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x1

»
x2

¾o­	¸~·P¿´«o¯´»;¯Z­�²_¿Z­h®~¯V«o¯´»´«t±V·
f(x) = 0

ÍOÀ´¿´«t¾o¹ «t±V¯V«t±V«
¾o±V·PØ´¯V·w¾o±Z±Z­�¯Z­»´½q¿Z­h½v­
A
Õ

a)f(x) = x2 + 3x − 4, A = x2
1 + x2

2; b)f(x) = 3x2 + 6x + 2, A = x3
1x2 + x1x

3
2;

c)f(x) = 2x2 − 3x − 4, A =
1

x1

+
1

x2

; d)f(x) = x2 + px + q, A =
x1

x2

+
x2

x1

, x1x2 6= 0.

Ù ·hÄÎ¯Z­~±Z­~±´Úc¸�À´¿´»
±V«t¹Â­~±Z­�Æ~Ô�¼~¸~·P»�¾vÀV«oº´»Z­hÁ´¯´»
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2a)

∣

∣

∣

∣

x2 + y2 = 5
2x + 2y − xy = 4;

2b)

∣

∣

∣

∣

x3 + y3 = 19(x + y)
6x + 6y + xy = 0;

2c)

∣

∣

∣

∣

x3 + y3 + x3y3 = 12
x + y + xy = 0.
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¯Z­hØVÄÎ¬v·~Á´¼w¹	¯V«o¬v·P®�¯V«�¶_·w¾o±Z­~±´Úc¸�«~Íh³´«�¹X¯V·~¬v·�³´«t¾o±V·�¶_·P®~«qÛ�¶c­]¶_·
²_¿Z­h®~¯V«o¯´»´«
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·w±�ÀV·hÄÎ®~»Z¾v·P¸V­�¾o±V«oÀV«o¯iÑ´Ô�«o¸V­�¿Z­h½q¬|Á_«�¶c­~¹ «
¾v»Z¾o±V«t¹Â­~±Z­
2c ü Ñ!ý�±�®~±V·P¿´·w±V·�²_¿Z­h®~¯V«o¯´»´«�»´½q¿Z­h½q¼hÜ®w­~¹ «

y = − x

1 + x þ ·|³´«o®~»V¶Z¯V·
¯´¼w¹Â­�¿´«o°�«o¯´»´«~ÍcÀ´¿´»	¸~·~«t±V· x = −1 ü »�¾vÁ_«�¶	½v­~¹ «t¾o±´®w­h¯V«�®À´Úc¿´®~·w±V·�¾v«�ÀV·~Á´²_³Z­h®w­�²_¿Z­h®~¯V«o¯´»´«t±V·ZÕ
x5 + x4 + 3x3 − 12x2 − 12x − 3 = 0.
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­h®w­h¯V«t±V·�¯Z­�«�¶Z¯Z­�¾v»Z¾o±V«t¹Â­�·w±�±V·~½q»�®~»V¶2·~µh»´¸_¯V·P®~«o¯V·�±´¿´²~¶Z¯V·�¹ ·PÛ�«�¶c­�¾v«�À´¿´»´Á_·PÛ
»À´¿´»2¿´«o°
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σ1 = x + y

»
σ2 = xy

ÍZ¾v«�ÀV·~Á´²_³Z­h®w­�¾v»Z¾o±V«t¹Â­~±Z­´Õ
∣

∣

∣

∣

σ3
1 − 3σ1σ2 + σ3

2 = 12
σ1 + σ2 = 0.

� «o°�«o¯´»´«t±V·��»	«�¾v¿Z­h®~¯´»Z±V«oÁ´¯V·
Á_«o¸~·�»	®~·t¶Z»2¶_·�¶Z®~«�®~Úc½v¹ ·PÛ
¯V·w¾o±´»
σ1 = −2

»
σ2 = 2

»´Á´»
σ2 = −2

Õ
�!­

x
»

y
¾vÚc·w±´®~«t±V¯V·�ÀV·~Á´²_³Z­h®w­~¹ «�¾v»Z¾o±V«t¹X»Z±V«~Õ

∣

∣

∣

∣

x + y = −2
xy = 2;

∣

∣

∣

∣

x + y = 2
xy = −2.

Ù Úc¿´®w­~±Z­�·w±2¾v»Z¾o±V«t¹X»Z±V«�¯´¼w¹Â­�¿´«t­hÁ´¯´»�¸~·P¿´«o¯´»iÍ´­�·w±�®~±V·P¿Z­~±Z­
¯Z­~¹X»´¿Z­~¹ «~Õ
x1 = 1 −

√
3
Í
y1 = 1 +

√
3
»´Á´»

x2 = 1 +
√

3
Í
y2 = 1 −

√
3
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½v­�¶Z®~«�À´¿´·h¹ «o¯´Á´»´®~»iÑ Ù ¿´«�¶ZÁZ­h¬P­~¹@±V·P®w­
¶c­�¾o±Z­h¯V«�ÀV·
¾vÁ_«�¶Z¯´»´¼�¯Z­|³´»´¯iÑÔ�«o¸V­
f(x, y, z)

«�À´¿´·P»´½q®~·~Á_«o¯2¾v»Z¹ «t±´¿´»´³´«o¯2ÀV·~Á´»´¯V·h¹�Í´¸~·PØZ±V·�¯V«�¾vÚZ¶ZÚc¿´Û�­
ÀV·t¶_·~µh¯´»�«�¶´Ü¯V·|³´Á_«o¯´»iÑVý�³´«o®~»V¶Z¯V·
f(x, y, z)

«�¸_¿Z­hØ´¯Z­�¾v²V¹Â­�¯Z­
«�¶Z¯V·|³´Á_«o¯´»
·w±
®~»V¶c­´Õ
A = axαyβzγ

Ñ_Ò�ÚcØ¸V­~±V·
f(x, y, z)

«]¾v»Z¹ «t±´¿´»´³´«o¯�ÀV·~Á´»´¯V·h¹	»�­h¸~·�¾vÚZ¶ZÚc¿´Û�­�«�¶Z¯V·|³´Á_«o¯Z­
axαyβzγ

ÍPß�«]¾vÚZ¶ZÚc¿´Û�­»�®w¾v»´³´¸_»�«�¶Z¯V·|³´Á_«o¯´»�·w±
®~»V¶c­
axkylzs

Í_¸_ÚZ¶_«t±V·
k l s

«�À´¿´·P»´½q®~·~Á´¯Z­
ÀV«o¿Z¹X²V±Z­hº´»´¼�¯Z­
α
Í
β
»

γ
Ñ	��­�·~½q¯Z­|³´»Z¹l¾

SA

¾v²V¹Â­~±Z­�¯Z­�±V«o½q»�«�¶Z¯V·|³´Á_«o¯´»iÑ�
�«o½�·~¬|¿Z­h¯´»´³´«o¯´»´«�¹ ·PÛ�«t¹;¶c­�¾v³´»Z±Z­~¹ «~Í³´«
α ≥ β ≥ γ

Ñ_ª�Á_«�¶�»´½q¯Z­~¾v¼~¯V«�¯Z­
·~µPß ¹X¯V·PÛ
»Z±V«oÁ
a(xyz)γ

·w±�®w¾v»´³´¸_»�¾vÚcµh»´¿Z­h«t¹X»�·w±�®~»V¶c­
A
¾v«�ÀV·~Á´²_³Z­h®w­´Õ

f(x, y, z) = f1(x, y, z) + a(xyz)γg(x, y, z).Ò�²_¸
f1(x, y, z)

«]¾v»Z¹ «t±´¿´»´³´«o¯�ÀV·~Á´»´¯V·h¹	¯V«t¾vÚZ¶ZÚc¿´Û�­Pß «�¶Z¯V·|³´Á_«o¯´»�·w±�®~»V¶c­
A
Í

g(x, y, z)»Z¹Â­�«�¶Z»´¯�·w±2¾vÁ_«�¶Z¯´»Z±V«�±´¿´»�®~»V¶c­´Õ
g(x, y, z) = xmyn + xnym + xmzm + xnzm + ymzn + ynzm

= (xm + ym + zm)(xn + yn + zn) − (xm+n + ym+n + zm+n)
= SmSn − Sm+n,

þ Ö ü
¸_ÚZ¶_«t±V·

m = α − γ
Í
n = β − γ

»
m 6= n

À´¿´»
α > β > γ

Ñ
g(x, y, z) = xmym + xmzm + ymzm =

(xm + ym + zm)2 − (x2m + y2m + z2m)

2

=
S2

m − S2m

2
,

þ Ë ü
À´¿´»

m = α − γ = β − γ þ ¸~·~¬P­~±V· α = β > γ ü Ñ
g(x, y, z) = xn + yn + zn = Sn,þ Ð üÀ´¿´»

α > β = γ
Í
α − β = α − γ = n

Ñ!×�¸~·
α = β = γ

Í!±V·
f(x, y, z)

¾vÚZ¶ZÚc¿´Û�­�¾o­~¹ ·�«�¶Z»´¯«�¶Z¯V·|³´Á_«o¯�·w±�®~»V¶c­
xαyβzγ = a(xyz)α = aσα

3 .Ò�ÚcØ�¸V­~±V·
f(xyz)

«�¸_¿Z­hØ´¯Z­
¾v²V¹Â­
¯Z­�¾vÚcµh»´¿Z­h«t¹X»
·w±�®~»V¶c­
SA

Í~½v­
®w¾v¼~¸~·�·w±
±´¼hÝ�À´¿´»´ÁZ­h¬P­~¹ «¬v·P¿´¯´»Z±V«�¿Z­h½v¾vÚcÛ�¶_«o¯´»´¼ZÑª ¶_·P¸V­h½v­~±V«oÁV¾o±´®~·w±_·�¯Z­;±V«o·P¿´«t¹Â­~±Z­�½v­;±´¿´»�À´¿´·h¹ «o¯´Á´»´®~»�·w±´ÀZ­h¶c­	¿Z­h½q¬|Á_«qÛ�¶c­h¯V«t±V·	¯Z­½v­h¶OÑ Ö ­ ü » Ö µ ü ·w±)Ê Ö Ì�¸_Ú!¹7±V«t¹Â­~±Z­´Í!¸~·P»Z±V·2¾v«
¼~®~¼~®w­~±	½v­h¶c­|³´»
��¸~·h¹XÀV·P¯V«o¯Z±´»�¯Z­�¶_·P¸V­h½v­PÜ¯Z­~±Z­�ÀV·hÄÎ¬v·P¿´«
±V«o·P¿´«t¹Â­´Í´­
»Z¹ «o¯´¯V·�¿Z­h®~«o¯´¾o±´®w­~±Z­ þ Ö ü » þ Ë ü Ñ!ÿ
­~±V·�ÀV·w¾vÁ_«�¶Z¯Z­�¸_Ú!¹�±V«t¹Â­~±Z­�«®~¸_Á´Þ�³´«o¯Z­�½v­h¶c­|³Z­~±Z­Ð´Ñ	��­
¾v«�¶_·P¸V­hÛ�«~Íw³´«
½v­�ÀV·~Á_·PÛ
»Z±V«oÁ´¯´»
x, y, z

«�®~¼~¿´¯V·�¯V«o¿Z­h®~«o¯´¾o±´®~·w±V·ZÕ
a)

1

x
+

1

y
+

1

z
≥ 1

√
xy

+
1√
xz

+
1

√
yz

b)
x3 + y3 + z3

x2 + y2 + z2
≥ x + y + z

3
.

Ù Úc¿´®~·w±V·�·w±�±´¼hÝ�¾v«�¶_·P¸V­h½q®w­�«oÁ_«t¹ «o¯Z±Z­h¿´¯V·ZÍc¸V­~±V·�®�¯V«o¿Z­h®~«o¯´¾o±´®~·w±V·
a2 + b2 + c2 ≥ ab +

bc + ca
ÀV·~Á_·PÛ
»Z¹

a =
1√
x

Í
b =

1
√

y

»
c =

1√
z

ÍZ¯V·
½v­�¶_·P¸V­h½v­~±V«oÁV¾o±´®~·w±_·
¯Z­�®~±V·P¿´·w±V·�¯´»�«
¯V«o·~µPÝw·t¶Z»Z¹Â­�½v­h¶c­|³Z­~±Z­�¸~·h¹XÀV·P¯V«o¯Z±Z­

2(x3 + y3 + z3) ≥ xy(x + y) + xz(x + z) + yz(y + z).þ � ü Ð~û~Ð



[2(x3 + y3 + z3) − xy(x + y) + xz(x + z) + yz(y + z) =

= x3 − x2y + x3 − x2z + y3 − xy2 + y3 − y2z + z3 − xz2 + z3 − yz2 =

= x2(x − y) + x2(x − z) − y2(x − y) + y2(y − z) − z2(y − z) =

= (x2 − y2)(x − y) + (x2 − z2)(x − z) + (y2 − z2)(y − z) =

= (x + y)(x − y)2 + (y + z)(y − z)2 + (x + z)(x − z)2 ≥ 0
À´¿´»

x > 0, y > 0, z > 0
Í´¸V­~±V·¿Z­h®~«o¯´¾o±´®~·�¾v«�¶_·w¾o±´»´¬P­�À´¿´»

x = y = z.
Ì


�«o½�¶c­�»´½qÀV·~Á´½q®w­~±2¯V«o¿Z­h®~«o¯´¾o±´®~·w±V· þ � ü ²_³´«o¯´»´º´»Z±V«�±´¿´²~¶Z¯V·�µh»VÝ´­�¾v«�¾vÀ´¿Z­h®~»´Á´»�¾
¶_·P¸V­PÜ½v­~±V«oÁV¾o±´®~·w±V·�¯Z­
3b ü Í´­�À´¿´»´ÁZ­h¬P­h¯V«t±V·�¯Z­�ÀV·w¾vÁ_«�¶Z¯V·w±V·�»´½q¸_Á´Þ�³´»Z±V«oÁ´¯V·�²~Á_«t¾v¯´¼~®w­�¿Z­hµ~·w±Z­~±Z­´Ñ

x3 + y3 + z3

x2 + y2 + z2
− x + y + z

3
=

3(x3 + y3 + z3) − (x + y + z)(x2 + y2 + z2)

3(x2 + y2 + z2)

=
2(x3 + y3 + z3) + (x3 + y3 + z3) − (x + y + z)(x2 + y2 + z2)

3(x2 + y2 + z2)

≥ xy(x + y) + xz(x + z) + yz(y + z) + (x3 + y3 + z3) − (x + y + z)(x2 + y2 + z2)

3(x2 + y2 + z2)
= 0

=⇒ x3 + y3 + z3

x2 + y2 + z2
≥ x + y + z

3¸V­~±V·�¿Z­h®~«o¯´¾o±´®~·�¾v«�¶_·w¾o±´»´¬P­�¾o­~¹ ·�À´¿´»
x = y = z

Ñÿ�Ú!¹�±Z­h½q»�±V«t¹Â­�¹ ·~¬P­~±�¶c­�¾v«
®~¸_Á´Þ�³Z­~±�½v­h¶c­|³´»�·w±�®~»V¶c­
� Ñ´×�¸~·

x, y
»

z
¾o­�¾o±´¿Z­h¯´»�¯Z­
±´¿´»´Úc¬|ÚcÁ´¯´»´¸�¶c­�¾v«�¶_·P¸V­hÛ�­~±
¯V«o¿Z­h®~«o¯´¾o±´®w­~±Z­´Õ

a) 2(xy + xz + yz) > x2 + y2 + z2; b) (x2 + y2 + z2)(x + y + z) > 2(x3 + y3 + z3).

� Ñ � «o°�«t±V«�®�ºV«oÁ´»2³´»Z¾vÁZ­�²_¿Z­h®~¯V«o¯´»´¼w±Z­´Õ
a)

xy

z
+

xz

y
+

yz

x
= 3; b)

xy

z
+

xz

y
+

yz

x
= 6.

Ù ¿´»2½v­h¶OÑ � ¾v«
ÀV·P¸V­h½q®w­�À´¿´»´Á_·PÛ�«o¯´»´«t±V·�¯Z­�¯V«o¿Z­h®~«o¯´¾o±´®~·w±V·
(xy)2 + (xz)2 + (yz)2 ≥ xyz(x + y + z).þ � ü ý�³´«o®~»V¶Z¯V·

x 6= 0, y 6= 0, z 6= 0
»2²_¿Z­h®~¯V«o¯´»´«t±V·

5)
«
«o¸_®~»´®w­hÁ_«o¯Z±V¯V·�¯Z­

(xy)2 + (xz)2 + (yz)2 = 3xyz.þ û ü�!­�À´¿´·P»´½q®~·~Á´¯´»�³´»Z¾vÁZ­
x, y, z

Á´¼~®w­~±Z­�¾o±´¿Z­h¯Z­�«ÂÀV·~Á_·PÛ
»Z±V«oÁ´¯V·�³´»Z¾vÁ_·ZÑ|ª�Á_«�¶_·P®w­~±V«oÁ´¯V·
3xyz >

0
»�·w±Z±´²_¸
¾v«�®~»´Û�¶c­´ÍP³´«�»´Á´»

x, y
»

z
¾o­�«�¶Z¯V·P®~¿´«t¹ «o¯´¯V·�ÀV·~Á_·PÛ
»Z±V«oÁ´¯´»iÍt»´Á´»�«�¶Z¯V·w±V·�«�ÀV·~Á_·hÜÛ
»Z±V«oÁ´¯V·ZÍ_­�¶Z¿´²_¬|»Z±V«�¶Z®~«���·w±´¿´»´ºZ­~±V«oÁ´¯´»iÑw×�¸~·�®�³Z­~¾o±V¯V·w±V· xy

z

¶Z®~«�·w±�³´»Z¾vÁZ­~±Z­�½v­~¹ «o¯´»Z¹¾
À´¿´·w±´»´®~·PÀV·~Á_·PÛ
¯´»Z±V«�»Z¹�Í!±V·
·|³´«o®~»V¶Z¯V·
·w±V¯V·P°�«o¯´»´«t±V·�¯V«�¾v«�À´¿´·h¹ «o¯´¼ZÑ�ý�±Z±´²_¸�¹ ·PÛ�«t¹l¶c­¯Z­hÀ´¿Z­h®~»Z¹<»´½q®~·t¶c­´Í!³´«�«�¶_·w¾o±Z­~±´Úc³´¯V·
¶c­2¯Z­~¹ «o¿´»Z¹�ÀV·~Á_·PÛ
»Z±V«oÁ´¯´»Z±V«�³´»Z¾vÁZ­´Í�¸~·P»Z±V·�¾o­�¿´«vÜ°�«o¯´»´«
¯Z­�¶c­h¶_«o¯V·w±V·�²_¿Z­h®~¯V«o¯´»´«�»;¾vÁ_«�¶+±V·P®w­
¶c­�·~µh¿Z­h½q²_®w­~¹ «�¿Z­h½qÁ´»´³´¯´»Z±V«�®~Úc½v¹ ·PÛ
¯V·w¾o±´»¸~·~¬P­~±V·]¶Z®~«�·w±�±´¼hÝ�¾o­�·w±´¿´»´ºZ­~±V«oÁ´¯´»iÑ��!­�À´¿´·P»´½q®~·~Á´¯´»�³´»Z¾vÁZ­
x, y, z

«�®~¼~¿´¯V·�¯V«o¿Z­h®~«o¯´¾o±´®~·w±V·
þ � ü Ñ!ª�Á_«�¶2½v­~¹ «t¾o±´®w­h¯V«�¯Z­ þ û ü ® þ � ü ¾v«�ÀV·~Á´²_³Z­h®w­

3(xyz) ≥ (x + y + z)xyz ⇐⇒ 3 ≥ x + y + z (xyz > 0)Ð~û �



� «oÁ´»Z±V«�ÀV·~Á_·PÛ
»Z±V«oÁ´¯´»	³´»Z¾vÁZ­´Íi²~¶_·P®~Á_«t±´®~·P¿´¼~®w­Pß
»�²V¾vÁ_·P®~»´«t±V·
x + y + z ≤ 3

¾o­
x = y =

z = 1
Ñ�ý�±2»´½qÁ_·PÛ�«o¯V·w±V·�ÀV·hÄÎ¬v·P¿´«�¾vÁ_«�¶Z®w­´Í´³´«�ºV«oÁ´»Z±V«
¿´«o°�«o¯´»´¼�¯Z­�¶c­h¶_«o¯V·w±V·�²_¿Z­h®~¯V«o¯´»´«�¾o­

(1, 1, 1)
Í
(1,−1,−1)

Í
(−1, 1,−1)

»
(−1,−1, 1)

ÑÙ ¿´»�ÀV·P®~«o³´«t±V·
·w±	½v­h¶c­|³´»Z±V«�½v­�¯V«o¿Z­h®~«o¯´¾o±´®w­
·w±�³Z­~¾o±
V
®�²_³´«Pµh¯´»´¸V­�ÀV·2¹Â­~±V«t¹Â­~±´»´¸V­½v­���� Ù ®2ÃPÄÅ±´»�¸_ÁZ­~¾�Ê Ö ÌÎÍ!Á´¼~®w­~±Z­�»	¶Z¼w¾v¯Z­~±Z­�¾o±´¿Z­h¯Z­
¯Z­�¿Z­h½q¬|Á_«qÛ�¶c­h¯´»Z±V«
¯V«o¿Z­h®~«o¯´¾o±´®w­
¾o­¾v»Z¹ «t±´¿´»´³´¯´»+ÀV·~Á´»´¯V·h¹X»;¯Z­�¶Z®~«
»l±´¿´»;À´¿´·h¹ «o¯´Á´»´®~»iÑ���±V·2½v­Pß�·�±´¼	¾v«
¼~®~¼~®w­�«t¾o±V«t¾o±´®~«o¯V·À´¿´·t¶ZÚcÁ´Û�«o¯´»´«�¯Z­�±iÑ��´ÑiÆ_ª�»Z¹ «t±´¿´»´³´¯´»�ÀV·~Á´»´¯V·h¹X»�¯Z­�¶Z®~«�À´¿´·h¹ «o¯´Á´»´®~»�É�»+±iÑiÃ´ÑiÆ_ª�»Z¹ «t±VÜ¿´»´³´¯´»�ÀV·~Á´»´¯V·h¹X»	¯Z­�±´¿´»	À´¿´·h¹ «o¯´Á´»´®~»�ÉoÑ��!­~±V·P®w­�¾v³´»Z±Z­~¹�Íc³´«�«�ºV«oÁ_«t¾vÚc·~µh¿Z­h½q¯Z­
¾vÁ_«�¶Z¯Z­~±Z­ÀV·w¾vÁ_«�¶_·P®w­~±V«oÁ´¯V·w¾o±�¯Z­�¿Z­h½q¬|Á_«qÛ�¶c­h¯´»Z±V«�®~ÚcÀ´¿´·w¾v»iÕ

• ª�»Z¹ «t±´¿´»´³´¯´»;ÀV·~Á´»´¯V·h¹X»�¯Z­�¶Z®~«
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­h¿´»Z±Z¹ «t±´»´³´¯V·�»�¾v¿´«�¶Z¯V·�¸_®w­h¶Z¿Z­~±´»´³´¯V·ZÑ
• ª�»Z¹ «t±´¿´»´³´¯´»�ÀV·~Á´»´¯V·h¹X»�¯Z­2±´¿´»�À´¿´·h¹ «o¯´Á´»´®~»iÕc¶_«oÓ�«o¯´»´º´»´¼ZÍ�·w¾v¯V·P®~¯Z­�±V«o·P¿´«t¹Â­´ÍZÓ�·P¿VÜ¹X²~Á´»2¯Z­�Ô�Þ�±V·P¯iÍV¯V«o¿Z­h®~«o¯´¾o±´®w­´Í~®~«o¿´¯´»2½v­�À´¿´·P»´½q®~·~Á´¯´»�±´¿´»�³´»Z¾vÁZ­
• ��¿´²_¬|»�¯V«o¿Z­h®~«o¯´¾o±´®w­´Ñ � «o°
­h®w­h¯V«]¯Z­�«o¸w¾o±´¿´«t¹Â­hÁ´¯´»
½v­h¶c­|³´»�³´¿´«o½�»´½qÀV·~Á´½q®w­h¯V«]¯Z­�¯V«o¿Z­PÜ®~«o¯´¾o±´®w­´Ñ
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SYNIMETRIC POLYNOMIALS IN THE ELECTIVE STUDYING

MATHEMATICAL COURSES IN 9 TH CLASS OF HIGH SCHOOLS

Mariana Georgieva Katzarska

In this paper we show how the basic theorem of symmetric polynomials of three
variables can be proved in elective mathematical courses in 9 th class of high schools.
Changes in the order of some topics considured are proposed, and new problems are
included that would facilitate solving the problems suggested in [1].
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