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�V�K�K�K�S�j�S�K�K�K�A�

ABC ���Z� �M�d���M�
�\�c�K�S�
�A�=�d�:�A�c� � �K�M�\�p�p� � �c���d�K�M���K�M� � AB
�

BC�y�S�=� �Z� �A�A� � �A�j�K�c�M� � M
�

N ��  �j�c� � �Z�c� �Z¡ �p�Z�M� l
�M�s�S�j�S�M�

BAC � � � �y�K�M� � �M� � �Z�M� MN� �A�j�K�A� A1 �A¢ �z� � �c�\�A��� � �=� � CA1 ���A� � �A� �K�M�K�=£Z� ¡ �K�M���M� l �¤
;=¥N;=< 7I;S¦§�¨K©:ª\«z¬M­\®A«A¬M¯j°��K�^�M�S�K��� � �Z± � �S�j�c� � �Z�c� �Z¡ �p�Z�M� CO
�c� � � � �y�K�M��� � �A�s���y�!�|�d�K�M���M�Z�M�

AB � �A�j�K�A� L ²´³ �K� �:µj¶e�

·
�K�j£c�M� µ
���K�K�K�S�j�S�K�K�K�

OCA1 <) A1OC =<) OAC+ <) ACL =
α

2
+

γ

2
�

°���¸¹�M�Z�M�Z�K�S�Q� � �c�\�A��� � ±º�!� � <) OCA1 =
β

2

�G�=�N�Z� � �A��� �d� �=�y� � �A�d� �Z� �A���y� � � � � �A� �A»
�A� �K�M�K�=£Z� ¡ �K�A�=�d�M�M�
�M� AO

�
CA1 �¼ � �A�M�d� � � � �K�K�K�K�S�j�S�K�K�K� OA1NC ���Z� �M�d��� � �\�c�K�S�
�A�=�d�:�e½y�\�z�=�A� �Z� � � �c�\�A��½y�\¾K± � � � �

<) A1OC =
α

2
+

γ

2

�j�
<) CNA1 =<) AMA1 = 90◦+

β

2

�\� �j�Z� � � ¾A�K� ¡ ���y¿Z�\� � 180◦ �^¢ �M�Z± � �K�S�ÀZÁ�Â



�M���M��½e���\�c�K�S�
�A�=�d� � �=�K� � �K�A�Z�M� OC
�Z�K�SÃ��A�Z�A�

<) ONC = 90◦ �=Ä �M�K£c�
�y� � � � �K�j� � �z�S�j�S�
<) OA1C = 90◦

�A½y�\�z�=�A� �
�Z� �M�d�����Q� � �K½y± � � � �z�y�!���y�M�p�Z�M���M�S�\�K�K�A���A�A��� <) ONC �ÅnÆ
Ça©!«+¬M­\®A«A¬M¯ Ä ½e�M�j�M� � �Z± � �M�S�K�
�K�K�M� � �M���d�K�M���K�M� � AB
�
BC

�
AC

�y�S�=� �Z� �A�A���
c, a, b �:È ���M�Z� ¡ ± � AC2 = AC

�
C2 ∈ AB ²´³ �K� ��µj¶e� ¼ � �A�M�S� � �A�j�K�A�Z�M� A1 = AO ∩ CC1� �y� � �S�Z�M�p�M���=�K� � �K�A�Z�M� CC2 � �|�S�=¾A£ BC

�M���M�Z� ¡ ± � BC1 = BC2 = c − b �CÉ ½e�M��½ ¡Z� �Z± �
CC1 = a − BC1 = a + b − c = 2(p − c)

�G�A�Z�A���
p
�d± � �Z½e�M�j�K�K�K� � �Z�K£ �A� �K�M± � �K�S�M���M��K�K�K�S�j�S�K�K�K�

ABC ��Ê �M� � ±º�d� � CN = p−c
�^� � �Z� �A�j�K�A� N � �y� � �S�º�M� CC1 �jË �Z�\� � � � �M� � �Z�M�� � � ½ N

�I£A� � �\� � �M�M�Q�M� C1C2 � �y� � �M�M���=�K� � �K�A� � �K�K�K�S�j�S�K�K�K� CC1C2

�-�M��½ � �Z�c� �Z¡Z� ��d�K�M���M�Z�M�
CC2

�S� � �Z� �A�j�K�A� A2 = MN ∩ CC2 � �y� � �S�
�M� CC2

�S�Z� � �A� � �^�M�Q�c� A1 ≡ A2 �Ì � � �c� � �Z� � �K�A� AA1 � �S�j�c� � �Z�c� �Z¡ �p�z�N± � �M�M���M� � �M� � �A�Z¿ � �M� � �K� ¡ �K�K�K�S�j�S�K�K�K� ACC2

��Z� � �A���c�\�A��½ � � �A� � �A� �K�M�K�=£Z� ¡ �K�A�=�d�M�M�
�M� � �M� � �M� � AO
�

CA1 �Ì � � � � �\�
� ¡ ���K� � �K���M�j�K�K� ��� � � �M�c�\� � � ��Í µyÎ �K�=�K�c�M� � �A� �
� ½ � �M��½y���S�j�M�Z�M� �Ïc©:ÐyÆ�«�¬M­\®A«A¬M¯j�N�K�K�K�S�j�S�K�K�K�
ABC

�Z½e�M�j�M� � �Z± � <) BAC = α
�
<) ABC = β

�
<) ACB =

γ �=Ë �K�K�S�j�S�K�K�K� MBN � �M� � �A�Z¿ � �M� � � ²´³ �K� �!µj¶e�=Ë �Z�\� � � <) BMN =
180◦ − β

2
= 90◦−

β

2
�

Ì � � �c� � �Z� � �K�A� <) AMA1 = 90◦ +
β

2
� Ë �K�K�S�j�S�K�K�KÑK�M� � AMA1

�
AOC

�d� � �^�c�Z¿��K�:�C�K�SÃ
�A�Z�A�

<) MAA1 =<) OAC =
α

2

�
<) AMA1 =<) AOC = 90◦ +

β

2
�

Ä � � �^�c�Z¿�� � �A�s�y� � � � � � �K� � �\�KÑK� ¡ �M� AC

AA1

=
AO

AM

�\�Z� ¡ �A� � �\�A��½ � ���j� � �j� � �
�K�K�K�S�j�S�A»�K�KÑK�M� � ACA1

�
AOM

�y�M�z�
�d� � �^�c�Z¿��K�:�=½y�\�z�=�A�����S�j�S�K�!��± � ���M£ � �K� � �\�KÑK�K�\�M���K�K�M� ��d�K�M���K� ��� �M�K�Q���y�M� (

<) CAA1 =<) OAM =
α

2

) �
Ä �M�K£c���y� � � � ���M� �Z� �K�d� � �����M�s�S�j�K�M� � CA1A

�
OMA

�z�K�SÃ��A�Z�A���S�j�S�
OMA �º� �M� � ��A���

CA1A � �y�M�z� � �M� �M�Ò ÐyÆ
ªZ¨K©!Æ�«�¬M­\®A«A¬M¯|�Ó�K�K�K�S�j�S�K�K�K�
AMA1 ²´³ �K� ��µj¶ <) MAA1 =

α

2

�
<) AMA1 =

90◦ +
β

2
� °��K�K�M���\�Z± � �y�K�K£A�y� � ��� � �\� � ±���½y���A�Z½e���K�K�K�S�j�S�K�K�K�

AA1

sin

(

90◦ +
β

2

) =
AM

sin

(

180◦ −
α

2
− 90◦ −

β

2

) .

Ë �SÃQ�A�Z�A� AM = p − a
�K½y�

AA1 � �Z�K£c�M� � �Z± �
(1) AA1 =

(p − a) cos β
2

sin γ
2

.

� � �=�y� � �M�A�=�A���M� �Z� �K�d� � ��½y�Z± � �d� � �Z± � cos
β

2

�
sin

γ

2

���K½ �Z� �d�A�K�M� �s³ �\�M±I£Z�K�

cos
β

2
=

√

p (p − b)

ac

�
sin

γ

2
=

√

(p − a) (p − b)

ab
�

Ë ���A� � �Z�K£c�M� � �Z± �
AA1 = (p − a)

√

p (p − b)

ac
.

√

ab

(p − a) (p − b)
=

√

pb (p − a)

c
= b

√

p (p − a)

bc
= b cos

α

2
.

Ì � � �c� � �Z� � �K�A���A�j�K�A� A1

�y� �Z� ���S�z� � �K� � �cÑK� ¡ �M���M�z�A�j�K�A� C � �S�=¾A£ � �M� � �Z�M� AO
�M�Z� � �A��c�\�A��½ � � �A� � �A� �K�M�K�=£Z� ¡ �K�A�=�d�M�M���M� � �M� � �M� � AO

�
CA1 � ÀZÁ=Ô



§�ÐyÆ�«�¬M­\®A«A¬M¯d���K�K�K�S�j�S�K�K�K�
AA1C ²´³ �K� �=µj¶ � � � � � � � ¡ ± � CA1 � �n�Z�=�y�K�K£A�y� � �|� � �\� � ±��

(2) CA2
1 = b2 + AA2

1 − 2b.AA1 cos
α

2
.

¢ �+�Z½e�M�j�K�M±Õ�K�S�M� � �K� ¡ �S�j�S�
<) AA1C = ϕ � °��K�K�M���\�Z± � �Z�=�y�K�K£A�y� � �4� � �\� � ±��-�j� ��Z� �M�K�S�Ö½y�z�y�M�
� ¡ �K�K�K�S�j�S�K�K�K�!×

b2 = CA2
1 + AA2

1 − 2AA1.CA1 cosϕ�Q½y�Z± � �d� � �Z± � CA2
1

���K½e�M��½y���=� ²ÙØZ¶
b2 = b2 + AA2

1 − 2b.AA1 cos
α

2
+ AA2

1 − 2AA1.CA1 cosϕ,

2AA1.CA1 cosϕ = 2AA2
1 − 2b.AA1 cos

α

2
.

� � �=�y� � �M�A�=�A���M� �Z� �K�d� � ��� � �K�M±+�M�
2AA1 6= 0

� � �Z�K£c�M� � �Z± �
CA1 cosϕ = AA1 − b. cos

α

2
.

Ê �Z± � �d� � �Z± � AA1

�~�K½e�M��½y�K� � �Z�K£c� � � ��²gµj¶ ���M�Z±I�K�M�Z± �
(3) CA1 cosϕ =

1

sin γ
2

[

(p − a) cos
β

2
− b cos

α

2
sin

γ

2

]

.

È � cos
β

2
=

√

p (p − b)

ac

�
cos

α

2
=

√

p (p − a)

bc

�
sin

γ

2
=

√

(p − a) (p − b)

ab
�MË �Z�\� � �

(p − a) cos
β

2
− b cos

α

2
sin

γ

2
= (p − a)

√

p (p − b)

ac
− b (p − a)

√

p (p − b)

ac
=

(p − a)

√

p (p − b)

ac
− (p − a)

√

p (p − b)

ac
= 0,�Z� � �A���y�S�j�M�Z�y�A� ² À ¶�� �^�M�
�c� cosϕ = 0

�c� � �Z�c�A� � �A� �K�M�K�=£Z� ¡ �K�A�=�d�z�M� � �M� � �M� � CA1

�
AO �Ú�Ð^ÛyÆ�«-¬M­\®A«A¬M¯ Ê �Q�c�\�A��½y�Z� � �A�d� � �=�c�z�M� �A� � �A� �K�M�K�=£Z� ¡ �K�A�=�d�M�M���M��� �Z� � �
� �M� � ��� ��K½ � �Z�K½e£ � �Z± � ���M���K�M�K�K�K�M�
� � ��± � �K�K� ¡M�MÉ ½e¿��K�M�Z± � �Z�Z�\�A�M�K�M�Z�A�M�z�y�M�d� � ±�� XOY

�M���A�K�K� �
OX‖NB

�
OY ≡ ON ²´³ �K� ��µj¶e� °��K� � ±��Z± � �:� � �M���M�K£A�y�!���M� �Z� �M�d���M�Z�M���\�c�K�S�
�A�=�d� �� �M�K�K�KÑM�K� � � �Z� BC

�M±���£c�M� � � � �K� � y = 1 � Ü �Z���Z½e�M�j�K�M±(�y�S�=� �Z� �A�A�Q� α1

�
α2

�y�Z� � ±I�A»�K�M� � �M���S�j�K�M� � ���Z�\�M�A� OK
�

OM
�y�c�KÝs� � �Z�����=�d�M�

OX
�{�A�Z�\� � ���c� � �K�K�K�M� � �A�j�K�c��M±��Z�p�y�S�=� �Z� �A�A�~�Z�Z�\�A�M�K�M�Z�K� N(0, 1)

�
K (cosα1, sin α1)

�
M (cosα2, sinα2)

�c�
�A�\�M±����K�K�A»� � £c�M� � � � �K� ¡ �M� � �M� � �M� � AC
�

AB
�d�z�y�S�=� �Z� �A�A�

AC : x cosα1 + y sin α1 − 1 = 0,

AB : x cosα2 + y sin α2 − 1 = 0.

Ä �N£c�M� � � � �K� ¡ �M���M���d�K�M���K�M� � �M���K�K�K�S�j�S�K�K�K�A� ABC
� � �y�A�	± �\� � ±��S��� � � � � � �K�M±�Z�Z�\�A�M�K�M�Z�K�M� � �M� � �S�=¾=� �Z� � � ±I£��y� � �	� �dÞ � � ��� � �M���y�S�=� �Z� �A�K�M� � �y�M�d� � ±I� �SË ���A�z�M�Z±I�A»�M�Z± � �A� �

A

[

1 − tg α1

2
tg α2

2

1 + tg α1

2
tg α2

2

,
tg α1

2
+ tg α2

2

1 + tg α1

2
tg α2

2

]

, B

[

1 − tg α2

2

1 + tg α2

2

, 1

]

, C

[

1 − tg α1

2

1 + tg α1

2

, 1

]

.

Ë �Z�\� � � AO
�M±���£c�M� � � � �K� � y = x tg

α1 + α2

2

��� � �Z� �S�j�c� � � ¡ �4�Z� �d³ �KÑK� � �M�4�M���M��½e�
� �M� � � � kAO = tg

α1 + α2

2
�\È �Z±I�K�M�Z± � �Z�Z�\�A�M�K�M�Z�K�M� � �M�s�A�j�K�A� A1

�j�A�Z�A� � � � � � �K�M�~�A�j�K�A�ÀZÁZß



�M� � �M� � �M� � AO
�

MN � °��M� � �Z�M� MN
�M±��n£c�M� � � � �K� � y =

−1 + tg
α2

2

1 + tg
α2

2

x+1 �^à �Z�A�º� �dÞ �M±
�y�M�d� � ±��Z�M���=��£c�M� � � � �K� ¡ �M���M� � �M� � �M� � AO

�
MN � �Z�K£c�M� � �Z± �

xA1
=

1 + tg α2

2

1 − tg α2

2
+ tg α1+α2

2
+ tg α2

2
tg α1+α2

2

,

yA1
=

(

1 + tg α2

2

)

tg α1+α2

2

1 − tg α2

2
+ tg α1+α2

2
+ tg α2

2
tg α1+α2

2

.

°�� � �d± ¡ �M�Z± � �S�j�c� � � ¡ �Z� �d³ �KÑK� � �M�Q�M� � �M� � �Z�M� CA1 � kCA1
=

yA1
− yC

xA1
− xC

���y� � � � � � »
�Z¿��M��½e£ � ���K� ¡�� �Z�K£c�M� � �Z± � kCA1

= −
1

tg α1+α2

2

�c� � �Z� kCA1
.kAO = −1 �=É ½ �Z� �d�A�A� � �=� � �A� � �

� £A�y�c� � � � �A��½y� �A� � �A� �K�M�K�=£Z� ¡ �K�A�=�d�p�M� � �M� � �M� � CA1

�
AO �

Ëº� ½e� Þ�� �d���M�j�K�K�M�n�S� � �Z� � �S½y± �\�
�A�=�d�~�S� � �K�Z�j�A�Z½e�K�M�Z± � �^� � ���Z���K½ � �Z�K½e£ � �Z± � ± � �A�^�S�½y� � � � �d± ¡ �M��� � �K� ³ �\�M±���ÑK� ¡ �M�
�M� � �M�M��±��Z� � ±��Z�K�K� � �y�A��½y���S�j�M�K�Z�K½e�c�\� � � ��Í ØjÎ �A�A��± �\� ��S���j�M��� � �Z± � �ZÑ � �K�A���\�Z�Z�c� µZ� á\âKµ Á ¬M­\Æ
­\�A�Z� ¡ �A� � ±I�A�Z�y� � �M�y�\�A��� � �\�A��½ � ���K½e�c�KÝs�K�M� � �A»�K�M� � �A�j� � �d� � ���M�z�M��½e��½y���S�j�M� �
È�¡ �Z�\���=��� � ½e£Z�M�M�Z�K�M� � � � �Z�K£c� � �K���c�=�K£c�!�!�K���S� � �Z� � �S½y± �\�
�A�=�d�Q�S�Q�K½ �Z� � � ±��K�M� � »� � �y�K��± � �K�K�K�K�K��½y� � �M�y�M± �=�d�K� � �K�K�K�S�j�S�K�K�K�A� �
È�� �A���Z½e�M�j�K�M±

B1 = NK ∩ BO
�

C1 = MK ∩ CO � ¼ � �A�M�n� � CA1 = b sin
α

2

�
AB1 = c sin

β

2

�
BC1 = a sin

γ

2

�
AA1 = b cos

α

2

�
BB1 = c cos

β

2

�
CC1 = a cos

γ

2
�SË �Z�\� � ��=���K½ �Z� �d�A�K�M� ��³ �\�M±I£Z�K�N½y���y�K�K£A�y�N���Z�=�y�K�K£A�y���M� � �Z�c� � �K�K�c�M� � �S�j�K� � �K�K�K�S�j�S�K�K�K�A�� �Z�K£c�M� � �Z± �

(11) CA1.AB1.BC1 = abc sin
α

2
sin

β

2
sin

γ

2
= rS,

(12) AA1.BB1.CC1 = abc cos
α

2
cos

β

2
cos

γ

2
= pS.

Ä � ²gµZµj¶ � ²gµjØZ¶ �y� � � � �
(13) AA1.BB1.CC1.CA1.AB1.BC1 = S3.

Ü �Z�4�K�KÑM�Z�M�N�M�-�K�K�K�S�j�S�K�K�KÑK�M� � AA1C
�

BB1A
�
CC1B

�d�-�y�S�=� �Z� �A�A� S1, S2, S3

�
�A�Z�\� � ��� � �y�A�p� � � � � � � ¡ ± � S1 =

b2

2
sin

α

2
cos

α

2
=

b2

4
sin α = S

b

2c

�
S2 = S

c

2a

�
S3 = S

a

2b
�

Ä ��� � ½e� ³ �\�M±I£Z�K� �Z� �M�M���\���y� � � � �
(14) 8S1.S2.S3 = S3.

Ëº� ½e��� � ½e£Z�M�M�Z�K�
�S� � �Z� � �S½y± �\�
�A�=�d�z�S� ³ �\�M±I£Z�K�K�M�Z± � �y� � �M�K�M� � ½y���S�j�K�:×ã ?KBI?=ä ?8åS¦ ¢ ��� � � � �K�K�K�S�j�S�K�K�K���z�K�KÑ � S
�!�M�S�K�
�K�K�N�M�Q�d�K�M���K�M� � a, b, c

���S�j�K��y�S�=� �Z� �A�A�	�y� � �
£ � � ¡ �A�	�=�-� ¡ ¾ α, β, γ � °��=�d�K�K� � �K�+�d� � �M� � �Z�S�j�S�K�K�.�K�K�K�S�j�S�K�K�KÑK�:�
�K�K�M�A�Q¾A� � �=� � �K£c½e���d�	���M�S�K�
�K�K� a, b, c

�4�M±��Z�4�y�S�=� �Z� �A�A���=�d�K�K�N�S�j�K� α

2
,

β

2
,

γ

2

�
�K�KÑM�

S1, S2, S3 �MË �Z�\� � � S1, S2, S3

�d���Z�\� � �K���M��£c�M� � � � �K� � �A�
8a2b2c2x3 − 4abcS

(

a3 + b3 + c3
)

x2 + 2S2
(

a3b3 + b3c3 + c3a3
)

x − a2b2c2S3 = 0.ã ?KBI?=ä ?4æC¦ ²çÜ �M���c�Z�
½y� � �S� Þ �A� �Z� �M�d���M���\�c�K�S�
�A�=�d� ¶ ���K�K�K�S�j�S�K�K�K�
ABC

�A�j�K�c�M� �ÀZÁ á



N1, M1

�
K1

�d�Q�c� � �K�K�K�M� � �A�j�K�c�N�M� � �S� Þ �A� �Z� �M�d���M�Z�M���\�c�K�S�
�A�=�d� ka(Oa, ra)
�y�!��d�K�M���M�Z�M�

BC
���y�S�=� �Z� �A�A�
� � �K�^�M�S�K� � �K� ¡ �M���M� AB

�
AC �!È�� �A� AOa ∩ M1N1 = A1 �¢ �z� � �c�\�A��� � �=� � CA1 �
�A� � �A� �K�M�K�=£Z� ¡ �K�M���M� AO �°���¸¹�M���c�Z�K£�� � �K½ � �Z�K½e£ � �Z± � �Z½e�M�j� � �K� ¡ �M� � � �Z� � � �K� � �M��½e��½y���S�j�M�
� � ÑK�M�K�K�M���M�Z�M�½y���S�j�M���=� Í µyÎ¹�è 9 ;\BCéZJ EM7ILG¦

1◦ � °��M� � �M� � M1N1

�
MN

�
AO

� �
� � � �y�K�M�Z� �z� �M�M�z�A�j�K�A� �
2◦ �MÈ�� �A� CA1 ∩ AB = T �KË �Z�\� � ���K�K�K�S�j�S�K�K�K� ATC � �M� � �A�Z¿ � �M� � � �
3◦ � °��M� � �M� � CT

�
MK

�
M1K1

�d��£A� � �\� � �M�K� �
4◦ �MË �j�K�c�M� � O

�
Oa

�
A1 = MN ∩ M1N1

� � ���Z� � �S�=¾A£ � �M�M� � �M� � � ² AO ≡ la ¶e�
5◦ � °��M� � �M� � TK

�
MC

�
AO

� ��� � � �y�K�M�Z� �z� �M�M�z�A�j�K�A� �
6◦ � °��M� � �M� � TK1, M1C

�
AO

� �
� � � �y�K�M�Z� �z� �M�M�z�A�j�K�A� �
7◦ ��Ü �Z� � �y� � �A�d� � � � 2◦

½y���S��� � ±8�A�j�K�A�
A1

�A�Z�A�
A1 = MN ∩ M1N1

���A��± �\� � �S�� �Q� �Z�K£c�K���y� � �M�M�Z�M�	½y���S�j�M�K×I�Õ�K�K�K�S�j�S�K�K�K�
ABC

�A�j�K�A�
A1 = MN ∩ M1N1

�
T =

CA1 ∩ AB �A¢ �z� � �c�\�A��� � �=� � �K�K�K�S�j�S�K�K�K� ACT � �M� � �A�Z¿ � �M� � � �
ê ÉsË{ë{ì{ÜsË�í~ì{Ü
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A PROBLEM IN DEVELOPMENT

Milen Naydenov, Tatiana Madjarova

At first we find six ways of proving a problem. Knowledge from different levels
is necessary for each of these proofs. Further we show how new problems can be
received if some of the initial conditions of the given problem are changed.
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