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Let M and R be sets of variables of the function f(x1,z2,...,2,) € P¥, where PF is
the set of all k-valued functions of n variables. In this article the number of functions
f € P¥ is found, for which

e the set M is separable for f;
e the set M is c-separable for f;

e cach subfunction of f with variables from the set M takes all the values of the
function;

e the set M with respect to R for the function f has a given spectrum,;
e the set M with respect to R for the function f has a given c-spectrum etc.

The method of counting could be used for “construction” of the considered functions,
as well.

Let P* = {f: A" — A/A ={0,1,...,k — 1}} be the set of all k-valued functions of
n variables.

Definition 1. ([2]) The number of different values of f, is called range of f.

We will denote the range of function f by Rng(f).

Let X = {x1,22,...,2,} for f(z1,22,...,2,) € PF.

Let A, = |A™| = k™ be the number of all tuples of constants for the variables of
f(z1,29,...,2,) € PF and p, = |P¥| = k* = k*" be the number of all functions from
Pk,

Let ¢ € {1,2,...,k} and ;¥ (g) be the number of functions from P* with range q.

Using [1] and [2], for 1% (g) we have
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Let
(3) 11,(0) = 0.

Definition 2. A function g is called subfunction of f € PF with respect to M if g
is obtained from f by replacing the variables in the set M C Xy with constants, and we
write

M
g=f

Definition 3. ([2]) Let M C Xy be a set of variables and g be a subfunction of f
with respect to the set X\ M. The range of g is called range of M for f with respect
to g, which is denoted by Rng(M, f;g), and

Rng(M, f;g) = Rng(g).

X\M
Let G be the set of all subfunctions of f with respect to X f\M,ie. G={g: g = ft
¥

Definition 4. ([2]) The set Spr(M, f) = Ugec{Rng(M, f;g9)} = Ugec{Rng(g)
called spectrum of the set M with respect to f.

Obviously Spr(M, ) C {1,2,...,k}.
Definition 5. ([2]) max Spr(M, f) is called range of M with respect to f.
By Rng(M, f) we denote the range of M for f as

Ring(M, f) = maxSpr(M, f) = max{Rng(M, f; g)} = max{Rng(g)}.
Let Qy, x be the number of functions from P¥, which have a property Q, i.e. Q fully

describes the Q, .

Theorem 1. If M C Xy, |[M| = m > 0 then the number of functions f € PF, for
which

XA\M
1.1) each subfunction g < [ has the property Q is

8

(4) [Qm,k]knim;
X \M
1.2) there is a subfunction g "< f, which has the property Q is
5) R e, A L

Proof 1.1. Let X\ M = {z;,,2j,,...,2;,_,.}. Let us denote all possible tuples
of constants for the variables from X\ M by {c},c,...,c,_.},i=1,2,.. k"™ If
gi= f(zj, =cl,xj, =4 ...,m;, . =c,_,), theng; € P¥ i=1,2,... k"™,

The number of functions from PF | which have a property Q, is Q.n,k- The tabular
presentation of f can be viewed as k""" tables with m rows, which are the tabular
presentations of the functions g;, i =1,2,..., k"™ ™.

In view of the fact that every subfunction g; must have the property Q and can be

chosen among Q,, i, then the number of different functions f, for which every subfunction
X\M
g f—< f has the property Q is
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Proof 1.2. Let us denote by T, = EF" — Q,, . the number of functions from Pk,
which do not have the property Q. From T1, (4) it follows that the number of functions

XA\M
f € Pk, for which each subfunction g 2 f does not have the property Q, is
Ty lF " = " — Qm,k]knﬂ"
It is evident that k*" — [EF" — mek]kmm is the number of functions f € P, for

XA\M
which there is at least one subfunction g 2 f with the property Q.
If Q is exactly the property of functions f for which Rng (f) = ¢, then from Q,, x =
1k (q) and Theorem 1, (4) we obtain Theorem 2.3 from [2]:

Corollary 1.If M C Xy, |[M| = m > 0 then the number of functions f € PX for
X A\M
which Rng(M, f;9) =q, ¢ <k, for all g ~ fis

(6) ik @]

Definition 6. ([3]) A variable z; is called essential for the function f € PF if there
exist values c1, ..., Ci—1,Cit1, - . ., Cn Such that the function f(c1,...,Ci—1,%i, Cit1,y--.,Cn)
assumes at least two different values.

Definition 7. ([3]) A set M of variables is called separable for the function f if there

X\ M
exist a subfunction g f< f which depends on all variables from M.
n
[4] Taking into consideration that Q,, x = Z(—l)jC’%kknﬂ is the number of functions
j=0
from P* which depend essentially on all their variables (property Q), Definition 7 and
Theorem 1, (5) we obtain

Corollary 2.If M C Xy, |[M| = m > 0, then the number of functions f € Pk for
which M is separable is

kn—m
m

(7) e DI VA

j=1

Definition 8. ([3]) A set M of essential variables for f is called c-separable if each

X \M
subfunction g < f depends on the variables in M.

Corollary 3.If M C Xy, |[M| = m > 0, then the number of functions f € Pk for
which M is c-separable is

m

8 Syt |

J=0

Of particular interest are the functions f € PF, for which every subfunction g € G
takes as many different values as the function f itself.

178



Theorem 2.If ) # M C Xy, |M| = m, then the number of functions f € PF for
which Rng(f) =Rng(M, f;g9) =q, ¢ <k, for all g, g € G is

pn—m

q

> (—nrecsst”

s=1

) co {ufgiq@rnm v

Proof. From Rng(f) =Rng(M, f;g) = ¢ it follows that each subfunction g € G and
the function f assume the same ¢ values.

If we choose ¢, ¢ < k, values that can be assumed by each function from PF, then
from (1) it follows that the number of functions from P¥ which assume the chosen g
values (property Q) is

Z k" _ Mfz (9) -Q
] |~ o9 T ek
e S S L LR O
ri>1, i=1,2,..., q
The proof is obtained by applying Theorem 1, (4) to the number of functions from P*
for which each subfunction g € G assumes the chosen ¢ values (property Q) and taking
into consideration that ¢ values can be chosen among k values in C} ways.

Theorem 3.If ) # M C Xy, |[M| = m then the number of functions f € PF for
which Rng(f) =Rng(M, f)=q,1<q<kis

i o o -1 En—m
(10) i C—Zuﬁ(i)] Z C—Z ]
i=1 i=0
Proof. Number of functions f € P7, that assume at most ¢ (¢ < k) fixed values
4
CZ
(property Q) is C‘f pih (i) = Q,, 5. It follows from Theorem 1, (4) that the number of
functions from P,’f for which every subfunction g € G assumes at most ¢ fixed values is
S
q
C’L
a= — i (4)
> choio)
1 e o
Obviously g = Z C’_;I ; ] is the number of functions from P¥ for which
im1 "k
every subfunction g € G assumes at most ¢ — 1 among the fixed ¢, ¢ > 1 values, or
=1 i R
q,k (;
AT Y

Taking into consideration that ¢ values among k values can be chosen in C{ ways and
that a — 3 is the number of functions from P*, for which at least one subfunction g € G
assumes all ¢ fixed values, i.e. the functions for which Rng(f) =Rng(M, f) = ¢, we get
the proof of Theorem 3.

Let M # () and R # () be two sets of variables for the function f € P¥ where M ¢ R

R
and H be the set of all subfunctions of f with respect to R, i.e. H={h:h < f}.
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Definition 9. ([2]) The range of M with respect to R of the function f with a
subfunction h is the range of the set M \ R with respect to the function h.

The range of the set M with respect to R of the function f with a subfunction h
will be denoted by Rng(M; R, f; h) where Rng(M; R, f;h) =Rng(M\R, h).

Definition 10. ([2]) The set Spr(M; R, f) = Upeg{Rng(M; R, f;h)} is spectrum
of the set M with respect to R for f.
Obviously Spr(M; R, f) C {1,2,...,k}.

Definition 11. Let C-Spr(M;R, f) be the set {1P+,2P2 .. . kPx} where p;, t =
1,...,k s the number of all the different tuples of constants for the wvariables of R,
for which from f subfunctions can be obtained, with respect to which the set of variables
MA\R has range equal to t.

It is obvious that p1 +p2 + ... +pr = AR = kI8l where p, >0,t=1,...,k.

Theorem 4. If M C Xy, RC Xy, |M|=m, |R| =r, |M NR|=s, then the number
of functions f € PX, for which C-Spr(M;R, f) = {1P1,2P2 ... kP} s

(11) L.am.am...am
pilpa! . opp! T TR R
: kn«#sf‘rnf‘r' 1 kn+577n71'
n+s—m-—r . .
where oy =k* , = [Z T (z)] - lz T (z)] for t>1.
i=1 i=1

Proof. Associate the number ¢t with each tuple of constants for the variables of R, for
which from f subfunctions can be obtained, with respect to which M\ R has range equal
to t. The number of all the different associations, where with p; tuples of constants we
associate 1, with po tuples of constants we associate 2, ..., with pi tuples of constants
we associate k, is

(p1+p2+...+pk)! kT!

pilp! okl palpalipe!
To each number ¢, a subfunction from P*_ corresponds with respect to which M\R
(IM\R| = m — s) has range equal to ¢. Taking into consideration that these subfunctions

can be chosen for t = 1 ([2], Corollary 2.3 ) in a3 = EF"TTTTT different ways, and for
. grts—m—r - rs—m—r
t > 1 ([2], Theorem 2.4) in oy = lz ko (z)] — {Z pk (z)] ways,
i=1 i=1

we obtain the proof of the theorem.

Theorem 5.If M C Xy, RC Xy, |M|=m, |R| =r, |M NR|=s, then the number
of functions f € P¥, for which Spr(M; R, f) = {q1,q2,---,4;}, j <k, is

T
(12) k™! T1 T2 7
P1 P2 P57
el
” oty
ri+re+...4ri=k
re>1, t=1,2,...,5

qt
i=1
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Proof. Let us denote by r; the number of all different tuples of constants for the
variables from R, for which from f subfunctions can be obtained, with respect to which
the set of variables M\ R has range equal to ¢;, t = 1,2,...,7.

In this case, for f we have C-Spr(M; R, f) = {¢1*, ¢5%, - - -, q;j}.

Taking into consideration the fact that each function f for which C-Spr(M; R, f) =
{¢1", 452, . .. 7q;j}, where r1+ro+...+r; =k", 1, > 1,t=1,2,...,j, has Spr(M;R, f) =
{¢1,92,--.,qj}, and (3) and applying Theorem 4, we get the proof of Theorem 5.

When R = X;\M, we have Spr(M;R, f) =Spr(M;X;\M, f) =Spr(M, f). By
applying Theorem 4 (Theorem 5) in this special case, we obtain the number of functions
f € Pr]fa for which C-SpI‘(M,f) = {1?1’ 21)27 cee 7kpk}, (Spr(Ma f) = {QIana cee 7Qj}a
j <k), where M C Xy, |[M|=m>0,|R|=r=n—m, | MNR|=5=0.
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BbPXY BPOA HA HAKOUN k-3HAYHV ©oYHKIINN
HA n ITPOMEHIINBA

Huvursp CromukoB KoBaues

Hexa M u R ca MHOXecTBa OT apryMenTH ma dyukmmsta f(1,T2,...,Tn) € PF,
kBbIeT0 PF e MHOXECTBOTO OT BCWUKH k-3HAUHN (GyHKINN HA 1 TPOMEHIMBU. B Tasm
craTms e HaMepeH e 6poaT Ha byukmmu f € PF| 3a xouto

e MHOXECTBOTO M e oTmenumo 3a f;
e MHOXECTBOTO M e c-oTmenumo 3a f;

e BCska nondyHKIUA HA f, C apryMeHTH MHOXeCTBOTO M, mpuema CTOMHOCTHUTE
Ha QYHKIUATA,

e muOXecTBOTO M orHOCHO R 3a dynkuumsara f uma maneH CHEKTHD;
e muOXecTBOTO M orTHOCHO R 3a dynkumsara f uma mDaneH C-CHEKTHD U OP.

Haunna ma mpeGposBaHe MOXe Oa IOCIYXKHU U 32 , KOHCTPYHUpaHe “ Ha PasTjeqaHnTe
dyHKIINI.
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