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A NOTE ON THE CONVERGENCE OF THE SOR

BORSCH-SUPAN METHOD

Nikolay V. Kyurkchiev

Convergence properties of the SOR Borsch-Supan method for the simultaneous ap-
proximation of polynomial roots are considered. The choice of acceleration parameter
is discussed.

1. Introduction. Let

f(x) = xn + an−1x
n−1 + · · · + a1x + a0

be the polynomial with the simple or complex zeros xi, i = 1, . . . , n and xk
i , i = 1, . . . , n

be distinct reasonably close approximations of these zeros. The method, which, in short,
will always be referred to as the (BS)-method, (Borsch-Supan method) can be defined
by the sequences

xk+1
i = xk

i −
Wi(x

k
i )

1 +
n
∑

j 6=i

Wj(xk
j
)

xk
i −xk

j )

, i = 1, . . . , n, k = 0, 1, . . . ,(1.1)

where xk+1
i denotes the new approximation.

In this paper we are concerned with the successive overrelaxation Borsch-Supan
method (SOR-BS method)

xk+1
i = xk

i − hk

Wi(x
k
i )

1 +
n
∑

j 6=i

Wj (xk
j
)

xk
i
−xk

j
)

, i = 1, . . . , n, k = 0, 1, . . . ,(1.2)

where Wi(x
k
i ) = f(xk

i )/

n
∏

j 6=i

(xk
i − xk

j ) and hk ∈ (0, 1] is an acceleration parameter. It

should be noted that the SOR-BS nethod has a form of prediction-correction method.
Let

σk
i =

n
∑

j 6=i

Wj(x
k
j )

xk
i − xk

j

, max
1≤i≤n

|Wi(x
k
i )| = W, min

j 6=i
|xk

i − xk
j | = d.
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In practice, conditions for the convergence of the method (1.2) are given in the form of
the inequality

hk

W

|1 + σk
i |

<
ωd

2(n − 1)
,(1.3)

where ω > 0 is a constant. The inequality (1.3) will be used in our analysis of the
SOR-BS method. In later considerations we will find the upper bound for ω.

2. Main results. By the definition of d, W and σk
i we find

|1 + σk
i | ≥ 1− |σk

i | > 1 −
(n − 1)W

d
=

d − (n − 1)W

d
.

We assume that

|xk+1
i − xk

i | ≤
hkW

|1 + σk
i |

≤
hkWd

d − (n − 1)W
<

ωd

2(n − 1)
,

i.e.

W <
d

2(n − 1)
βk,(2.1)

where βk =
ω

hk + ω
2

.

Before establishing the convergence theorem for the method (1.2), we give some nec-
essary estimates using the previous notations.

Lemma 2.1. If the inequality (2.1) holds, then for i ∈ In, we have

(i) |σk
i | <

βk

2

(ii)
2 − βk

2
< |1 + σk

i | >
2 + βk

2

(iii) |xk+1
i − xk

j | > d
2n − 2 − ω

2(n − 1)

(iv) |xk+1
i − xk+1

j | > d
n − 1 − ω

n − 1

(v)

n
∑

j 6=i

|Wj(x
k
j )|

|xk+1
i − xk

j |
<

βk

2 − ω

(vi)

n
∏

j 6=i

∣

∣

∣

∣

∣

xk+1
i − xk

j

xk+1
i − xk+1

j

∣

∣

∣

∣

∣

<

(

1 +
ω
2

n − 1 − ω

)n−1

< e
ω
2 .

Proof. Of (i):

|σk
i | ≤

(n − 1)W

d
<

βk

2
.

Of (ii):

|1 + σk
i | ≤ 1 + |σk

i | <
2 + βk

2
, |1 + σk

i | ≥ 1 − |σk
i | >

2 − βk

2
.
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Of (iii):

|xk+1
i − xk

j | ≥ |xk
i − xk

j | − |xk+1
i − xk

i | > d −
ωd

2(n − 1)
= d

2n − 2 − ω

2(n − 1)
.

Of (iv):

|xk+1
i − xk+1

j | ≥ |xk
i − xk

j | − |xk+1
i − xk

i | − |xk+1
j − xk

j | > d − 2
ωd

2(n − 1)
= d

n − 1 − ω

n − 1
.

Of (v):
n
∑

j 6=i

|Wj(x
k
j )|

|xk+1
i − xk

j |
≤

(n − 1)W2(n − 1)

d(2n − 2 − ω))
= βk

n − 1

2n − 2 − ω
≤

βk

2 − ω
.

The last inequality
n − 1

2n − 2 − ω
≤

1

2 − ω
holds for each n ≥ 2.

Of (vi):

n
∏

j 6=i

∣

∣

∣

∣

x
k+1

i
−xk

j

x
k+1

i
−x

k+1

j

∣

∣

∣

∣

≤
n
∏

j 6=i

(

1 +
|xk+1

j − xk
j |

|xk+1
i − xk+1

j

)

<

(

1 +

ωd
2(n−1)

d(n−1−ω)
n−1

)n−1

=

(

1 +
ω
2

n − 1 − ω

)n−1

< e
ω
2 .

Using the estimates given in Lemma 2.1 we prove

Lemma 2.2. If the inequality (2.1) holds, then

|Wi(x
k+1
i )| <

(

1 − hk +
βk

2
+

βkhk

2 − ω

)

2

2 − βk

e
ω
2 |Wi(x

k
i )|.(2.2)

Proof. Evidently

f(x) =

n
∏

j=1

(x − xk
j )



1 +
Wi(x

k
i )

x − xk
i

+

n
∑

j 6=i

Wj(x
k
j )

x − xk
j



 .(2.3)

From (1.2) we obtain
Wi(x

k
i )

xk+1
i − xk

i

= −
1

hk

(1 + σk
i ).

According to this, the relation (2.3) for x = xk+1
i becomes

f(xk+1
i ) = (xk+1

i − xk
i )

n
∏

j 6=i

(xk+1
i − xk

j )



1 −
1

hk

(1 + σk
i ) +

n
∑

j 6=i

Wj(x
k
j )

xk+1
i − xk

j



 .

After dividing with

n
∏

j 6=i

(xk+1
i − xk+1

j ) we obtain
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Wi(x
k+1
i ) =

f(xk+1
i )

n
∏

j 6=i

(xk+1
i − xk+1

j )

= (xk+1
i − xk

i )

n
∏

j 6=i

xk+1
i − xk

j

xk+1
i − xk+1

j

A,(2.4)

where

A = 1−
1

hk

(1 + σk
i ) +

n
∑

j 6=i

Wj(x
k
j )

xk+1
i − xk

j

.

Starting from (2.4) and using estimates of Lemma 2.1 we find

A =
hk − 1

hk

−
σk

i

hk

+

n
∑

j 6=i

Wj(x
k
j )

xk+1
i − xk

j

,

hk|A| ≤ 1 − hk + |σk
i | + hk

n
∑

j 6=i

|Wj(x
k
j )|

|xk+1
i − xk

j |
≤ 1 − hk +

βk

2
+

hkβk

2 − ω
.

|Wi(x
k+1
i )| ≤ |xk+1

i − xk
i ||A|e

ω
2 ≤ hk

|W(x
k
i )|

1 + σk
i |

|A|e
ω
2

<

(

1 − hk +
βk

2
+

βkhk

2 − ω

)

2

2 − βk

e
ω
2 |Wi(x

k
i )|.

We consider the contraction factor Q for the SOR-BS method appearing in the relation

|xk+2
i − xk+1

i | < Q|xk+1
i − xk

i |.

We assume that the ratio hk+1

hk
is very close to 1. We have the following theorem

Theorem 2.1.For the contraction factor Q the following formula is valid

Q = q(ω, hk)α,

where

q(ω, hk) =

(

1 − hk +
βk

2
+

βkhk

2 − ω

)

2(2 + βk)

(2 − βk)2
e

ω
2 ,

α =
hk+1

hk

.

Proof. Let ct
i = xt

i − xt+1
i , t = k, k + 1. Then

|ck
i | = hk

|Wi(x
k
i )|

|1 + σk
i |

≤ hk|Wi(x
k
i )|

2

2 − βk

.

By induction

|ck+1
i | = hk+1

|Wi(x
k+1
i )|

|1 + σk+1
i |

≤ hk+1|Wi(x
k+1
i )|

2

2 − βk+1
.
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q(ω, h)

h
0.20
0.40
0.60
0.80
1.00

ωh

0.4678

r

ωh

h = 0.2

h = 1

Fig. 1. Contraction of the Borsch-Supan SOR method

According to this and by (2.2), we obtain

|ck+1
i | ≤ hk+1

2

2 − βk+1

2

2 − βk

(

1 − hk +
βk

2
+

βkhk

2 − ω

)

e
ω
2 |Wi(x

k
i )|

hk

hk

|1 + σk
i |

|1 + σk
i |

≤
hk+1

hk

4

(2 − βk+1)(2 − βk)

(

1 − hk +
βk

2
+

βkhk

2 − ω

)

e
ω
2

2 + βk

2
|ck

i |.

Evidently 2 − βk+1 > 2 − βk and

|xk+2
i − xk+1

i | < αq(ω, hk)|xk+1
i − xk

i | = Q|xk+1
i − xk

i |.

This proves the theorem. �

According to the relation above in Fig. 1 we represent the quantity q(ω, h) as a
function of ω, taking h as a parameter. The upper bound, corresponding to q = 1, is
denoted by ωh. The hk increase to 1, defining BS-method in the continuation of the
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iteration procedure (α = 1). By the way, from the equation

q(ω, 1) =
ω(4− ω)(1 + ω)

2(2 − ω)
e

ω
2 = 1

we find the upper bound for ω : ω < ωh ≈ 0.4678.
The optimal values of hk

i (optimal in the sense that convergence is guaranteed) are not
known. Other results have been found by Petkovic, Herceg, Ilic [2], Petkovic, Kyurkchiev
[3], Kyurkchiev [1].
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