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IS THE MORLEY’S THEOREM TRUE IN THE
HYPERBOLIC GEOMETRY?"

Grozio Stanilov, Desislava Yordanova, Roland Hoefer, Julian Cankov

We prove that the Morley’s threesector theorem which holds good in the Euclidean
plane, is not true in the hyperbolic plane as well not true in the elliptic plane (geo-
metry on the sphere). The validity of the Morley’s theorem in the absolute geometry
is equivalent to the Euclid’s parallel postulate. We establish the sides of the Morley’s

1
threesector triangle are bounded from above with the constant arcch 16"

1. Introduction. The great algebraic geometer Frank Morley (1860-1937) gave in
1900 the following brilliant assertion, which is now simply known as

Morley’s threesector theorem. The three intersections of the threesectors of the
angles of a triangle, lying near the three sides respectively, form an equilateral triangle [1].

G. Stanilov stated the problem: is this theorem true in the hyperbolic geometry?

2. Expressions of the sides of Morley’s triangle. Let AABC is an arbi-

trary triangle in the hyperbolic plane with sides AB = ¢, BC' = a,CA = b and angles
a=3A, B =B,y =<C. Let AC; and AB; are the threesectors of the angle o, BCy, BA;

C

Fig. 1
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— of the angle 8, and CA;,CB; — of the angle . The A;B;C, is the Morley’s triangle
of the given triangle ABC (Figure 1).

At first we use the formula [2]

b b
(1) cotgasin'y:cth%shEfchEcos%.

We apply this theorem two times for AABCY:

B .« ACy ¢ ¢«

2 Ping = cth he —chSeos2

(2) cotg351n3 ct - shy —chycos,
B

(3) cotg%singzcth ISI sh%fch%cosg.

From (2) we find
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In the same way from AACB; we find
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From the cosine theorem for AAB,Cy we find
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and using the expressions (5) and (6) we get
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where
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5 1/2
X [(ch%cos%sing +sin%cos§) — sh? %sin2 g] }
A1B A
lk ! and ch 1kC1.

3. Non-validity of Morley’s theorem in the hyperbolic plane. After very
long calculations we have proved that the equality

9) AB, = B,C4

is equivalent to the equality

By symmetry we have the corresponding expressions for the ch

(10) M sin? %sin4 g sin? %sin @ ;)— v sin ?f (o, 8,7) =0,
where

.0 a0\ . a0\ . 5
(11) M:smism <Oé+§> Sin <ﬁ—|—§> sin <f}/+§>

and & (a, 8,7) is non-identical zero function of «, 3,~. Then we can conclude:
I. If the triangle ABC' is an isosceles triangle, then the same is true for AA; B Ci.
II. If the triangle ABC is an equilateral triangle, the same is true for AA; B1Ch.

III. If (9) holds and A A; B1C is not an isosceles triangle (« # 7), then it follows that
the defect of the triangle ABC' is zero.

In this way we give a new proof for the Morley’s theorem in the Euclidean plane
starting from the absolute geometry.

Theorem 1. The Morley’s threesector theorem is not true in the hyperbolic geometry.

Theorem 2. The validity of the Morley’s theorem in the absolute geometry is equiv-
alent to the Euclid’s parallel postulate.

Using the analogy between the formulas in the hyperbolic and in the elliptic trigonom-
etry [2], we can formulate also

Theorem 3. The Morley’s theorem is not true also in the elliptic geometry.

4. Above limit for the sides of the Morley’s triangles. Using the expression
(8) R. Hoefer at first gave some contra examples for the validity of Morley’s theorem in
the hyperbolic plane. He remarked that in many numerical cases the sides of the Morley’s
triangle are smaller from the number 0,35... . Then he did the following

Conjecture. The sides of the Morley’s triangle for any triangle ABC' in the hyper-
bolic plane are limited above from the constant arcch 16 (in the case when the constant
kE=1).

We can prove this assertion for any equilateral triangle ABC. If o = =~ =t we
find

t t
1-2 t — —
( cost + cos 3) coS 3

Y

(12) chBlC’l = 7
(1 — 2cost + cos? §)
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Fig. 2

which is equivalent to the equality

t 2t
4+7cos§ +4cos§ + 2cost

(13) ch31C’1 =

t 2t
5+7 —+4 —
+ 7 cos 3 + 4 cos 3

Here t€(0, w/3). The first derivative of this function is

t 2t 4
— (27sin§ + 368in§ + 30sint + 14sin§t +4sin%)
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v=m/30, a,f € (0,7), a+ 0 <m—m7/30 y=n/3,a,8€ (0,7),a+B<m—7/3
Fig. 3
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which means that the function is a decreasing function with
17
(15) lim chB1C’1 = T, lim ch3101 =1.
a—0 16 a—%

Thus the conjecture for any equilateral triangle is proved. The graphic of the function
(13) is given by figure 2.

For an arbitrary triangle ABC by computer graphic for many numerical cases for the
angle v and arbitrary «, § in the interval (0,7) and oo + 8 < m — -y, we establish that
ch B1C} is smaller than 1,062... . On Figure 3 are given two examples.

It shows the conjecture of R. Hoefer is appropriated.
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BSPHA JIN E TEOPEMATA HA MOPJIA B XUIIEPBOJINYHATA
TEOMETPUA?

I'posso CranusioB, Hecuciaa Mopnanosa, Ponann Xsdep, FOnuau Iankos

Hoxaszsame, ue TeopemaTa Ha Mopin, OTHACAIIA CE 32 TPUCEKTPUCUTE HA TPUBI'BIIHUK
B EBksmumoBara paBHmUHA, He € BspHA B paBHuHATA Ha JloGaueBcku. Ts He e BspHA U B
eMNTIYHATA PAaBHUHA (reomerpmaTa BBPXy chepara). BamunuocrTa Ha TEOpemaTa
ua Mopmmu B abcomoTHaTa reomerpus e paBHocuiaHa Ha [leTtus nocrynar va EBkaun.
YcraHnoBsiBaMe, ue CTPAHUTE HA TPUBIBIHUNUTE HAa MOpim ca OrpaHWYeHW OTTOpE

oT KOHCTaHTaTa arcch —.

16

224



