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In the presented paper the Pareto optimal distributions are analyzed. The basic con-
cept of welfare economy is examined here — Pareto optimality criterion. We consider
a mathematical model of exchange economy. The presented theorems do not use the
prices of the goods and budgetary limitations of the agents. The theorems are based
only on the utility of the goods and the status quo of the agents.

1. Introduction. Welfare economy is a theory where consumption and production
are examined on one and same scale. The simultaneous existence of a number of con-
sumers and producers equal in rights is taking place under the condition of equilibrium
with optimality distribution of goods of both for consumers and producers. The problems
of equilibrium and optimality are basic for welfare economy.

A basic characteristic of the Equilibrium State is given by the Pareto optimality
criterion. A distribution of goods is Pareto optimal if and only if in the process of
transition into another distribution there is no deterioration of the status quo of the
agents. Measure for the status quo of the agent will be his or her utility function.
Vilfredo Pareto (1878-1923) lays out the criterion: if in the process of distribution of
goods between the agents in an exchange economic system the welfare of one single
agent increases, without decreasing the welfare of all the other agents, then the welfare
of the system as a whole increases. We have the definition: the distribution of goods is
Patero optimal if and only if it is not possible for the welfare of a certain agent to be
improved without involving the worsening of the welfare of another agent.

It is proved that the equilibrium distributions of goods are Pareto optimal. We will
examine a number of characteristics of the Pareto optimality distributions without using
the fact of equilibrium. This is an important issue because Pareto optimality distributions
do not use the prices of the goods and budgetary limitations of the agents.

2. Formulation of the problem. We are examining a mathematical model of
exchange economy with n > 2 agents and m > 2 goods. The agents exchange between
each other goods. Let A be a set of agents, let G be a set of goods, let L = n.m and let
each agent own initial property demonstrated by the vector v*(vi,...,v%,...,v;,) € RT,
where the number v} > 0 is the quantity of g; € G property of a; € A. The vector

J

Q= Zvi we will call the vector of common goods, where Q(Q1,Qs,..., Q) € N7
i=1
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n
Definition 1. The set D = {X (2!, 22,...,2") e RE : Zx’ = Q} we will call the set
i=1
of distributions, where a; € A is owner of x* € R
The initial property of the agents is given by the vector V (vl v ... v") € D.
Theorem 1. The set D is nonempty, conver and compact set in §RJLF

From Definition 1 it follows the proof of Theorem 1.

If X € D and a; € A, then let us denote P;(X) = 2’ (24, 2%,...,2¢,) and let each
agent a; € A has an utility function w; : D — R with the following characteristics:

Assumption 1. The function wu; is continuous in D;

Assumption 2. If X,Y € D and P;(X) = P;(Y), then u;(X) = u;(YV);

Assumption 3. f X, Y € D, P;(X) # P,(Y) and P;(X) > P,(Y), then u;(X) > u;(Y);

Assumption 4. If X|Y € D, P;{(X) # Pi(Y), ui(Y) > u;(X) and a € (0;1), then
ui(aX + (1 —a)Y) > u(X).

Definition 2. The function U : D — R we will call collective utility function if
and only if U(X) = (u1(X),u2(X),...,un(X)) for X € D, where the functions u; for
i=1,...,n are the utility functions of the agents.

Theorem 2. The function U is continuous in D.

Proof. From the continuity of the functions u; for i = 1,...,n in D it follows that
the function U is continuous in D. [
_ Definition 3. We will call the distribution X € D Pareto optimal if and only if
Y € D such that Va; € A, u;(Y) > uw;(X) and Jar, € A, up(Y) > up(X). The set of
Pareto optimal distributions of D will be denoted by P.

Therefore we have X € P if and only if {Y € D : Va; € A, u;(Y) > w;(X) and
Jay € A, uk(Y) > uk(X)} = 0.

It becomes clear from the definition that the Pareto optimality is not related to the
prices of goods, but is defined only by the utility functions of the agents.

3. Existence of Pareto optimality.

n
Definition 4. Let C ={{¢; > 0:i=1,...,n} CR: > ¢; = 1}. We will call
i=1
De={X€eD:Y cui(X)>Y cu;(Y)VY €D,ceC}
i=1 i=1

the set of mazximal distributions of D.

Theorem 3. The set D, is nonempty and compact subset of D.

n
Proof. Let function f :— R4 is defined by f(X) = 3 ¢u; (X) for X € D. From the
i=1

continuity of the functions u; for i =1, ..., n it follows 1that the function f is continuous
in D. The set D is compact, therefore 3X € D such that f(X) = sup{f(Y):Y € D}.
We have D. # (). From the continuity of the function f it follows that the set D, is a
closed subset of the compact set D, therefore D, is a compact subset of D. The theorem
is proved. O
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Theorem 4. D. C P.
Proof. Let X € D, and let us assume that X ¢ P. Then 3Y € D such that Va; € A
wi(Y) > u;(X) and Jap € A up(Y) > up(X) and let f(X) = > cu; (X), therefore
i=1

fY) = f(X).
If ¢, > 0, then f(Y) > f(X), which is in contradiction with X € D..
n n
If ¢, =0, then f(V) =Y cu; (V)= > cui (V). From up(Y) > up(X) > 0 it
i=1 i=1,i#k

n

follows that Py(Y) # 0. From ) ¢; =1 it follows that Ja; € A such that ¢; > 0. From

=1
P,(Y) # 0 it follows that P;(Y) # Q. Therefore 3Z € D such that P;j(Z) > P;(Y),
Py(Z) < Py(Y) and Pi(Z) = P,(Y) for i # j and i # k. Finally, we have f(Z) > f(Y) >
f(X), which is in contradiction with X € D..

We have in result D, C P. The theorem is proved. [

From the above two theorems it follows that the Pareto optimal distributions exist in

the economic system and |J D. C P.
ceC

4. Convex functions and Pareto optimality
Definition 5. If X € D and a; € A, then the set R;(X) ={Y € D : u;(Y) > u;(X)}
we will call set of preferences of a; € A.

It is clear that the set R;(X) is compact and X € R;(X) Va,; € A, therefore (| R; (X)
=1

1=

n
is compact and X € (] R; (X).

i=1

n
Theorem 5. Let X € D, X € P if and only if {X} = () Ri (X).
=1

1=

Proof. Let X € P. We have X € R;(X) Va; € A, therefore {X} C [\ R; (X). Let
i=1

Ye N Ri(X),ae (0,1) and Z = aX + (1 — a)Y and let us assume that X # Y.
i=1

If a; € A and P;(X) = P;(Y), then P;(Z) = P;(X). Therefore u;(Z) = u;(X).

If a; € A and P;(X) # P;i(Y), then w;(Z) > min(u;(X), u;(Y)) = us (X).

From X # Y it follows that Jaj € A such that Py (X) # Pr(Y). In result, Va; € A
ui(Z) > ui(X) and ux(Z) > uk(X), which contradicts the condition X € P. Therefore
X =Y, ie () Ri(X)C {X}. Finally, we have {X} = [ Ri(X).

=1 i=1

1= (3

Let {X} = () R;(X). Let us assume that X ¢ P, therefore 3Y € D such that
i=1

Va; € A u;(Y) > u(X) and Jag € A ug(Y) > ug(X). Inresult Y € (| R; (X) = {X},
i=1

therefore X =Y. This contradicts ug(Y) > uk(X), therefore X € P. The theorem is

proved. [

Definition 6. The utility function u; of a; € A is convex if and only if VX,Y € D,
Pi(X) # Pi(Y) and Va € [0;1], ui(aX + (1 — )Y) > ou(X) + (1 — a)u; (V).
212



Theorem 6. If the utility functions of the agents u; for i =1...,n are convex, then
U D. = P.
ceC

Proof. Let X € P and S ={U(X)+s:s € R}\{0}}. It is clear that S # 0.

We will prove that the set S is convex. Let S1,S52 € S and « € [0, 1], then Js1, 592 €
R\{0} such that S; = U(X) + s; and Sz = U(X) + s2. For this convex combnination
we have aS1 + (1 — @)S2 = U(X) + (as1 + (1 — a)sz), therefore aS1 + (1 —a)Sz € S, i.e.
the set S is convex.

Let B={U(Y)—b:Y € D and b € R} \{0}}. It is clear that B # 0.

We will prove that the set B is convex. Let By, B2 € B and « € [0;1], then 3Y7,Y2 € D
and 3b1, by € NT\{0} such that B; = U(Y1) — by and By = U(Y2) — be. For its convex
combnination we have aB; + (1 — «)Bs = (aU (Y1) + (1 — a)U(Y2)) — (b1 + (1 — a)b2).
Let Y = aY; + (1 — a)Y,. From the convexity of the set D it follows that Y € D.

If a; € A and P,L(Yl) = R(Yg), then UZ(Y) = ’U,,L(Yl) = Uz(YQ)

If a; € A and P;(Y7) # P;(Y2), then from the convexity of the utility function w; it
follows that u; (V) > au; (Y1) + (1 — a)u, (Y2).

Finally, we have U(Y') > aU (Y1) + (1 — a)U(Y2).

Let b =U(Y) — (aU(Y1) + (1 — a)U(Y2)), therefore b € R \{0}. In result we have
aB; + (1 —a)By = U(Y) — (aby + (1 — a)by + b), therefore aBy + (1 — a)Bs € B, i.e.
the set B is convex.

We will prove that SN B = (). Let us assume that SN B # (), therefore 3Y € D and
Js,b € R} \{0} such that U(X) +s = U(Y) — b. From s,b # 0 it follows that Va; € A
wi(Y) > u;i(X) and Jap € A up(Y) > ur(X), which contradicts the condition X € P,
therefore SN B = 0.

From the theorem for detachability of sets it follows that 3{q; : i = 1,...,n} C R

n
such that > ¢7 # 0 and 3¢ € R such that Vs(sy, s, ...,5,),b(b1,ba,...,b,) € RT\{0}

=1
we have

n n
Z%‘(W(X) +8)>c> Zqi(ui(Y) —b;) forallY € D.
i=1 i=1

Therefore Y i, qiu; > ¢ > Y i qu;(Y) for all Y € D and we have in result an
equality at X =Y.

We will prove that ¢; > 0 Vi € [1,n]. The inequality >, ¢;(u;(X) + s;) > ¢ holds
for s(s1,s2,...,5,) € R} \{0}. Let us assume that ¢ < 0 for k& € [1,n]. The inequality

n
> qi (ui (X) + s;) > ¢ holds for
i=1

Cc — 7-1 . i \Uj X + 8;
sp > Zz_l,];équ ( ( ) ) . ’ll,k(X)
k

In result we have
c— Z?:Lj;ék qi(ui(X) + si)
gk

n

Ge(ur(X) +s1) <c— D q(ui(X) +);
=1,k

uk(X) + Sk >

— uk(X);

213



n

Z qi(ui(X) +si) < c.

i=1,j7#k

n
This leads to a contradiction, therefore ¢; > 0 Vi € [1,n]. From Y. ¢? # 0 it follows
i=1

n n n
that > ¢; > 0. Let ¢; = 5~ > 0fori =1,...,n, therefore > ¢; =1 and > cu; (X) >
i=1 -21 i i=1 i=1
ciu; (V) for all Y € D.

1
Finally, we have Xe |J D.. From theorem 4 it follows that |J D. = P. The theorem
ceC ceC

7

is proved. O
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N3IT'bKHAJIN ®YHKIINV 1 KPUTEPUS 3A OIITUMAJIHOCT 11O
ITAPETO

3npaBko JlumurpoB CiiaBoB

B nmpencrasenaTa craTus ce aHasIM3MpaT pasupenmesieHusTa onTmMasHu mo Ilapero.
IIpensoxena e eqHa OT OCHOBHUTE KOHIENINY HA NKOHOMUKA HA 0JI1ar0CHCTOSHIE-
TO — KpuTepus 3a onTuMasaHOCT 1o Ilapero. Pasrnenan e MaTeMaTmueckm Momen Ha
Pa3MeHHA MKOHOMUKA. VI37I10keHWTe TeopeMm! He M3NO/I3BAT LeH! Ha OjaraTta u 6io-
IXKETHU OTPAHWYEHUS HA areHTUTe. 1eopeMuTe ce OCHOBABAT CAMO HA IOJIE3HOCTTA
Ha OjIaraTa U NPEONOYNTAHUSITA HA areHTUTeE.
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