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With the help of the torse-forming vector fields, introduced by Yano and Yamaguchi
and using Leontiev’s quasidekart parallel transfer as well, this paper introduces nets
in which one of the platforms is quasidekart. Symmetric nets are also considered in
the paper. Characteristics of the nets and of spaces, containing such nets, are de-
fined. Two new connectednesses, simply defined by a given net in a three-dimensional
Reimannian space, are introduced. Some transformations of connectednesses, retain-
ing properties of special nets are described.

1. Preliminary. Suppose there is a three-dimensional Reimannian space with
a metric tensor gis. By 1Γk

is we note the coefficients of a Levi-Chevita connectedness,
corresponding to the metric tensor gis.

The independent unit vector fields v
α

i(α = 1, 2, 3) define a net (v
1
, v
2
, v
3
) in the space

V3. We find the mutual covectors
α
vi(α = 1, 2, 3) from the equations

v
α

iαvs = δi
s, v

α

iβ
vi = δβ

α.(1)

Apart from the covectors
α
vi we also consider the covectors

v
α

i = gikv
α

k,(2)

i.e., we use gis for raising and bringing down indexes.

The following equations hold:

gisv
α

iv
α

s = 1, gisv
α

iv
β

s = cos ω
αβ

(3)

where ω
αβ

is the angle between the vector fields v
α

i and v
β

i.

According to (2) the equations (3) correspondingly take the form

v
α

sv
α

s = 1, v
α

sv
β

s = cos ω
αβ

.(4)

The covariant derivative with respect to the connectedness αΓk
is is further noted by

α∇

The following derivative equations are obtained in [6]

1∇iv
α

s =
σ

T
α

iv
σ

s, 1∇i

α
vs = −

α

T
σ

i

σ
vs.(5)
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Assume there is a given connectedness αΓk
is, α 6= 1 in V3. Transition from the

connectedness 1Γk
is into the connectedness αΓk

is is considered as a transformation of 1Γk
is

into αΓk
is. According to [2, p 128], the tensor of affined deformation has the form

T k
is = αΓk

is −
1Γk

is.(6)

The platform (v
1
, v
2
) is quasidekart if it is transferred in quasiparallel with each of

the lines. Suppose that (v
1
, v
2
) is quasidekart. According to Leontiev [1] the derivative

equations (5) have the form

∇kv
1

i =
1

T
1

kv
1

i +
2

T
1

kv
2

i + A
1
δi
k, ∇kv

2

i =
1

T
2

kv
1

i +
2

T
2

kv
2

i + A
2
δi
k,

∇kv
3

i =
1

T
3

kv
1

i +
2

T
3

kv
2

i +
3

T
3

kv
3

i.
(7)

Yano [5] and Yamaguchi [4] call the fields v
1

i and v
2

i satisfying (7) torse-forming.

2. Special nets in V3.

2.1. Let the independent vector fields v
α

i(α = 1, 2, 3) be given in V3. Taking into

consideration (2), (3) and (5), we find

∇kv
α

s =
σ

T
α

v
σ

3.(8)

Applying the integrability condition from (5), we obtain

1

2
Rjkm

i
·v
α

m =
(

∇[j

ν

T
α

k] +
ν

T
σ

[j

σ

T
α

k]

)

v
ν

i.(9)

After contracting (9) by
α
vi and taking into account (1) and the equation Rjki

i
· = 0

we find

∇[j

α

T
α

k] +
α

T
σ

[j

σ

T
α

k] = 0.(10)

Thus we proved

Proposition 1. The coefficients of the derivative equations (5) satisfy the equation

(10).

From (9) it easy follows the validity of the

Proposition 2. The space V3 is affined if and only if it contains a net (v
1
, v
2
, v
3
),

whose coefficients from the derivative formulae satisfy the condition

∇[j

ν

T
α

k] +
ν

T
σ

[j

σ

T
α

k] = 0.

Definition.We call a net (v
1
, v
2
, v
3
) ∈ V3 symmetric if ω

12
= ω

23
= ω

31
.

Assume that the net (v
1
, v
2
, v
3
) is symmetric and isogonal, i.e. we have for the net angles

ω
12

= ω
23

= ω
31

= ω = const.

Then from (5) and (4) we find

β

T
α

k +
α

T
β

k +
(©α

T
©α

k +
©β

T
©β

k +
σ

T
α

k +
σ

T
β

k

)

cosω = 0,

©α

T
©α

k +
( β

T
α

k + T
α

k

)

cosω = 0, α 6= β 6= σ 6= α.

(11)
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(The circled indexes are not to be summed)
Thus we proved the

Proposition 3. If the net (v
1
, v
2
, v
3
) ∈ V3 is symmetric and isogonal, the coefficients

from the derivative formulae satisfy the conditions (11).

Let the net (v
1
, v
2
, v
3
) ∈ V3 is orthogonal. From (11) we find, that the coefficients of the

derivative equations satisfy the equations
β

T
α

k +
α

T
β

k = 0,
©α

T
©α

k = 0.(12)

It is easy provable that if the conditions (12) are satisfied for the isogonal net (v
1
, v
2
, v
3
) ∈

V3, then it is orthogonal as well.
Let consider the tensor

ais =
1
vi

1
vs +

2
vi

2
vs +

3
vi

3
vs,(13)

which is simply defined by the net (v
1
, v
2
, v
3
).

Assume that the equation
2∇kais = 0(14)

is fulfilled.
From (14) we find

2Γk
is =

1

2
akm(∂iasm + ∂saim − ∂mais).(15)

According to (6) and (15) we find

T k
is =

1

2
akm(∇iasm + ∇saim −∇mais).

Let in the connectedness 2Γk
is the derivative equations have the form

2∇kv
α

i =
σ

P
α

kv
σ

i, 2∇k

α
vi = −

α

P
σ

k

σ
vi.(16)

From (13), (14) and (16) we establish
1

P
σ

k(
σ
vi

1
vs +

1
vi

σ
vs) +

2

P
σ

k(
σ
vi

2
vs +

2
vi

σ
vs) +

3

P
σ

k(
σ
vi

3
vs +

3
vi

σ
vs) = 0

and after contracting with v
α

iv
α

s and v
α

iv
β

s we obtain
©α

P
©α

k = 0 and
β

P
α

k +
α

P
β

k = 0 respectively.

Consequently, the net (v
1
, v
2
, v
3
), is orthogonal in the connectedness 2Γk

is.

2.2. Suppose there is a given conforming transformation gis = e2σgis in V3(gis).
2.2.1. Let consider the connectedness [3]

3Γk
is = 1Γk

is + σiδ
k
s − gisσ

k , σi = ∂iσ, σk = gikσi.(17)

Assume that the net (v
1
, v
2
, v
3
) ∈ V3 is orthogonal. In accordance with (17) we have

3∇iv
α

k =1 ∇iv
α

k + σiv
α

k − gisv
α

sσk

from where it follows

v
β

i3∇iv
α

k = v
β

i1∇iv
α

k + σiv
β

iv
α

k.(18)
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From (18) follows the validity of

Proposition 4. The orthogonal net (v
1
, v
2
, v
3
) ∈ V3 is Chebyshevian of the first type

in 1Γk
is if and only if, it is Chebyshevian of the first type in 3Γk

is.

2.2.2. Let consider the connectedness
4Γk

is = 1Γk
is + δk

i σs + δk
s σi − aisσ

k .(19)

According to (1), (13) and (19) we have

v
β

i4∇iv
α

k = v
β

i1∇iv
α

k + σiv
β

kv
α

i + v
α

kσiv
β

i

v
α

i4∇iv
α

k = v
α

i1∇iv
α

k + v
α

kσsv
α

s − σk

from where we obtain the validity of the following

Proposition 5. If two of the conditions below are fulfilled,

1) The field v
α

i is parallelly transferred along the lines (v
β
) and (v

γ
), (α 6= β 6= γ 6= α) in

the connectedness 1Γk
is;

2) the field v
α

i is parallelly transferred along the lines (v
β
) and (v

γ
), (α 6= β 6= γ 6= α) in

the connectedness 4Γk
is;

3) conforming transformation vector satisfies the condition σs = λ
β
vs + µ

α
vs,

then the third condition is also fulfilled.

Proposition 6. If two of the following conditions are fulfilled:

1) The field v
α

i is geodesic in the connectedness 1Γk
is;

2) the field v
α

i is geodesic in the connectedness 4Γk
is;

3) σk = λv
α

k, then the third condition is also satisfied.

2.3. Let the platform (v
1
, v
2
) be quasidekart. From (2) and (7) we find

∇kv
1

s =
1

T
1

kv
1

s +
2

T
1

kv
2

s + A
1
gks, ∇kv

2
s =

1

T
2

kv
1

s +
2

T
2

kv
2

s + A
2
gks,

∇kv
3

s =
1

T
3

kv
1

s +
2

T
3

kv
2

s +
3

T
3

kv
3

s.
(20)

Definition.We shall call the net (v
1
, v
2
, v
3
) a Kd-α net, if the platform (v

β
, v
γ
), (α 6= β 6=

γ 6= α) is quasidekart.

The derivative equations for Kd-3 net have the form (7) and (20).

We choose Kd-3 net (v
1
, v
2
, v
3
) as a coordinate system.

From (7) we find

Γ3
k1 = 0, Γ3

k2 = 0, k 6= 3.(21)

The opposite is also easy provable, if (v
1
, v
2
, v
3
) is a coordinate system and the coefficients

of the connectedness 1Γk
is satisfy (21), then (v

1
, v
2
, v
3
) is a Kd-3 net. Thus it follows

Proposition 7. A coordinate net (v
1
, v
2
, v
3
) is a Kd-3 net if and only if the coefficients

of connectedness satisfy the conditions (21).

106



Assume that we choose the Kd-3 net (v
1
, v
2
, v
3
) as a coordinate one. From (7) for the

functions A
1

and A
2

we find A
1

= Γ3
31, A

2
= Γ3

32.

Let us consider the connectednesses
5Γk

is = 1Γk
is + δk

i Ps,
6Γk

is = 1Γk
is + (δk

i δm
s + δk

s δm
i )pm(22)

where pm is a given vector.
According to [2, pp.149,166] the connectedness 5Γk

is is semisymmetric, and the con-
nectedness 1Γk

is and 6Γk
is are projective in terms of each other.

From (7) and (22) it follows that the fields v
1

i and v
2

i are torse-forming in the con-

nectednesses 5Γk
is and 6Γk

is, i.e. the net (v
1
, v
2
, v
3
) is a Kd-3 net in these connectednesses.

So we obtain the validity of following

Proposition 8. If the net (v
1
, v
2
, v
3
) is a Kd-3 net in the connectedness 1Γk

is, then it

is Kd-3 net in the connectednesses 5Γk
is and 6Γk

is too.

REFERENCES

[1] E. K. Leontiev. Classification of special connectednesses and compositions of multidimen-
sional spaces. Academic news, Maths. vol. 5 1967, 40–51.
[2] A. P. Norden. Spaces of affined connectednesses, Science publishing, Moscow, 1976.
[3] P. Stavre. Connexiuni metrice semisimetrice induce de o transformare conforma de metrica.
Stud si cero mat, 35, No 3 (1983), 195–204.
[4] S. Yamaguchi. On Kahlerian torse-forming vector fields. Kodai Math. Y., 2 (1979),
103–115.
[5] K. Yano. On torse-forming directions in Riemannian Spaces. Proc. Imp. Acad. Tokyo, 20,
No 79 (1949).
[6] G. Zlatanov, B. Tsareva. Geometry of the nets in equiaffine Spaces. Journal of Geometry,
55 (1996), 192–201.

Ivan Atanasov Badev
Technical college “J. Atanasov”
71A, Br. Bucston Str.
4000 Plovdiv
Bulgaria

#%$�&%'�(�)+*-,�(/.10
&324(/576�0
(�.1&%0
,�890
(�.1)�,�8�5
8
$�0%8�#�6�0
)�,�#�6�5
8

(�:<;>=?)�@ ;>=A;CBED>:GFH;CIKJL:
MONQPSRLTKPVUXWLY�ZL[]\_^`PSRQabYcWEPVU`d�\VY	WQegfhdVZ�\_iEP_jEZ>Yc^QWEZGTkNQPmlOZnaoUENEZLTKP_NQWEdhU`d	NEZLTpYcWEdVahd
iQNQdg\VUENLYcWE\VU`ahd�q�ZL[]dcr_dsWLYc^QWEZ<tAdsNQU`dcr_dsWLYc^QWEZoZG\mZLTKPVUENEZLuQWEZ<vpwxY�yhYc[mYgUQY�WLY-NLYc[Src^`Pmz
R>YcWEZ>U`P+dhU�{|WEd�Zo{|TpYsrs}EuEZoU`dsNQ\_dgdgycNLYc[S}`abYV~3ZXahP_fEU`dsNQWEZ�iEdg^`PVUQY�Z�ah�LahPSR`P_WEdhU`d-dhU
��P_dsWLU`ZLPma�fbabYc[SZQ��iLYcNLYc^`P_^QWEdxiQNQP_WLYc\_egWEP�\VYxdsiQNQPSR`P_^`P_WEZ%�QYcNLYcfEU`P_NEZL\VU`ZLfbZ%WLYxU`P_[SZ
TkNQPmz
lOZ�Z�WLY�iQNQdg\VUENLYcWE\VU`abYgUQY`tC\_�LRL�>NLl�YV~3Z-UQYcfbZQabY�TkNQPmlOZ<v���NLYcygdhUQYgUQY�\_P%ZL[S}EuLYsabYgU
Z
iQNQP_dgycNLYc[S}`abYcWEZLe
WLY%\mah�>NQ[mYcWEdg\VU`Z�[mYciLYc[SabYV~3Z�\mahdV�L\VU`abYgUQY
WLY3U`P_[SZ
TkNQPmlOZ<vL� �LahPSR`P_WEZ
\VY�RQahP+WEdVagZo\mah�>NQ[mYcWEdg\VU`Z<tkPSRLWEdg[]WLYVuQWEd�dsiQNQPSR`P_^`P_WEZ�dhU	R>YcR`P_WLY�TkNQPml�Y�a�UENEZLTKP_NQWEd
NEZLTpYcWEdVahd3iQNQdg\VUENLYcWE\VU`ahdEtQfEYgU`d3\VY%NLYc[Src^`PSR>YcWEZHZ
U`PS�EWEZ��QYcNLYcfEU`P_NEZL\VU`ZLfbZ<v

�g�L�


