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A NOTE ON A SUBCLASS OF MEROMORPHIC
FUNCTIONS WITH NEGATIVE COEFFICIENTS

Donka Zheleva Pashkouleva, Kliment Vasilev Vasilev

In this paper we obtain coefficient inequalities and distortion theorems for the class
T*(a, 8, A, B) of meromorphic convex functions with negative coefficients.

1. Introduction and definitions. Let X denote the class of functions of the form
1 o0
(1) f(z):;+z:1a7LZ7L

which are analytic in the punctured unit disk
Ur={z:z€Cand 0 < |z| < 1}

with a simple pole at the origin with residue 1 there. Let ¥* denote the subclass of %
consisting of functions f(z), which are convex with respect to the origin, that is, satisfying

the condition ")
z2f"(z

Req— 1+ )}>0, zeU*".
-0+

Let ¥*(«) denote the subclass of ¥ consisting of functions f(z) which are convex of
order «, that is, satisfying the condition

zf"(z) .
Re{—(1+ f’(z))}>a’ zelU*, 0<ac<l.

Let ¥*(a, A, B) denote the class of functions f(z) in ¥ which satisfy the condition
(=f'(2))'
f'(z)

that has a representation of the form given by

z2f"(z) _ _1+{B+(A-B)(1 - a)jw(z)

2) L+ fl(z) 1+ Bw(z)

Here w(z) is analytic in U and satisfies the conditions

w(0) =0and |w(z)| <1, =ze€U
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(0<a<1l,-1<A<B<1,0< B<1). The condition (2) is equivalent to
/")
f'(2)

) i
BO+(N@)+UH%A B)(1 - a)]

+2

<1, zeU".

We note also that
¥ (a,—1,1) = ¥*(a).

Let T denote the subclass of % consisting of functions of the form:

1 (o]
Q FE&) =1 =Y lanl"
n=1
Definition. A function f(z) in X is in the class ¥*(a, 8, A, B) if it satisfies the con-
dition .
SO
) oy
zf"(z)
B <1+ 70 > +[B+(A—-B)(1 - «a)]

(zeU*0<a<1,0<8<1,-1<A<B<1,0<B<1).

Let us write
T*(a7ﬂ7 A’ B) = E*(a’/B’A7 B) ﬂT'

We note that T*(«, 8, A, 1) is the class of meromorphic convex functions with negative
coefficients which was studied by the first author [1].

In this paper we obtain coefficient inequalities and distortion theorems for the class
T*(a, 8, A, B). We employ techniques similar to those used by Silverman [2].

2. Coefficient inequalities.
Theorem 1. Let the function f(z) defined by (1) be analytic in U*. If

(4) {(n+1)+8[Bn+ (B—-A)a+ Al}n|a,| < (B—A)B(1 —a)

WE

n=1

0<a<1,0<B<1,-1<A<B<1,0<B<1) then

f(z) e ¥, 3, A, B).

Proof. Suppose that (4) holds true for all admissible values of «, 3, A and B.
Consider the expression

GYE(f, 1) = 121"(2) + 21" (2)| = BIB{f'(2) + 21" (2)} + [B + (A = B)(1 — )] (2)].
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Replacing f and f’ by their series expansions, we have for 0 < |z| =r < 1

F(f,fH) = inJrlnan i -
- B B-Ad-a) 7Az)2(1 —a +; [Bn + (B — A)a+ Al na,z"*
or
*F(f 1) < Z(n+1)n|an|7“"+1—ﬁ{(B—A)(l—a)—
n=1

WE

[Bn+ (B — A)a+ Al n|ay| r”‘“} =

n=1

I
hE

{(n—|—1) +8[Bn+ (B—A)a+ 1]n|an|7°”+1} -

3
Il
—

—~

B—-A)B(1 —a).

Since the above inequality holds true for all » (0 < r < 1), by letting r — 1—, we
have

Z 1)+ B[Bn+ (B — A)a+ A} nla,| — (B— A)B(1—a) <0
by (4).
Hence it follows that
2f"(z) 2f"(2)

+2‘<6‘B<1+ >+[B+(AB)(1a)]

(2) f'(z)
so that f(z) € ¥*(«, 8, A, B). This completes the proof of Theorem 1. O

Theorem 2. Let the function f(z) defined by (3) be analytic in U*. Then f(z) €
T*(c, B, A, B) if and only if (4) is satisfied.

Proof. In view of Theorem 1, let us assume that the function f(z), defined by (3),
is in the class T*(a, 8, A, B). Then

2f"(z)
f'(2)

2f"(z) _ L
B<1+ ) )+[B+(A B)(1—a)]

+2

(n + Dn|a,|z"*
= < B, ze U™
[Bn + (B — A)a + Al n|a,|z" !

M

3
Il
N

®
=
T
S/
Mz

1

3
I

202



Using the fact that Re z < |z| for all z, we thus have

Z(n + )nja,|z" "
(6) Re . <zl
B9 S pat (B - A)a+ Al nfag):"?
n=1

22

Now choose the values of z on the real axis so that

L)
f'(2)
is real. By letting z — 1— through real values, we obtain
Zn+1n|an|<ﬂ{( (1 — ) ZBn+B Aa+A]nan|}
n=1 n=1
or
(7) }:{n+ +B[Bn+ (B — A)a+ Al}nla,| < (B - A)B(1 - a)

which proves Theorem 2. [
Corollary 1. Let the function f(z) defined by (3) be in the class T*(«, 8, A, B). Then

(B—A)B(1 -a)
n{(n+1)+8[Bn+ (B - Ao+ A}’

|an| <

neN:={1,23,..}

where equality holds true for functions of the form

1 (B—-A)8(1 - a)

fn(z) = n{(n+1)+B[Bn+ (B - A)a+ Al}

z", meN.

3. A distortion theorem.

Theorem 3. Let the function f(z) defined by (3) be in the class T*(a, 8, A, B). Then,
forO<|z|=r<1

1 (B - A)B(1 - a) 1 (B — A1 - a)

@ = B Br A+ B-an VOIS BB A+ B- A

where equality holds true for the function

1 (B - A)B(1 - a)

9) fl(Z)zgi2+ﬁ[(B+A)—|—(B—A)a]Z’ (z =ir,r)
and

1 (B-A)B(1 -a) ) 1 (B - A)3(1 - a)
0 = 5 BB A + B Aal == E Y BT A+ (B Al
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where equality holds true for the function f1(z) given by (9) at z = *r, Lir.
Proof. In view of Theorem 2, we have

> (B — A)B(1 - a)
(11) ;|an|§2+ﬁ[(B+A)+(B—A)Oé]'

Thus, for 0 < |z| =r < 1,

02) 1< +n2=:1 ol < M; oal < 7 + 2+ﬁ([fB+Af)1/)8$ <Ba_) Aa]"

and

13) 1@z =Sl 2 2 e ez 2o BB 0)

2+ B[(B+A)+ (B- Al

n=1

which, together yield (8).
Furthermore, it follows from Theorem 2 that

- (B-A)B(1—q)
(14) 2l < 53 F BT A+ B Al
Hence
1 B—-A)[(1 -«

(15) [f'(= |<—+Z”|a I <_+Zn|a”| 2+ﬂ([(B+/)1)(+(B)A)a]
and

> 1. 1 w— 1 (B—A)B(1 —a)
16) 1f'¢z E”W 2 el 2 5 S A B A

which, together, yield (10). It can easily be seen that the function fi(z) defined by (9)
is extremal for Theorem 3.
Corollary 2. Let the function f(z) defined by (3) be in the class T*(A, B). Then, for
O0<|z|=r<1
1 B-A 1 B-A
;*72+B+AT§|JE(Z)|§;+72+B+A7’

and
1 B—-A , 1 B-A

-~ < < 44—
2 arBrA OIS E T
The result is sharp.
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BEJIE2KKHN B'BPXY IIOAOKJIIAC OT MEPOMOP®HUW ®YHKIIN C
OTPNIATEJIHN KOEOPUITNEHTU

Houka 2Kenesa IlamkysneBa, KinumenT Bacusmes Bacunes

IIpenmer Ha Tasm CTATHA € MOIyYaBAHETO HA HIKOU PE3YITATI OTHOCHO KOeduIlneH-
THUTE U CBOUCTBATA HA €INH KJIaC MepoMOpGHN GYHKINU C OTPUIATETHN KOoehUIINeH-
TH.
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