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MEASURABILITY OF SETS OF PAIRS OF PARALLEL
STRAIGHT LINES IN THE GALILEAN PLANE’

Adrijan Varbanov Borisov

The measurable sets of pairs of parallel straight lines and the corresponding invariant
densities with respect to the group of the general similitudes and its subgroups are
described.

1. Introduction. In the affine version, the Galilean plane I's is an affine plane
with a special direction which may be taken coincident with the y—axis of the basic affine
coordinate system Ozy [7], [8], [10], [11]. The affine transformations leaving invariant
the special direction Oy can be written in the form

' = ay + asx,
(1) b
Yy = a3+ a4 + asy,

where a1, ...,a5 € R and asas # 0.

It is easy to verify that the transformations (1) map a line segment and an angle
of T'y into a proportional line segment and a proportional angle with the coefficients
of proportionality |az| and |a; 'as|, respectively. Thus they form the group Hj of the
general similitudes of I's. The infinitesimal operators of Hy are

0 0 0 0 0
Xi=—, Xo=0—, Xg=—, Xy=20—, Xs=y—.
1 oz’ 2 x@x’ 3 ayv 4 fﬂay, 5 y&y

In [1], [2] we proved the following results:
I. The four—parametric subgroups of Hs can be reduced to one of the following sub-
groups:

Hj = (X1, X2, X3, X4), H = (X1, X0, X3,X5), H} = (X2, X3, X4,X5),

Hz = (X17X3,X47OKX2 +X5)

II. The three—parametric subgroups of Hs can be reduced to one of the following
subgroups:

H; - (XlaX2vX3)a H?? - (X17X27X5)a Hg - (leXBaX4)7 Hgl - (XQ,X37X4)a
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H35 = (X25X37X5)a H36 = (X27X45X5)7 Hg = (X15X37aX2 +6X4 +X5)7
HS = (X3, X4,aX1 + X5), H) = (X3, X4,aXs + Xs|a # 0),
H3? = (X3, X9 4+ 2X5,aX; + Xyla #0).

III. The two—parametric subgroups of Hs can be reduced to one of the following
subgroups:

Hy = (X1,X2), Hi = (X2, X3), Hj = (X2, X4), Hy = (X2, X5),

HS = (X1,aXs + X3), HS = (X1,aXs + X5), Hi = (X3,0X1 + X4la #0),
HS = (X3,aX1 + X5), H) = (X3,0Xs + X4 + Xs|a #0), H3° = (X4, aXs + X3),
Hi' = (X4, aXs + X5), Hi? = (X2 + 2X5,aX1 + X4|a #0).

IV. The one-parametric subgroups of Hs can be reduced to one of the following
subgroups:

Hll - (Xl)a ]'{12 = (X2)7 Hf - (X3)a Hf = (X4)7 ]—7[15 (X5)a

HY = (aX1 + Xyla #0), HY = (X, + X5), HS = (aXy + X3la # 0),
H} = (aXy + Xsla #0), H® = (aXy + X, + Xs|aB # 0).

Here and everywhere in the text o and § are real constants.

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [9], G.
I. Drinfel’d and A. V. Lucenko [4], [5], [6], we find the measurable sets of pairs of parallel
straight lines in I's with respect to Hs and its subgroups.

2. Measurability with respect Hs. Let G; : y = kx +n;, ¢ = 1,2, be two
parallel straight lines in I's, i.e.
k(TLQ - nl) 7& 0.

Under the action of (1) the pair (G1,G2)(k,n1,n2) is transformed into the pair
(G, Go) (K, nf, ny) as

K = a5 (as + ask),
(2) ni = a;l(agag — a1a4 — arask + agasn;),
az0as5 7507 1= 1,2.

The transformations (2) form the so—called associated group Hs of Hs [9; p.34]. The
associated group Hj is isomorphic to Hs and the invariant density with respect to Hs of
the pairs (G, Ga), if it exists, coincides with the invariant density with respect to Hj of
the points (k,n1,n2) in the set of parameters [9; p.33]. The infinitestimal operators of
Hjy are

0 0

Y, = kYs, Yo = kY, Vs = -2 4+ -0
1 3, Y2 4, Y3 6n1+8n2’

P P P P
Yi= L Ve = ko - g
B T TR L

From Y4 (k) # 0 we deduce:
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Theorem 1. The sets of pairs of parallel straight lines are not measurable with respect
to the group Hs of the general similitudes and have not measurable subsets.

3. Measurability with respect to the subgroups of H;. The group Hj =
(Y1,Ya,Y3,Ys), corresponding to the subgroup Hi = (X1, X2, X3, X5), is a transitive
group and since Y3(k) = 0 it is measurable. The integral invariant function [9;p.9]
f = f(k,n1,n2), satisfying the system of R.Deltheil [3;p.28], [9;p.11]

Yi(f) =0, Ya(f) +f =0, Y3(f) =0, Y¥5(f) +3f =0

has the form .

=5

(n2 —m1)?’

where ¢ = const # 0. Thus we establish:

Theorem 2. The pairs (G1,G2) of parallel straight lines G; 1y = kx +n;, i = 1,2,
have the invariant with respect to H3 density

1
d = ——5d d
(Gl, GQ) |k|(n2 — n1)2 G1 A na,

where dG1 = dk A dny denotes the metric density for the straight lines in I's.
Remark 1. Note that the distance between G; and Gs is defined by the quantity
An = |ng — nyq|

and then (3) can be written in the form

1
d(G1,G2) = ———=dG1 Adns.
( 1, 2) |k| (An)Q 1 2
By arguments similar to the ones used above we examine the measurability of the set
of pairs of parallel straight lines with respect to all the rest subgroups of Hs. We collect
the results in the following table:

subgroup measurable set/subset expression of the density
1 2 3

it is not measurable and

has not measurable subsets

H? k#0 |k| =Y (ng — n1)~2dG A dns

it is not measurable and

Hy

3
Hj has not measurable subsets
H} Ine — n1]273dG1 A dna
H31 ne =ni+ A Ak #£0 |k|~tdG,
H2 k#0 |k| =Y (ng — n1)~2dGy A dns
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2

Hg TLQZTL1+>\,>\7AO dGl
74 it is not measurable and
3 has not measurable subsets
Hg’ k 7& 0 |]€|71(TL2 — TL1)72dG1 A dno
176 it is not measurable and
3 has not measurable subsets
Hj 1 1-a -2
a 7& 1 k= 1o [)\(ng - nl) - ﬂ} (TLQ - nl) dTLl A dTLQ
a=1, k=) (ng —n1)~2dny A dna
8=0
Hj
a=1, k=pBInlng —ni|+ A (ne —n1)"2dny A dno
B#0
H38 (TLQ — n1)73dG1 A dng
Hé) |TLQ — n1|a*3dG1 A dns
H?}O [ng — nl)*%dGl A dng
H21 nag :TL1+>\, )\k%o ‘k|71dG1
H22 nag :TL1+>\, )\k%o ‘k|71dG1
73 it is not measurable and
2 has not measurable subsets
Hsl ne = Ang, kni 75 0, A 7é 1 \kn|_1dG1
H3 1
04750 TLQZTL1+)\, )\k%o ‘k| dG1
H3 it is not measurable and
o= has not measurable subsets
HQG k= )\(TLQ — nl)l_“ (TLQ — nl)_anl A dns
H27 no=ni1+A A#0 dG1
H28 ng =ny1 + Ak, \k 7é 0 ‘]{/‘|_2dG1
H3 k=15 [Ang —ny)' = = 4],
a#l (ng —n1)"2dny A dng M7
Hj
a=1, | k=A3In|ny —ny| (ne —n1)"2dny A dna
B#0
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1 2 3
Hj
a=1, | k=X (n2 —n1)"2dny A dng
B=0
H210 ng =n1+ A, A 7é 0, e dGq
H211 ng = Ani, N 75 0, A 7é 1 |n1|“_2dG
1 2 3
12 nQZ)\nl“l‘%()\_l)akQ, )\#17 1 2,3
Hy ni+ 2ak? #0 In1 + 3ak”[72dGy
H11 k= A1, ng =nq+ Ag, )\2750 dnq
H12 ny = A, Ng = Ao, k()\l—)\g)#o |k’|_1dk'
Hf’ k= A1, ng =nq+ Ag, )\2750, dnq
Hf TL1:>\1, TL2:>\2, )\17&)\2 dk
Hir’ ny = )\1]6, ng = )\Qk, ()\1 — )\Q)k 7é 0 |]€‘71dk
1 2 1 2
6 TL1:§OJ€ +>\1, 712:5()[]{ +>\2,
He o dk
7 ny = k(A — In|k|), 1
Hi ns = k(s — I [k]), (= Ao)k 20 | KTk
1
ny = ——ln|k| + A\
H @ ’ k|~ tdk
! ngz—éln|k|+)\2, ()\1—)\2)k7é0 | |
Hig ny = Alkﬁ No = )\gkﬁ —1
’ k|7*dk
a#1 | (M —A)k#0 K
H9
041:]. k:)\l, n17é0, n2:)\2n17 )\2#1 |n1|_1dn1
_1
F10 n1 = At [(1—a)k+ 3] 1;“
a1 | m=Xll-a)k+8TT, (1 — a)k + 8|~ dk
MFN, I-—a)k+B#0
HI° k= BIn|ni| 4+ A1, ny # 0, -1
a=1 Ng = )\QTLl, )\2 7é 1 |7’L1| dnl

Remark 2. In the table A\, A1, A2, € R.
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U3MEPUMOCT HA MHOXKECTBA OT IIBOUKMU ITAPAJIEJTHU
ITPABUA B TAJINJIEEBATA PABHUVUHA

Anpusu Bep6anoB Bopucos

Onucanu ca M3MEPUMUTE MHOXKECTBA OT ABOVMKU IIAPAJIETHU MPABA U CAa HAMEPEHU
CBOTBETHUTE MM MHBAPUAHTHU I'bCTOTHU OTHOCHO T'PyHAaTa Ha O0mmTe MOmOOHOCTIH.
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