�°�·�Ö\Ãw¤P¥P·U«=¥ ½ ¨�¦P¤Gª�áV©�¦U¨�°�µ�¨{Ë«=±Rµ�¨P«�°�¤=¨P«�¨�Ð�ØJ¥{¦U¨r²�¨]ÉT¸]°�²�¨]§=±vÉL¨�µ�¨P«=±Rµ�¨P«�°�©�±R³L¤G°�«=±¥P¸U±\¤=«�°�Ûæ¤=¨P«=¥�° ½ ±R¨]ª�§�°�³L´�È
§=¥U³\«�°wÝ±�°�ÉT¦P±R³\«=§=¥�¤=¨P«=¥�ïJñ{õ
öjïJñ{õvð=÷�öRøLù=ðÞú=ò�ñ{õ
î{í=ðUóPô�ïûðUòGð,ïJñ{õ
öjïJñ{õvð=÷�öRøLù=ð�ü�öRñRòGðUóPô�ï�ÐJØJ¥
³L±�³L¾=¥ ½ ±\ª�·	¥U«%¾�²�±\¥P¸Pª�¨ ½ ¨]¦U¨{Èr¨P«�¨�©�¨P³\«%¥U«%²�¨]¸P¥U«=±LÈ
°�«=±rµ�¨P«=±Rµ�¨P«�°�»�°�Ã�³L´wÉT§�¨P«=±\ª�§=¥	°�ª�°
§=±R³L´wÉT§�¨P«=±\ª�§=¥�Ð

êV¥�«�¹G¤�°�ª�áD³\«�²�°�²�¨{ã�µ ±X¦P´w²Uã=¹ ½ ¥U³\«�´w¾�§�°x¾�²�°�µ ±\²�° ¶ °�ÉT°�¤=¨]ª�°�ÉLµ�¨�Ã]§=¥]µ?°�§�¨]ª�°�ÉLµ�¨°
²�±LË¨]ª�°�ÉLµ�¨X¤=¨P«=¥ ¶ °�ªG¥U³L¥ ¶ ³L¤G° ½ ¥{¤=«�²�°�§�°hÉL¨Vµ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�ÐTÂX¥{§�¨P³\«=¥P·]Èx±Rµ�¦ ¶ °�ªG¥U³L¥ ¶ °�·U«�¨t³\¨³L´wÉ ½ ¨ ½ ±\§�°
²�¨]ÉTª�°�©�§�°
§�°�¦U¨§�¨¦P´w¾�²�¥U³L§�°�«=± ½ ¥{¤=«�²�°�§�°�Ð]ØJ±D³L±X°�ÉTºN²�¨]Ê ½ ¨P«x¦P´w²Uã=¹�¾=¥]®¯³L°�ª�§�°°�ª�°�¾=¥]®¯³Lª�¨]¸]°�¹=³LªG¥{¦P°�·�¥U«�±\¾�°�³\«=±Rµ ¥PªG¥PºN°�©�§=¥�±R³\«=±R³\«�¦P¥�Ð
ä ¨]¾�²�°�µ ±\²�Ã]«�¨]¤=¨]¦U¨t±J¨Pµ ¸]°�»�°�¥PÉT§�¨P«�¨t§=¥]µ?°�§�¨]ª�°�³\«�°�©�§�¨X¾�²�¥PºN²�¨Pµ�¨D³L´wÉ ½ ¨ ½ ±\§�¨X¾�´w²�¦P¥{§�¨{Ë©�¨]ª�§=¥x¥U« ¶ °�ªG¥U³L¥ ¶ ¨

Hartry Field
¾�²�±\É ÌRÍPß �ºGÐ â ÉT¦P±R³\«=§�¨�±¾=¥ ½ ¶ ²�¨]¾�°�²�¨{Èx¥U«=¥v§�¨]ÉT¦U¨]§�°�±Ô ä ¨N¹G¤=¨D¸U±\ÉJ©�°�³Lª�¨�Ö Ñ è Ó ÐUØJ·�¨]¤G»=±\§�«�°�²�¨h¦P´w²Uã=¹�¦P«=¥{²�¨P«�¨X©�¨P³\«x¥U« ½ °�ªG±Rµ�¨P«�¨h§�¨�Åe±\§�¨P³L±\²�¨ ¶ ÐÙ�¾=¥{²�± ½ Field

§�¨N¹G©�§=¥t¾�²�°�±Rµ?ª�°�¦U¨P«�¨t±\¾�°�³\«=±Rµ ¥PªG¥PºN°�·t§=±�¸]°�¦U¨ ½ ¨t¸P´ ½ ±�°�ÉT¥U³\«�¨]¦P·P§�¨e¥U«=§=¥U³L§=¥µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�Ð â §�«=±\²�¾�²�±R«�°�²�¨]¿�¤G°�°�§�³\«�²�¹=µ ±\§�«�¨]ª�§=¥x¾=¥U³LªG± ½ §�¨P«�¨�Ã=µ ¥{ÊD±Rµ ½ ¨r³L´�ã=²�¨]§�°�µ¶ °�ÉT°�¤=¨]ª�°�³\«�°�©�§=¥U«=¥�ý°
²�¨]ÉT¸]°�²�¨]§=±PÐ ä ¨]¾=¥]µ?§�·Uµ ±PÃ]©�±VÔ]°�§�³\«�²�¹=µ ±\§�«�¨]ª�§�¨P«�¨X°�§�«=±\²�¾�²�±R«�¨]»�°�·�Ö
§�¨%± ½ §�¨�¥{¾�°�«=§�¨�§�¨N¹G¤=¨�± ¶ °�ªG¥U³L¥ ¶ ³L¤P¥%¾=¥{§�·U«�°�±PÃ�¤P¥P±R«=¥�¾�²�°�±Rµ�¨�¥P¸P·U³L§�·P¦U¨]§=±R«=¥	§�¨%§�¨]¸]Ë
ª�á ½ ±\§�°�·U«�¨	³�»=±\§�¨P«�¨�§�¨	¥U«�¤GªG¥{§=±\§�°�±r¥U«%¾�²�°�²�¥ ½ §�¨P«�¨�°�µþ³L´�È
§=¥U³\«�Ð?ÿ¨P«=¥ ¶ °�ªG¥U³L¥ ¶ ³L¤=¨
½ ¥{¤=«�²�°�§�¨D±X¾�²�± ½ ªG¥{ÊD±\§=¥h¥U«x¤=¨]² ½ °�§�¨]ªrÅe±\ª�°�¨]²�µ?°�§=¥�¥U«x×J¨P«�°�¤=¨]§�¨D¾=¥�¦P²�±Rµ ±X§�¨ ½ ±{¸U¨P«�°�«=±ÉL¨v²�±R¨]ª�§=¥U³\«�«�¨§�¨
ÿh¥{¾=±\²�§�°�¤P¥{¦U¨P«�¨hºL±\¥P»=±\§�«�²�°�©�§�¨v³L°�³\«=±Rµ�¨�¾�²�±\É Ì�� ¦P±\¤!Ð

�p� 9���F��?EGCDEU< <?;�: ;r<?;��p¢�;�B%Ch;�:�EGCh;�:�B?> EG�]¢�;�: ;
	��?;=¢�:�B ¢�; � ä ¨P³L¤P¥{²�¥D°�ÉTªG±\ÉTª�°�·U«
¾�²�±\¦P¥ ½ §�¨°�É ½ ¨ ½ ±\§�¨P«�¨X¾�²�±\É ÌRÍPÍ�� ºGÐP¤G§�°�º{¨ “Matiere a pence”

Ñ �{Ó ÃP³L´ ½ ´w²�Ê�¨ ½ ±{¸U¨P«xµ ±TÊ ½ ¹
½ ¦U¨Pµ�¨�ºL¥PªG±Rµ?°%¹G©�±\§�°�Ã�§=±\¦P²�¥P¸]°�¥PªG¥PºN´!«� ¨]§=®¯ÂX°�±\²���¨]§�ÊD¥�°,µ�¨P«=±Rµ�¨P«�°�¤G´!«�£XªG±\§�ÿh¥{§�Ð
ß 



ØJ·�§�¨P³L¥N©�¦U¨h¦P´w¾�²�¥U³\¨ÉL¨�³L´�È
§=¥U³\«�«�¨h§�¨�µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨V¦ ½ ²�¹Gº{¨�¾=¥U³L¥{¤=¨�Ð��D³L§=¥{¦P§�°�·U«v¦P´w¾=Ë²�¥U³V¦x«=¥PÉT° ½ °�¨]ªG¥PºN°�©�±\§ ½ ±{¸U¨P«r±D¤=¨]¤G¦P°�³\¨�¦PÉL¨]°�µ ¥P¥U«=§=¥{åv±\§�°�·U«�¨Dµ ±TÊ ½ ¹�ïJñ{õ
öjïJñ{õvð=ù�ñ{õ
ñðrïJîRóPô ù�ñ{Ð�£XªG±\§�ÿh¥{§�ÃGºL¥Pª�·Uµ�µ�¨P«=±Rµ�¨P«�°�¤x°�¹G¸U± ½ ±\§r¾�ª�¨P«=¥{§�°�³\«�ÃU³L¾=¥ ½ ±\ª�·�¹ ½ °�¦PªG±\§�°�±R«=¥v³L°¥U«%«=¥{¦U¨�Ãp©�±�¦P±\©�±r¾=¥PÉT§�¨]¦U¨Pµ ±x¦	§�·P¤=¨]¤G¦U¨�³\«=±\¾=±\§�µ ¥PÉT´w©�§�¨P«�¨ ½ ±\¿�§=¥U³\«�Ð�ÔPÅe·]ã�¾=¥{²�¨]ÉT±\§�¥U«³L´�Èx±R³\«�¦P¹G¦U¨]§=±R«=¥
§�¨�¾=±\²�»=±\¾�«�°�¦P§�°,ÛÜ³L¦P´w²�ÉL¨]§�°�³�¦P´wÉT¾�²�°�·U«�°�·U«�¨UÝJ¤=¨]²�«�°�Ãw¤P¥{°�«=¥�³\¨�µ?§=¥PºL¥
¾=¥{¦P±\©�±�¾�²�°Þ©�¥{¦P±\¤=¨�Ã?¥U«�¤P¥Pª�¤P¥U«=¥	¾�²�° ½ ²�¹GºN°�«=±�Ê°�¦P¥U«=§�°�Ð�ØJ±	³L¦P´w²�ÉT¦U¨P«,²�±R«�°�§�¨P«�¨�³�¥P¸]Ë
ª�¨P³\«�°�¥U«�µ ¥PÉT´w¤=¨v°�µ�¨{È
°�²�¨]ÉTª�°�©�§�°�°�§�«=±\²�¾�²�±R«�°�¦P§�° ¶ ¹G§�¤G»�°�°�Ð Ð Ð�Õ�¥PÉT´w©�§�¨P«�¨ ½ ±\¿�§=¥U³\«�³L±¾=¥ ½ ©�°�§�·P¦U¨�§�¨vÉL¨]¤P¥{§�°�«=±V§�¨ ¶ °�ÉT°�¤=¨P«�¨�Ö\Ð

��¨]§�ÊD¥r¥U«�³L¦P¥P·�³\«�²�¨]§�¨x¾=¥ ½ ©�±\²�«�¨]¦U¨v§�¨P³\«=¥P·U«=±\ª�§=¥v²�¥Pª�·U«�¨x§�¨�µ ¥PÉT´w¤=¨�ÁwÔ ä °�±�¦P°�Ê ½ ¨{Ëµ ±
¾=¥{¦P±\©�±
³rµ ¥PÉT´w¤=¨�Ãp¥U«�¤P¥Pª�¤P¥U«=¥�³x¥N©�°�«=±��éÖ\Ðp×e´wÉT§�°�¤G§�¨]ªG¥U«=¥�§=¥{¦P¥�°�§�«=±\² ½ °�³L»�°�¾�ª�°�§�¨]²�§=¥§�¨]¾�²�¨]¦PªG±\§�°�±�� ù�î��Rð=õvð��{í�ñ{õ
ñ�í�ñ��{ù�ñ�¥P¸U± ½ °�§�·P¦U¨
µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�ÃG¾�³L°=ãU¥PªG¥PºN°�·U«�¨v°	§=±\¦]Ë²�¥{§�¨N¹G¤G°�«=±
³r¥PºNªG± ½ ¹=³L¾=±\åx§=¥U«=¥�°�ÉT¹G©�¨]¦U¨]§=±
§�¨ ½ ±\¿�§=¥U³\«�«�¨�§�¨	µ ¥PÉT´w¤=¨�Ð��D³L§=¥{¦P§�¨P«�¨�«=±\ÉL¨�Ã¤P¥P·U«=¥�¥P¸U± ½ °�§�·P¦U¨ ½ ¦U¨Pµ�¨P«�¨�¹G©�±\§�°�±PÃ�©�±�µ�¨P«=±Rµ�¨P«�°�©�±R³L¤=¨P«�¨¾�²�¨]¤=«�°�¤=¨�ÃG¤=¨P«=¥xµ?°�³LªG±\§=±PÃ�¥U³TË«�¨]¦P·�µ�¨P«=±\²�°�¨]ª�§�¨�³LªG± ½ ¨�Ð â ÉT¦P´w§�²�± ½ §=¥%¦U¨]Ê§=¥�±PÃ�°�ÉL¨�¾�²�¥P¸PªG±Rµ?°�«=±�§�¨%¥P¸]¹G©�±\§�°�±R«=¥�Ã?©�±
µ ¥{ÊD± ½ ¨�³L±v³L©�°�«�¨rÉL¨r¹=³\«�¨]§=¥{¦P±\§=¥�Ã=©�±v§=±\¾�¨P³L°�¦P§=¥U«=¥
ÉT§�¨]§�°�±¼�ÉT§�¨]§�°�±R«=¥]®À¹=µ ±\§�°�±D¼�³L±vªG¥]Ë¤=¨]ª�°�ÉT°�²�¨�¦ ½ ¨ ½ ±\§�¨�¥P¸Pª�¨P³\«�§�¨�µ ¥PÉT´w¤=¨�°�Ã ¨]¤P¥�³L´w¥U«�¦P±R«=§�¨P«�¨r³L°�³\«=±Rµ�¨�¥U«�§=±\¦P²�¥{§�°�§=±r³L±¨]¤=«�°�¦P°�ÉT°�²�¨�Ûæ¦P´wÉT¸]¹GÊ ½ ¨UÝ�¾=¥{§=±h¥U«�¦P²�±Rµ ±D§�¨v¦P²�±Rµ ±PÃ�«=¥v¦P´w¾�²�¥U³L§=¥U«=¥�ÉT§�¨]§�°�±D°�ÉT¸PªG± ½ §�·P¦U¨�°
½ ¥{²�°�µ ¥{ÊD± ½ ¨�³L±
ÉL¨]ºN¹G¸]°�Ð â ÉT¤Gª�áV©�°�«=±\ª�§=¥�°�§�«=±\²�±R³L§�°%³\¨�¤P¥]µ ±\§�«�¨]²�°�°�«=±�§�¨���¨]§�ÊD¥�¥U«=Ë
§=¥U³L§=¥¦P´wÉLµ ¥{Ê§=¥U³\«�°�«=±�ÉL¨³L²�¨]¦P§�·P¦U¨]§=±e§�¨ ½ ¨]²�¦P°�§�°�ÉLµ�¨h°rµ�¨P«=±Rµ�¨P«�°�©�±R³L¤G°�«=±�¥P¸U±\¤=«�°�Ã{± ½ °�§·P¦P§=¥�§=±R«�²�¨ ½ °�»�°�¥{§=±\§%¨P³L¾=±\¤=«�Ð��X¥{¦P±\¤G´!«�±r¤G²�¨]¿�§�°�·�²�±\ÉT¹Pª�«�¨P«�¥U«�¸]°�¥PªG¥PºN°�©�§�¨P«�¨�±\¦P¥Pª�áXË
»�°�·�¤P¥P±R«=¥�§�°�¤=¨]²�¨ ½ ¨�¾�²�°�±Rµ ±RµJÃ?©�±�§=±\ºL¥{¦P°�·U«�µ ¥PÉT´w¤�¾�²�°�«=±TÊ�¨]¦U¨�³\«�²�¹G¤=«�¹G²�¨�§�¨]ºL¥ ½ ±\§�¨
½ ¨
¾�²�¥{°�ÉT¦P±TÊ ½ ¨vµ�¨P«=±Rµ�¨P«�°�©�±R³L¤G°�¥{¾=±\²�¨]»�°�°�Ã�¤P¥{°�«=¥x³\¨
³L¦P´w²�ÉL¨]§�°�³²�±R¨]¤G»�°�°�«=±�µ?¹�³L¾�²�·Uµ ¥¥{¤G²�´wÊ�¨]¦U¨{Èr¨P«�¨�ºL¥ ¶ °�ÉT°�©�§�¨
³L²�± ½ ¨�Ð!Ù�´w¦P²�±Rµ ±\§�§�¨P«�¨ ½ °�³L»�°�¾�ª�°�§�¨
§�¨]²�±\©�±\§�¨x¹=³LªG¥{¦P§=¥xÔ]°�ÉjË¤U¹=³\«�¦P±\§	°�§�«=±\ªG±\¤=«�ÖV³L±x°�§�«=±\²�±R³L¹G¦U¨r¥U«�¨]ª�ºL¥{²�°�«�µ?°�©�§�°�·�¨P³L¾=±\¤=«	§�¨�µ ¥PÉT´w©�§�¨P«�¨ ½ ±\¿�§=¥U³\«�Ð
� ¥PªG±Rµ?°�·U«,¸]²�°�«�¨]§�³L¤G°,µ�¨P«=±Rµ�¨P«�°�¤

Rodger Penrose
Ñ ÎRÓ Ã�³L´�Èx¥�± ½ °�§Þ¹G¸U± ½ ±\§,¾�ª�¨P«=¥{§�°�³\«�Ã

ÉL¨]±Rµ�¨�¾�²�¥U«�°�¦P¥{¾=¥PªG¥{Ê§�¨D¾=¥PÉT°�»�°�·�Á
“...algorithm is everywhere, except in the mind”

Ð�ØJ¥{¿
§�¨P³\«=¥P·P¦U¨x©�±x§�·P¤=¨]¤G¦P¥�¾=¥ ½ ãU¥ ½ ·]Èx¥ ¶ °�ÉT°�©�§=¥�¦P´wÉ ½ ±\¿�³\«�¦P°�±�§�¨�µ ¥PÉT´w¤=¨�¾�²�± ½ °�ÉT¦P°�¤G¦U¨r¥U³L´wÉjË§�¨]¦U¨]§=±R«=¥�ÃU§=¥ ¶ ¥{²�µ�¨P«�¨�§�¨x«=¥{¦U¨�¦P´wÉ ½ ±\¿�³\«�¦P°�±D±³L¦P´w²�ÉL¨]§�¨v³h¤G¦U¨]§�«=¥{¦U¨P«�¨ ¶ °�ÉT°�¤=¨�Ð

×e´w¾�²�¥U³L´!«�ÉL¨X¾�³L°=ãU¥PªG¥PºN°�·U«�¨e§�¨X¥U«�¤G²�°�«�°�±R«=¥J¦Dµ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�±�ÉL¨P³L±\ºN§�¨P«¥NÈx±�¥U«ºL¥PªG±LË
µ?°�· ¶ ²�±\§�³L¤G°vµ�¨P«=±Rµ�¨P«�°�¤�� ¨]¤£ ½ ¨Pµ�¨]²�ÃN¤P¥{¿�«=¥XºL¥D³Tã=¦U¨{Èr¨t¤=¨P«=¥X¥{¾�²�± ½ ±\ªG±\§�¦P° ½ µ?°�³LªG¥{¦P§�¨°�§�¤U¹G¸U¨]»�°�·r³²�¨]ÉTºN²�¨]§�°�©�±\§�°	³\«�¨ ½ °�°�§�¨
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± ½ §�¨�µ?°�³L´wªr§�¨�ÂX±\§�²�¥P¹GÉ{Á “In some Platonic sense, the natural numbers seem to be things
that have an absolute conceptual existence independent ourselves. Moreover, the specific
infinite character of the totality of natural numbers is something that somehow we are
able to percieive directly”
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§�¨�¦U³L°�©�¤G°�¾�°�«�¨]ºL¥{²�¥{¦P°	«�²�°�´wºN´wª�§�°�»�°�¦

êV°�¥ ¶ ¨]§�«=¥{¦U¨P«�¨
²�¨]¦P§�°�§�¨�Ã�«=¥�êV°�¥ ¶ ¨]§�«=¥{¦P°�«=±v«�²�°�´wºN´wª�§�°�»�°-Û:9 Ï ¼GºN²�¨ ¶ °�³x»=±\ªG¥N©�°�³LªG±\§�°³\«�²�¨]§�°wÝV³L±�ã�¨]²�¨]¤=«=±\²�°�ÉT°�²�¨P«�¤=¨P«=¥�±\ªG±Rµ ±\§�«�°�§�¨�µ�¨P«=±Rµ�¨P«�°�©�§�°�«=±�³\«�²�¹G¤=«�¹G²�°�ÛÜ³L´wºNª�¨P³L§=¥
«=±\²�µ?°�§=¥PªG¥PºN°�·U«�¨�§�¨	Åe¹G²�¸U¨]¤G°wÝ

Π × Π
°�ª�°

Π × Π × Π
Ð â ½ ±\·�ÉL¨ ½ ¥{¤=¨]ÉL¨P«=±\ª=³\«�¦P¥r§�¨�ºL±LË¥]µ ±R«�²�°�©�±\§,±\ÉT°�¤%±�°�ÉTªG¥{ÊD±\§�¨�³�¾=¥]µ ¥NÈr«�¨�§�¨�¾=¥{§�·U«�°�±R«=¥�ÂX°�«�¨]ºL¥{²�¥{¦	©�±R«�°�²�°�´wºN´wª�§�°�¤�¦

»�°�«�°�²�¨]§�¨P«�¨�³\«�¨P«�°�·�§�¨�Åe²�´w§�©�±\¦U¨�Ð�×'¥P¸{È
°�·�³Lª�¹G©�¨]¿�Ã ½ °�¥ ¶ ¨]§�«=¥{¦P°�«=± ¶ °�ºN¹G²�° ½ ¥{¾�¹UÈr¨P««�²�°�¨]§�ºN¹Pª�¨]»�°�·r³L´!³\«�¨]¦P±\§�¨x¥U« ½ °�¥ ¶ ¨]§�«=¥{¦P°�«�²�°�´wºN´wª�§�°�»�°�Ã�«�Ð ±PÐ�ã�¨]²�¨]¤=«=±\²�°�ÉT°�²�¨P«�³L±�¤=¨P«=¥±\ªG±Rµ ±\§�«�°�§�¨
n
®À¤G²�¨P«=§�¨P«�¨
³\«�²�¹G¤=«�¹G²�¨

Π × Π × . . . × Π
Ð�£X¤P¥

∆ × ∆ × . . . × ∆
±
³\«�²�¹G¤UË

«�¹G²�¨P«�¨�§�¨ ½ °�¥ ¶ ¨]§�«=¥{¦P°�«=± ¶ °�ºN¹G²�°�³
n
§�¨�¸]²�¥{¿�¦P´w²Uã�¨�Ãp¦Pª�¨]º{¨]§=±R«=¥

∆ × ∆ × . . . × ∆ ⊂

Π×Π×. . .×Π
±J³\¨Pµ ¥X°�§=±\¤=«�°�¦P§=¥�Ã\¸U±\É ½ ¨X±J³LáV²�±\¤=«�°�¦P§=¥�ÐRÂX¥U³LªG± ½ §=¥U«=¥t¥P¸P³\«=¥P·U«=±\ª=³\«�¦]¥ ½ ¨ ½ ±¾=¥{¦P¥ ½ ÉL¨h¦P´w¦P±TÊ ½ ¨]§=±R«=¥V§�¨h¾=¥{§�·U«�°�±R«=¥<;{ð�î�=�ñ{í=õ
î���ù=ðUòGðUï�ÐPÂX²�°x²�¨]¸P¥U«�¨P«�¨X¦P´w²Uã=¹ ½ °�¥ ¶ ¨]§=Ë«=¥{¦U¨P«�¨t¾�ª�¨]§�°�µ ±R«�²�°�·håx°�²�¥{¤P¥³L±t°�ÉT¾=¥Pª�ÉT¦U¨{ã�¨V¤P¥]µ?¾�áD«�´w²�§�°
¨]ª�ºL¥{²�°�«�µ?°�¤=¨P«=¥h³L²�± ½ ³\«�¦P¥DÉL¨¾=¥Pª�¹G©�¨]¦U¨]§=±D§�¨v¾�²�°�µ ±\²�°�Ð

Ù�±\º{¨	µ ¥{ÊD±Rµ ½ ¨�³L°�ÉL¨ ½ ¨ ½ ±Rµ�¦P´w¾�²�¥U³\¨�¤=¨]¤�¸]°%°�ÉTºNªG±TÊ ½ ¨]ª�¨�¾�ª�¨]§�°�µ ±R«�²�°�·U«�¨�Ã�¨]¤P¥�°�³TË¤=¨Pµ ± ½ ¨
·�³\«�²�¥{°�µ�³\¨Pµ ¥r³¾=¥]µ ¥NÈr«�¨v§�¨
»=±\ª�°�«=±©�°�³Lª�¨�Ð��D«�ºL¥{¦P¥{²�´!«r§=±�±�¾�²�°�¦PªG±\¤=¨P«=±\ªG±\§�Á
²�± ½ ¾=¥PÉT§�¨P«�° ¶ °�ºN¹G²�°�¥U«xêV±\¤=¨]²�«=¥{¦U¨P«�¨X¾�ª�¨]§�°�µ ±R«�²�°�·�ÃP¤=¨P«=¥²�¨]¦P§=¥U³\«�²�¨]§�§�°�·«�²�°�´wºN´wª�§�°�¤§�¨]¾�²�°�µ ±\²�ÃUÈx±D°�ÉTºN¹G¸P·U«
ªG±\ºN°�«�°�µ?§=¥U³\«�«�¨³L°�¦�êV°�¥ ¶ ¨]§�«=¥{¦U¨P«�¨h«�¨]¤=¨]¦U¨�Ð ä ±D¦U³L·P¤=¨êV°�¥ ¶ ¨]§=Ë
«=¥{¦U¨�¥U«�³L±\©�¤=¨�Û:9 ¬R¼GºN²�¨ ¶ ³�»=±\ªG¥N©�°�³LªG±\§�¨ ½ ´wª�Ê°�§�¨UÝ�°�µ�¨�³L²�± ½ §�¨�«=¥N©�¤=¨�Ã «=±\¥{²�±Rµ?°�«=±rÉL¨ÉL¨]¸U±\ªG±TÊ°�«=±\ª�§�°�«=±�¾�²�±R³L±\©�§�°,«=¥N©�¤G°�¦	«�²�°�´wºN´wª�§�°�¤=¨	¥U«�¾�¨ ½ ¨P«�Ð Ú ¨�²�±\å
¨]¦U¨]§=±R«=¥ ½ ¥{²�°�§�¨«�¨]¤=¨]¦U¨J¾�²�¥U³\«�¨tÉL¨ ½ ¨N©�¨X¤=¨P«=¥X«�¨]ÉT°�ÉL¨X¾=¥U³\«�²�¥P·P¦U¨]§=±?§�¨D«�²�°�´wºN´wª�§�°�¤�¾=¥D«�²�° ½ ¨ ½ ±\§�°v³\«�²�¨]§�°±§�¹GÊ§=¥ ½ ¨x²�±\å
¨]¦U¨Pµ ±Dª�°�§=±\¿�§�° ½ °�¥ ¶ ¨]§�«=¥{¦P°r¹G²�¨]¦P§=±\§�°�·
³ ½ ¦P±h§=±\°�ÉT¦P±R³\«=§�°�Ð

£X¤P¥	³L±
¦P´w²�§=±Rµ)¤G´!µ µ�¨P«=±Rµ�¨P«�°�©�±R³L¤G°�·�¾�ª�¨P«=¥{§�°�ÉT´!µ-¦P°�Ê ½ ¨Pµ ±PÃp©�±r± ½ §�¨�©�°�³\«=¥�¨]²�°�«=Ëµ ±R«�°�©�§�¨x¦P±\²�³L°�·
§�¨xºN²�´w»�¤=¨P«�¨x¾�ª�¨]§�°�µ ±R«�²�°�·
±¥U³\«�¨]§�¨]ª�¨�§=±\²�¨]ÉT¦P°�«�¨�ÐwÙe«�¨]§�¨v·U³L§=¥x¤=¨]¤G¦P°
³\¨
§=±\¿�§�°�«=±�¦P´wÉLµ ¥{Ê§=¥U³\«�°�°	¤=¨]¤G¦P°�³\¨
§=±\¿�§�°�«=±�ºN²�¨]§�°�»�°�Ãw°�µ ±\§�§=¥�Á ú�ð=õ
ñ��{î`ü�î��Pñ{õ
ñ�õ
öRî�>
ü�öjïJñ,?@�`ü�ñ��{í�öLí=ð�öLõ
î�í�ñ�ú�ð=õ
ñ��{î`ü�î��{ð=õ
öxõXü�î�A=ù=ð�ð�òGð=í�öBA=í=ð=õ
ö<;{ð�î�=�ñ{í=õ
î��{ðC�`ü�ñ��{í�öLí=ð$D
¤=¨P«=¥v«=±\¥{²�°�·v°�;{ð�î�=�ñ{í=õ
î��{ð=õ
öE=�ðF���`ü!ðv¤=¨P«=¥v¥P¸U±\¤=«�°�Ð

×J³L´�È
§=¥U³\«)¨]§�«�°�©�§�°�«=±�ºN´w²�»�°'³\¨,²�¨]ÉT¾=¥Pª�¨]º{¨]ª�°�³�¤P¥{§�³\«�²�¹G¤=«�°�¦P§�°Þ¦P´wÉLµ ¥{Ê§=¥U³\«�°�ÉL¨
°�ÉT¥P¸]²�¨]ÉT·P¦U¨]§=±
§�¨�¥U«�³L±\©�¤G°�Ã?©�°�·U«=¥ ½ ´wª�Ê°�§�¨�±�¤G¦U¨ ½ ²�¨P«�°�©�§�¨	°�²�¨]»�°�¥{§�¨]ª�§=¥U³\«�Ã ¸Pª�¨]ºL¥ ½ ¨{Ë²�±\§�°�±x§�¨�ª�°�§�°�·U«�¨�°�¾=±\²�ºL±\ª�¨�ÐpØJ¥{¦U¨r¥PÉT§�¨N©�¨]¦U¨�Ã�©�±x¦U³L·P¤=¨r¥U«�³L±\©�¤=¨r¦

Z × Z
¸]°�µ ¥PºNª�¨ ½ ¨¸P´ ½ ±v³L§�¨]¸ ½ ±\§�¨
³ ½ ´wª�Ê°�§�¨�Ãw¤P¥P±R«=¥
¥PÉT§�¨N©�¨]¦U¨�Ã=©�±�± ½ §�¨r¾=¥]®À¸P¥Pº{¨P«�¨v¾�ª�¨]§�°�µ ±R«�²�°�·�µ ¥{ÊD± ½ ¨¸P´ ½ ±²�¨]ÉT¦P°�«�¨�¦

Z × Z
ÐG�V©�±\¦P° ½ §=¥x¦P´wÉLµ ¥{Ê§=¥U³\«�°�«=±XÉL¨v²�¨]ÉT¸]°�²�¨]§=±hÉL¨]¦P°�³L·U«r¥U«�«=¥{¦U¨�¤=¨]¤UË¦P°�©�°�³Lª�¨xÈx±�¤P¥{§�³L¹=µ?°�²�¨Pµ ±PÐ ä ¥r¤=¨]¤�¥U³L´wÉT§�¨]¦U¨Pµ ±¾�ª�¨P«=¥{§�°�©�§=¥ ¶ °�ºN¹G²�°�«=±±�«�²�¹ ½ §=¥ ½ ¨r³L±°�ÉT·U³L§�°	²�¨]»�°�¥{§�¨]ª�§=¥�ÐwÕ�¥{ÊD±�¸]°�§�°�¾=¥ ½ ¾=¥]µ�¨]º{¨x§�·P¤=¨]¤G¦P¥r¥PÉL¨]²�±\§�°�±PÃ�°�ª�°�§�·P¤=¨]¤G¦U¨x¦P²�¥ ½ ±\§�¨°�§�«�¹G°�»�°�·�+tØJ¥{¦U¨V¤P¥P±R«=¥V±Jª�áV¸P¥{¾�°�«=§=¥DÉL¨D§�¨P³e±PÃ{©�±XÔPµ?°�³\«=±\²�°�¥PÉT§�¨P«�¨�Ö�«=±\¥{²�±Rµ�¨V§�¨�5�² ½�6 ¥{å§�°�¾=¥ ½ ³L¤=¨]ÉL¨�¤=¨]¤G¦P°%³\¨�¸]°�ª�°%ºN²�¨]§�°�»�°�«=±
ÉL¨�± ½ §�¨	³\«�²�¥PºL¥�ºN²�´w»�¤=¨�¾�ª�¨]§�°�µ ±R«�²�°�·	¥U³L§=¥{¦U¨{Ë¦U¨{Èr¨�³L±�³\¨Pµ ¥�§�¨�¾=¥{§�·U«�°�±R«=¥	»�·PªG¥�©�°�³LªG¥�Ð�£X¤P¥�§�°�¸P´ ½ ±�¾=¥PÉT¦P¥PªG±\§=¥ ½ ¨�³L¾=±\¤U¹Pª�°�²�¨Pµ ±�³»�°�«�°�²�¨]§�¨P«�¨�¦	§�¨N©�¨]ªG¥U«=¥�§�¨�«=¥PÉT°�¾�¨]²�¨]ºN²�¨ ¶ µ?°�³L´wª�§�¨�ÂX±\§�²�¥P¹GÉ{Ã µ ¥{ÊD±Rµ ½ ¨�³L±r¾�°�«�¨Pµ ±

½ ¨]ª�°�²�¨]ÉTºNªG±TÊ ½ ¨]§�¨P«�¨r«=±\¥{²�±Rµ�¨r§�¨H5�² ½�6 ¥{å2§=±x±x¸]°�ª�¨�¥U³L´wÉT§�¨P«�¨ ½ °�²�±\¤=«=§=¥�¥U«�¨]¦P«=¥{²�¨�ý°¤=¨P«=¥�²�±\ÉT¹Pª�«�¨P«�§�¨	§�·P¤=¨]¤G¦P¥�ºL±\¥]µ ±R«�²�°�©�§=¥�¹=³L±LÈr¨]§=±rÉL¨�³L¾=±\»�° ¶ °�©�§=¥U³\«�«�¨�§�¨
“totality ofßPÏ



natural numbers : that somehow we are able to percive directly”
Ð

êV¥�«�¹G¤�³L±�³\«�¨]²�¨{ã�µ ± ½ ¨%°�ÉT¾�°�«�¦U¨Pµ ±	³\µ?°�³L´wª�¨�§�¨�¾�ª�¨P«=¥{§�°�ÉLµ�¨�¦P´w²Uã=¹Þ³L²�¨]¦P§�°�«=±\ª�§=¥
¾�²�¥U³\«�°�·�µ�¨P«=±\²�°�¨]ª	¤P¥{°�«=¥r§�° ½ ¥U³\«�¨]¦P· ½ °�¥ ¶ ¨]§�«=¥{¦U¨P«�¨v²�¨]¦P§�°�§�¨�Ð(�V¸U¨N©�±�§=±v±x°�ÉT¤Gª�áV©�±\§=¥¾=¥U³LªG± ½ §�¨P«�¨ ½ ¨�³L±h³L¦P´w²�ÊD±V³V¾=¥]®À²�±R¨]ª�°�³\«�°�©�§�°
° ½ ±\°�Ð=×e´wÉLµ ¥{Ê§=¥U³\«�°�«=±JÉL¨§�·P¤=¨]¤G¦U¨rÛæ¤G¦U¨]ÉT°wÝ¶ °�ÉT°�©�§�¨°�§�«=±\²�¾�²�±R«�¨]»�°�·�µ ¥Pº{¨P« ½ ¨�³L±V³L¦P´w²�ÉT¦U¨P«
³ ¶ ¨]¤=«�¨�Ã]©�± ¶ °�ÉT°�©�±R³L¤P¥U«=¥h°�ÉLµ ±\²�¦U¨]§=±t§�¨¤P¥P¥{² ½ °�§�¨P«�°�«=±h°�µ�¨�¥PºN²�¨]§�°�©�±\§�°�·�¥U« ½ ¥Pª�¹!Ãw¤P¥P±R«=¥
¾�²�¨]¦P°	¾�²�°�¦PªG±\¤=¨P«=±\ª�§=¥
¾�²�°�¦Pª�°�©�¨]§=±R«=¥§�¨r¾=¥ ½ ¥P¸]§�¨ ½ °�³L¤G²�±R«=§�¨
²�±\åv±R«�¤=¨
°	§�·P¤=¨]¤G¦U¨x±R³\«=±R³\«�¦P±\§�¨
³\«=¥Nã�¨P³\«�°�©�§�¨�ºL±\¥]µ ±R«�²�°�·r¦P´w²Uã=¹§=±\·�Ð â ÉTºNªG±TÊ ½ ¨x§�·P¤P¥{°�ºL±\¥]µ ±R«�²�°�©�§�°�¦P±\²�¥P·U«=§=¥U³\«�°�±R³\«=±R³\«�¦P±\§=¥v¾�¨P³L¦U¨P«�ÉL¨
»=±\ª�«�¨�Ð Ú ¨
³L±\º{¨«=¥{¦U¨�±³\¨Pµ ¥x¾�²�¥P±\¤=«�Ð

Ip��J ;=¢w�10�> EU< B?E � ä ±R³L´!µ?§=±\§=¥�µ�¨P«=±Rµ�¨P«�°�©�±R³L¤G°�·U«¾�ª�¨P«=¥{§�°�ÉT´!µ�°�ÉT¤Gª�áV©�¦U¨ ¶ °�ÉT°�¤=¨]ª�°�ÉjË
µ�¨	¼%° ½ ±R¨]ª�§�°�·U«,³L¦P·U«�§�¨�ÂXª�¨P«=¥{§�§=±�±�§�¨]åx°�· ¶ °�ÉT°�©�±\§Þ³L¦P·U«�Ð ä ¥�¥U«�«=¥{¦U¨�§=±�³LªG± ½ ¦U¨�Ã©�±�µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨�§�·Uµ�¨�¾�²�±R³L±\©�§�°�«=¥N©�¤G°�³ ¶ °�ÉT°�¤=¨P«�¨�Ð × ²�¥Pª�·U«�¨�§�¨�±\ÉT°�¤%«�·-ý°,³Lª�¹GÊ°
¾=¥]® ½ ¥P¸]²�±X¥U«
¦U³L·P¤=¨ ½ ²�¹Gº{¨ ½ °�³L»�°�¾�ª�°�§�¨�Ð ä ¥]µ?°�§�¨]ª�°�ÉLµ?´!«r±h³L´w¦Uµ ±R³\«�°�µ%³V±Rµ?¾�°�²�°�ÉLµ�¨¼
± ½ Ë§�¨�¤G²�¨]¿�§�¨ ¶ ¥{²�µ�¨r§�¨ ¶ °�ÉT°�¤=¨]ª�°�ÉLµ�¨�Ãw§=¥�³v«=¥{¦U¨x§=±x³L±�°�ÉT©�±\²�¾�¦U¨r¦P´w¾�²�¥U³\¨�Ð!Æ�¨]ÉT°�³L¤G¦U¨]§�°�«=±
«�²�° ¶ °�ªG¥U³L¥ ¶ ³L¤G° ½ ¥{¤=«�²�°�§�°xÉL¨µ�¨P«=±Rµ�¨P«�°�¤=¨P«�¨V³L±X°�ÉT¤Gª�áV©�¦U¨P«x¦PÉL¨]°�µ?§=¥�ÃP³L·P¤=¨]åëÉL¨ ½ ¨¾=¥ ½ Ë©�±\²�«�¨N·U«�Ãw©�±
¥NÈx±
³\µ ± ½ ¨]ªG±\©�¥U«�± ½ §=¥�±R³\«=±R³\«�¦P±\§=¥ ¶ °�ªG¥U³L¥ ¶ ³L¤P¥�²�¨]ÉT¸]°�²�¨]§=±vÉL¨�ªG¥PºN°�©�±R³L¤G°§�¨]¿=®À·U³L§�¨P«�¨�¥U«�§�¨N¹G¤G°�«=±PÐ
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PHYSICALISM IN MATHEMATICS?

Stancho Dimiev

The desire to integrate mathematics into a physicalistically acceotable world is not
new. Recently, the leading mathematician Vladimir Arnold express it in a strongly
definitive form: “Mathematics is a part of physics”. In this talk the question about
the nature of mathematical knowledge is discussed. From the philosophical point
of view, Paul Benacerraf (1973) examines the difficulties of developing an acceptable
semantics for mathematics. His dilemma regarding epistemological basis is stated (see
the first paragraph of this paper). The acceptance of other philosophical doctrines for
mathematics, the nominalism and the realism (Platonism), and the understanding of
the role of the brain activity is discussed too, especially the debate Changeux-Connes.
The traditional comparison of Physics and Mathematics is recalled with a comment on
the use of mathematics as language in physics. Finally, a new arithmetical planimerty,
developed by the author and some collaborators is exposed in short. The purpose is to
defend the claim that our mathematical understanding of planimetric figures depends
of the use of numbers as a base. So, in the considered arithmetical planimetry, called
diophantian planimetry, based on integers only, there is not some kind of triangles
which are very sensible.
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