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Let [n, k, d]q-codes be linear codes of length n, dimension k and minimum Ham-
ming distance d over GF (q). In this paper, the existence of the next record-
breaking codes [35, 7, 23]9, [42, 7, 29]9, [49, 7, 34]9, [56, 7, 40]9, [63, 7, 46]9, [98, 7, 75]9,
[105, 7, 81]9, [112, 7, 87]9, [119, 7, 93]9, [126, 7, 99]9, [133, 7, 105]9, [48, 8, 32]9,
[56, 8, 39]9, [104, 8, 78]9, [112, 8, 85]9, [120, 8, 91]9, [128, 8, 98]9 and [136, 8, 105]9 is
proved.

1. Introduction. Let GF (q) denote the Galois field of q elements, and let V (n, q)
denote the vector space of all ordered n-tuples over GF (q). A linear code C of length
n and dimension k over GF (q) is a k-dimensional subspace of V (n, q). Such a code is
called [n, k, d]q-code if its minimum Hamming distance is d.

A central problem in coding theory is that of optimizing one of the parameters n, k
and d for given values of the other two. Two versions are:

Problem 1. Find dq(n, k), the largest value of d for which there exists an [n, k, d]q-
code.

Problem 2. Find nq(k, d), the smallest value of n for which there exists an [n, k, d]q-
code.

A code which achieves one of these two values is called optimal.
For the case of linear codes over GF (9), Problem 2 has been solved for k ≤ 3 (see

[6]). In addition Bierbrauer and Gulliver [1] constructed many new codes in dimensions
k = 4, 5. Daskalov and Gulliver [3] obtained new codes in dimension k = 6. In this
paper we consider the next two dimensions. Eleven new 7-dimensional and seven new 8-
dimensional quasi-cyclic (QC) linear codes are constructed, which improve the respective
lower bounds in Brouwer’s tables [2].

2. Preliminary results. Quasi-cyclic codes form an important class of linear
codes which contains the well-known class of cyclic codes. These codes are a very natural
generalization of cyclic codes and some of the next facts motivated many researches for
their investigation:

• QC codes meet a modified version of Gilbert-Varshamov bound [8];
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• Some of the best quadratic residue codes and Pless symmetry codes are QC codes
[9];

• QC codes consist a large number of record breaking codes and many of them are
optimal codes;

• There is a link between QC codes and convolutional codes [4].

The Structure of Quasi-Cyclic Codes. A code C is said to be quasi-cyclic (QC)
if a cyclic shift of any codeword by p positions is also a codeword in C. A cyclic code
is a QC code with p = 1. The length n of a QC code is a multiple of p, i.e., n = mp.
With a suitable permutation of coordinates, many QC codes can be characterized in
terms of (m×m) circulant matrices. In this case, a QC code can be transformed into an
equivalent code with generator matrix

G = [R0; R1; R2; . . . ; Rp−1] ,(1)

where Ri, i = 0, 1, . . . , p − 1 is a circulant matrix of the form

R =


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




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

a0 a1 a2 · · · am−1

am−1 a0 a1 · · · am−2

am−2 am−1 a0 · · · am−3

...
...

...
...

a1 a2 a3 · · · a0















.(2)

If one of the matrices Ri, i = 0, 1, . . . , p− 1 is the identity matrix, then the QC code
is called systematic.

The algebra of m × m circulant matrices over GF (q) is isomorphic to the algebra of
polynomials in the ring GF (q)[x]/(xm − 1) if R is mapped onto the polynomial, r(x) =
a0 + a1x +a2x

2 + · · ·+ am−1x
m−1, formed from the entries in the first row of R [9]. The

ri(x) associated with a QC code are called the defining polynomials [5].
If the defining polynomials ri(x) contain a common factor which is also a factor of

xm − 1, then the QC code is called degenerate [5]. Define the order of this QC code as
[10]

h(x) =
xm − 1

gcd{xm − 1, r0(x), r1(x), . . . , rp−1(x)}
.(3)

The dimension k of the QC code is equal to the degree of h(x). If the polynomial
h(x) is of degree m, the dimension of the code is m, and (1) is a generator matrix. If
deg(h(x)) = k < m, a generator matrix for the code can be constructed by deleting m−k
rows of (1).

For convenience, the coefficients of the defining polynomials are given as integers.
For GF(9), α = 3, α2 = 7, α3 = 8, α4 = 2, α5 = 6, α6 = 5, α7 = 4, where α is a
root of the ternary primitive polynomial x2 + x + 2. The defining polynomials are listed
with the lowest degree coefficient on the left, i.e., 17352 corresponds to the polynomial
1 + 7x + 3x2 + 5x3 + 2x4.
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3. The New Codes.

Theorem 1.There exist quasi-cyclic codes with parameters:

[35, 7, 23]9, [42, 7, 29]9, [49, 7, 34]9, [56, 7, 40]9, [63, 7, 46]9,

[98, 7, 75]9, [105, 7, 81]9, [112, 7, 87]9, [119, 7, 93]9, [126, 7, 99]9, [133, 7, 105]9

Proof. The coefficients of the defining polynomials and the weight distributions of
these codes are as follows:
A [35, 7, 23]9-code:

1000000, 5100011, 1126467, 6330121, 3011338;
01236162445362512880264256027108416282471282947913630765408319962403298806433723576343358883578520

A [42, 7, 29]9-code:

1000000, 0113383, 1132204, 6711264, 0015663, 0121633;
01291176306160311853632481043311060034236264354395523667760037884744389301603976076040455616

411804884233208

A [49, 7, 34]9-code:

1000000, 3301216, 1111160, 1205357, 0015663, 4671126, 0113383;
01342243514003685683721392385353639113848402198004139715242618528438034884485792045762608

465464484727305648906084914392

A [56, 7, 40]9-code:

1000000, 1126467, 0121633, 1112316, 3383011, 1111706, 1205357, 5663001;
01405044131924294164323744445224845113400462163844736993648553168497196005080606451765128

5258951253350112541590965545416566048

A [63, 7, 46]9-code:

1000000, 0010257, 1112804, 0611117, 7120535, 0113383, 0015663, 1126467, 0121633;
014695247386448104724925992505521651113008522046245333661654500192556597925676613657740600

58620256594102006022209661863526223128633472

A [98, 7, 75]9-code:

1000000, 1120127, 1120316, 1112364, 0010408, 1117034, 0101356, 1112804, 1111706, 1205357, 5663001,
1264671, 0121633, 1338301;
017539276347277688878148407928392805398481958728215512083234416843464168545029686556360

8760457688606704895415769043786491304592921826729310052094409369513104929689789698112

A [105, 7, 81]9-code:

1000000, 1205357, 0015663, 1126467, 0113383, 0121633, 1120415, 2711201, 0010408, 3411170, 0101356,
0411128, 1120316, 1112364, 1111706;
0181100882386483761684137208527440865420887924008814240889225960903261449141932892518056

93581056945918649554712096455224973346569822221699123536100631121012251210272241031904104280105112

A [112, 7, 87]9-code:

1000000, 1120412, 1121476, 2711201, 1120316, 1112364, 0800104, 3411170, 0101356, 1112804, 1111706,
1205357, 3001566, 7112646, 0121633, 0113383;
0187162488341689711290153449129568924978493859609413792895213192963005529740398498486976

995523841005673921015470641024738161033638321042492001051570321068181610736680108133841094144

11061611111211256

A [119, 7, 93]9-code:

1000000, 1123705, 1130128, 1121476, 0121633, 0113383, 1120127, 1120316, 1236411, 0010408, 1117034,
0101356, 7061111, 1205357, 0015663, 1126467, 1112804;
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019315129426889577849616744972839298507369983272100130928101197848102281960103378112104456288

1055307681065514321075447121084791921093890321102792721111845201121028811353368114206081158400

116212811733611856

A [126, 7, 99]9-code:

1000000, 1117034, 0101356, 1112804, 1111706, 1205357, 1120415, 1124345, 1130128, 1121476, 1120127,
3161120, 1112364, 0800104, 0015663, 0113383, 1126467, 0121633;
019916801003248101901610215400103272161045012010578680106123816107189448108265328109350168

1104355121115023201125409601135325601144874801154071201163051441172086561181282961196928012032144

1211416812237521231176124168125112

A [133, 7, 105]9-code:

1000000, 0112863, 1121760, 1124345, 1130128, 1111706, 1205357, 0015663, 1126467, 1121476, 1120127,

1120316, 6411123, 4080010, 1117034, 0101356, 1112804, 0121633, 0113383;

0110512881064032107901610815232109276081104888811175040112118552113174552114250936115335832

1164071201174786881185171041195330641204855761214234161223263121232368241241514241258646412643856

127210001288176129218413072813156

Table 1. New 7-dimensional QC codes over GF(9)

N: code d dbr N: code d dbr

1 [35,7] 23 22 7 [105,7] 81 79
2 [42,7] 29 27 8 [112,7] 87 84
3 [49,7] 34 33 9 [119,7] 93 91
4 [56,7] 40 39 10 [126,7] 99 96
5 [63,7] 46 45 11 [133,7] 105
6 [98,7] 75 74

Theorem 2.There exist quasi-cyclic codes with parameters:

[48, 8, 32]9, [56, 8, 39]9, [104, 8, 78]9,

[112, 8, 85]9, [120, 8, 91]9, [128, 8, 98]9, [136, 8, 105]9.

Proof. The coefficients of the defining polynomials end the wieght distributions of
these codes are as follows:
A [48, 8, 32]9-code:

10000000, 11112468, 11165047, 11128523, 11360420, 01134665;
013254433480034174723553952361538243739398438927200391881536403387696415293184427057152437890240

4471857924550928004626508484789900848156688

A [56, 8, 39]9-code:

10000000, 12607811, 20211140, 28523111, 13604201, 65047111, 34665011;
01392176408800412771242777604320755244478208451023360461941152473320256484952192496515648507292384

516880320525258784533173056541412288554147845660288

A [104, 8, 78]9-code:

10000000, 00101415, 00010281, 11206364, 11121340, 11242285, 11572132, 11136525, 11140202, 11128523,
11360420, 11165047, 01134665;
017814407938408099688126304825395283117824842281608542496086755776871266752881936432892782272
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90374457691457945692517515293536083294503500895420044896316426497207648098119014499586944100235872

10169696102169921032880104296

A [112, 8, 85]9-code:

10000000, 00128631, 00101828, 00010281, 11206364, 11121340, 11242285, 11572132, 11136525, 11140202,
11128523, 11360420, 11165047, 01134665;
0185172886505687138248827200896451290133216912548489246227293773248941255104951906304962722696

97357952098438259299498099210051492961014935808102424483210332685441042604001051382080106742976

107336128108120400109348161107040111121611272

A [120, 8, 91]9-code:

10000000, 01134665, 00010127, 00128631, 00101828, 00010281, 11206364, 11128523, 11121340, 11242285,
11360420, 13211572, 25111365, 11140202, 04711165;
019170492235293704094151049533920967601697143616982710089947795210080348810112547841021885248

103263808010434632801054204928106476940810749841281084792576109425305611033773121112431360

11215639441138904961144436161151813761166227211716576118278411925612040

A [128, 8, 98]9-code:

10000000, 00124245, 00010248, 00128631, 00101828, 00010281, 11206364, 11121340, 11242285, 11572132,
11136525, 11140202, 11128523, 11360420, 11165047, 01134665;
0198108899358410093441011952010239840103824961041615281052792961065062721078069121081268992

109184051211025560961113354944112403342411345804801144840960115471488011642256161173439296

11825732801191717312120103628012155584012226035212396832124314081258896126124812712812864

A [136, 8, 105]9-code:

10000000, 01127243, 00128242, 00010248, 00128631, 82800101, 00010281, 36411206, 11121340, 85112422,

21321157, 65251113, 11140202, 28523111, 11360420, 11165047, 34665011;

0110513441064064107113921082400010946272110921601111707521122998321135115521148211201151259200

116182840011725043841183222656119388825612044052961214667712122460086412342241921243510912

125267475212618831681271180160128662360129329984130146400131565121321489613336481343841356413632

Table 2. New 8-dimensional QC codes over GF(9)

N: code d dbr N: code d dbr

1 [48,8] 32 31 5 [120,8] 91 87
2 [56,8] 39 38 6 [128,8] 98 94
3 [104,8] 78 77 7 [136,8] 105
4 [112,8] 85 82
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