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®/¯�°V±]²c³T´�³aµ�¶k´�·a²�¸R´T¹T´�¸£°VºT¹T´C°V±cµ}ºdµ}»]´�³a²n·a²]ºd²]¼p´T½T¹T´�¼p¯T¾d·T´�·a²n¿]²nÀT¹T´TÁc³	Â�»c°V¹�Ã�¯T²VÄ
Å °V¹a²n»1´TÆu·a²]ºTÆu»c°z¿a°]³a²1ºdµx¸£°
³T»]Ç�¯ Å µ}¹T´Tµx³a²�Èa½Tµ
¹T´T¿]²]Á
±cµ}Æu¿d¯�°VÀT¹�°1°V±cµ}ºdµ}»c°z¼p¯T¾d·�°
¹aµ
µ�²]±cµkÄ
Å ´T¹aµ}¹T´Tµ'¹�°�¸R¹a²nÉ'µx¶}³T»c°TÈn¿]²n´�³a²�¶}°�Ê]¸£°VºT¿d´�Ë�»�²n·T¯Tµ Å µ}ºdµ}¹Z¶}¸R´�¶kÇ�º�ÌcÍ�²n¿a°VÆk°]³aµ}ºa¶}³T»]²c³a²�¸R¾
µ¿d¯�°]³T¿]²�ÈT¹a²�´TÆu·a²]ºTÆu»c°
°V¿c¶k´T²V¸£°]³�°z¹�°Z´TÆu±]²n¯�°TÌ�Ã�¯T² Å °V¹a²n»Z¶kµ�Æk°V´T¹�³aµ}¯Tµx¶k¾d»c°1²c³�µ}ºdµx¸ µ}¹�³�°V¯aÄ¹a² Å ²n¿a°VÆk°]³aµ}ºa¶}³T»]²'¶�Îaµ}º�·a²n·T¾]ºTÁ]¯T´TÆu´T¯�°V¹aµ�¹�°�³a²]Æu´
¯Tµ}Æu¾]º�³�°]³�ÌdÏ�ºdµ Å »]¯Tµx¸ µ�´�³�°VºT´�°V¹T¶k¿d´TÁc³¸£°]³aµx¸£°]³T´T¿	Í�Æk°V¹T´Tµ}¯>¾a¶k·TÁ Å °�¹�°]¸ µ}¯T´HÆk°V±cµ}ºdµuÉ
´�³aµ}ºT¹a²�È�¸£°V¿a°V¯>´ª³T¯T¾ Å ¹a²�Èiµ}ºdµx¸ µ}¹�³�°V¯T¹a²¯Tµ}Ðzµ}¹T´Tµ
Æk°1¶kºT¾d½�°pÁz¹�°z·T¯T²n´TÆu»]²]ºT¹�°�±cµ}Æu¿d¯�°VÀT¹�°z°V±cµ}ºdµ}»c°�¼p¯T¾d·�°

G
Ì

®C·�°]¸ µx³�¹�°'Â�»c°V¹�Ã�¯T² Å °V¹a²n»�³T»]Ç�¯ Å µ}¹T´Tµx³a²«±cµg·a²V¸ µx¶}³aµ}¹a²�¿a°]³a²«¿]²n¹T¿c¾d¯�¶k¹�°«Æk° Å °p½�°�»zÑ ÒkÓÔÈ¿a°]³a²�»�¿a°p½Tµx¶}³T»]²c³a²�¹�°�¼p¯T¾d·�°]³�°
G
±cµ�´TÆu±V¯�°V¹�°�¼p¯T¾d·�°]³�°�¹�° Å »]¾a¸ µ}¯T¹T´�³aµ«»]µ}¿a³a²n¯T´1²c³a¹a²c¶k¹a²¶kÇ�±V´T¯�°V¹aµx³a²�ÌaÕ
²n¯�¸R¾]ºT´T¯T²n»]¿a°]³�°�¹�°zÆk° Å °p½�°]³�°�µ�¶kºdµ Å ¹�°]³�°TÖ

Í'° Å µ}¹T´�¶}°«½Tµx³T´T¯T´
·a² Å ¸R¹a²nÉ'µx¶}³T»c° A1, A2, . . . , A4

¹�°�¯�°V»]¹T´T¹�°]³�°�¶kÇ!¶�¶kºdµ Å ¹a²c³a²¶k»]²nÀ�¶}³T»]²�ÖiÆk°�»c¶kÁ]¿]²
i = 1, 2, 3, 4

¶kÇ�×1µx¶}³T»]¾d»c°]³H·aµx³J³�°V¿d´T»c°�³T¯�°V¹T¶kº�°VÎT´T´�ÈR½Tµ
²]±V¯�°VÆu´�³aµ�¹�°

Ai

·T¯T´�³aµ}Æu´Z³T¯�°V¹T¶kº�°VÎT´T´ Å »c°�·a² Å »c°
¹TÁc¸£°]³
²]±n×
´�³a²p½T¿d´�ÌVÍ'°�¶kµ
Å ²n¿a°VÉ'µ]ÈV½Tµ�¶kÇ�×1µx¶}³T»]¾d»c°�³a²p½T¿a°
»z¯�°V»]¹T´T¹�°]³�°TÈ]¿]²]Ác³a²
¹aµ'·T¯T´T¹�° Å ºdµuÉ
´�¹�°�¹T´�³a²µ Å ¹a²z²c³P¸R¹a²nÉ'µx¶}³T»c°]³�° Ai

È
i = 1, 2, 3, 4

Ì
Ø
°V¿a³a²z¶kµ'²p½�°V¿d»c°VÐzµ]ÈcÆk° Å °p½�°]³�°�¶kµ�²n¿a°VÆk°�³T¯T¾ Å ¹�°�Æk°�¾d½�°]¶}³a¹T´TÎT´�³aµ�»1¿]²n¹T¿c¾d¯�¶}°TÈd¸ µuÉ Å ¾¿]²n´�³a²�´�¸£°VÐzµ
´�Æuº�°]³a¹T´�¸ µ Å °VºT´�¶}³T´�¹�°1¸ µuÉ Å ¾d¹�°V¯T² Å ¹T´�²]ºT´�¸R·T´�° Å ´�ÌÃ�²VÙÔ¿dÇ!¶k¹a²�»c°V¯T´�°V¹�³1¹�°�¶kÇ�×Z°]³�°�Æk° Å °p½�°�±cµ�»]¿dºTÚ�½Tµ}¹Z»]Ç�»�»]³a²n¯T²c³a²�´TÆ Å °V¹T´Tµ�¹�°�¿d¹T´T¼n°]³�°¹�°�Ã�¯T² Å °V¹a²n»CÑ ÛpÓÔÌi®Ü¹aµ}¼k²�¶}³�°V»c°�»]Ç�·T¯T²c¶1Æk°�¼p¯T¾d·�°]³�°

G
¹�°PÎaµ}ºT´�³aµ1½T´�¶kº�°TÌiÝJµ�¶kµZ¶k·T¯Tµx¸

Þ]ß]à



¹�°V¿d¯�°]³T¿]²z¹�°1¯Tµ}Ðzµ}¹T´Tµx³a²
·a²
Æk°V±cµ}ºdµuÉ
´�³aµ}ºT¹�°]³�°
´ Å µ}Á
¹�°zÍ�Æk°V¹T´Tµ}¯�Ì�á!°V·a²p½T»c°]¸ µ�¶�³a²p½T¹�°]³�°â ²n¯�¸R¾]ºT´T¯T²n»]¿a°TÌ
ã Å ¹a²	¸R¹a²nÉ'µx¶}³T»]² A

²c³�Îaµ}ºT´>½T´�¶kº�°�¶kµ
¹�°V¯T´T½�°
k äæå�çxèdé�ê Æk°�¹TÁ]¿]²]µ1ÎTÁ]ºd²P·a²]ºd²nÉ
´�³aµ}ºaÄ¹a²

k
È£°V¿]²�¶kÇ�×1µx¶}³T»]¾d»c°]³

k
¹aµ}·T¯Tµx¶k´T½�°n×
´�¶kµ�³T¯�°V¹T¶kº�°VÎT´T´>¹�°�³a²n»c°P¸R¹a²nÉ'µx¶}³T»]²�Èi³�Ì µ]Ì °V¿]²

´�¸£°�³�°V¿d´T»c°
k
Îaµ}ºT´�½T´�¶kº�°

a1, a2, . . . , ak

È�½Tµ
(ai + A) ∩ (aj + A) = ∅

·T¯T´
i 6= j

Ì�ë�°V·T¯T´aÄ
¸ µ}¯�½Tºdµ}¹a²n»]µx³aµ�¹�°�»c¶kÁ]¿a°1Îaµ}ºd²p½T´�¶kºdµ}¹�°Z°V¯T´�³�¸ µx³T´T½T¹�°1·T¯T²]¼p¯Tµx¶k´TÁ�¶�¯�°VÆuºT´T¿a°

d
µ

d
Ù�¸£°VºT¿]²

¸R¹a²nÉ'µx¶}³T»]²�Ì
ã Å ¹a²+·a² Å ¸R¹a²nÉ'µx¶}³T»]² A

¹�°
Z
×1µ�¹�°V¯T´T½�°]¸ µ å�çxèdé�ê È�°V¿]²+³a²)µ

k
Ù�¸£°VºT¿]²�Æk°)»c¶kÁ]¿]²

k = 1, 2, . . .
Ìcì�»]Ç�¯ Å µ}¹T´Tµx³a²�¹�°
Ã�¯T² Å °V¹a²n»'¼pº�°]¶k´�Öaí�î êVï�ðxñkò
ó]ênò
ê Z

î ð�å�êVï�ð�ô]çzñxð'õnö�ðxôn÷
ñkò
ç]ónø�é�çnò
êHê]ù]ðxônø î ð î ø�ð î ç>éxö�ç]ð î ù�ö�ênú�å�çxèdéaøªå î êVï�ðxñkò
ó]ç]û ®�¶kÇ�×
¹a²c¶}³J¸ ²nÉ'µ Å °C¶kµ³T»]Ç�¯ Å ´�¹aµk×1²1·a²n»]µ}½Tµ]Ö

ü é�ê n ≥ 1 ð�ýVþdèTê�ÿaø�ñvèTê��iò
ê Z
î ð�å�êVï�ð
ô]çzñxð�õnö�ðxô]ñkò
ç]ónø�é�çnò
ê�ê]ù]ðxônø î ð î ø�ðî ç n

î çZù�ö�ênú (n + 1) äæå�çxèdéaø�å î êVï�ðxñkò
ó]ç]û
Í�²n·T¾a¶k¿a°]¸ µ£·T¯T²c³T´T»]¹a²c³a²�Öu¹aµ}¿a°

Z
µ�²]±cµ Å ´T¹aµ}¹T´Tµx³a²«¹�°«¹aµ}·T¯Tµx¶k´T½�°n×
´�³aµ�¶kµ (n + 1)

Ù�¸£°VºT¿d´
¸R¹a²nÉ'µx¶}³T»c°

A1, A2, . . . , An

Ì Ã�² Å µ â ´T¹T´TÎT´TÁ ¶kÇ�×1µx¶}³T»]¾d»c°]³ ³�°V¿d´T»c°:Îaµ}ºT´4½T´�¶kº�°
ai1, ai2, . . . , ain, ai,n+1

È}½Tµ�Ê]³T¯�°V¹T¶kº�°VÎT´T´�³aµ�Ë
ai1+Ai, ai2+Ai

È
. . . , ain + Ai, ai,n+1 + Ai

¹�°
Ai¶}° Å »]µ'·a² Å »]µ'¹aµ}·T¯Tµx¶k´T½�°n×
´�¶kµ�¸R¹a²nÉ'µx¶}³T»c°TÌ]ã�¶}³aµx¶}³T»]µ}¹a²�µ Å °�·T¯Tµ Å ·a²]º�°V¼n°]¸ µ]Èc½Tµ'¿dºTÚ�½TÇ!³¿dÇ!¸	¯Tµ}Ðzµ}¹T´Tµx³a²'¶kµg¿d¯T´Tµg´�¸ µ}¹T¹a²�»�½T´�¶kº�°]³�°

aij

Èp·a²n¹aµuÉ'µ�»'²]±n×
´TÁ'¶kºT¾d½�°VÀ�Æk°'¸R¹a²nÉ'µx¶}³T»c°]³�°
A1, A2, . . . , An

¹aµ�µ�´TÆu»]µx¶}³a¹a²�¹T´a×1² Å ¯T¾d¼k²�ÌcÂ)¹�°V´�¶}³T´T¹�°�µ�³�°V¿a°TÈV¿a°V¿a³a²�·a²n¿a°VÆu»c°�¶kºdµ Å ¹a²c³a²»]·aµ}½�°]³TºTÁ]»c°n×1²�·T¯T´Tºd²nÉ'µ}¹T´Tµ'¹�°1·T¯T´T¹TÎT´T·�°1¹�°z½Tµ}¿a¸ µ Å É'µx³�°]³�°TÌ��´�¶kº�°]³�°
aij

È
i = 1, 2, . . . , n

È
j = 1, 2, . . . , n + 1

È]²]±V¯�°VÆu¾d»c°]³z¸£°]³T¯T´TÎ�°
¶
n
¯Tµ Å °
´ n + 1¶}³TÇ�ºT±c°TÌn®gÇ�»�»c¶kµ}¿d´�¯Tµ Å ´TÆu±V´T¯�°]¸ µg·a²�µ Å ´T¹zµ}ºdµx¸ µ}¹�³�´z²]±V¯�°VÆu¾d»c°]¸ µ�¶k¾a¸£°]³�°�¹�°'³�°V¿a°�´TÆu±V¯�°nÄ¹T´�³aµgµ}ºdµx¸ µ}¹�³T´�ÌVÕ
²n¯�¸£°VºT¹a²�¿a°VÆk°V¹a²�Èx¹�°'»c¶kÁ]¿a°�¯Tµ Å ´TÎ�° α = (j1, j2, . . . , jn)

¶
1 ≤ jν ≤ n + 1Æk°z»c¶kÁ]¿]²

ν = 1, 2, . . . , n
¶kÇ�·a²c¶}³�°V»]Ác¸ µ�½T´�¶kºd²c³a²

xα = a1j1 + a2j2 + · · · + anjn

Ì
ì�Ç�ÀJ¿a°]³a²

Z
µ�²]±cµ Å ´T¹aµ}¹T´TµP¹�°C¸R¹a²nÉ'µx¶}³T»c°]³�° A1, A2, . . . , An

È�»c¶kÁ]¿]²�²c³ª½T´�¶kº�°]³�°
xα

¶kµ
¶kÇ Å Ç�¯TÉ�°1»1¹TÁ]¿]²]µ'²c³�³TÁ���Ìá!° ¯Tµ Å ´TÎ�°]³�° α

´�¸£°
(n + 1)n

»]Ç�Æk¸ ²nÉ
¹a²c¶}³T´�Ì Ï�µ}¼n° Å ° Æk°V±cµ}ºdµuÉ
´�¸�È ½Tµ
(n + 1)n/n > (n + 1)n−1

Ög³a²]¼n°V»c°C¶kÇ�¼pº�°]¶k¹a²H·T¯T´T¹TÎT´T·�°>¹�°CÍ�´T¯T´��aºdµ	¹TÁ]¿]²]µ�²c³�¸R¹a²nÉ'µx¶uÄ
³T»c°]³�°

Ai

¶kÇ Å Ç�¯TÉ�° õ!ê]ó]ðkÿ�ð ²c³ (n + 1)n−1
¶k¾a¸R´�È�¿]²n´�³a²
´�¸£°]³�»]´ Å ° xα

Ì�ë�µ}¿a°�¹�°V·T¯T´�¸ µ}¯
A1

µ�³�°V¿]²n»c°�¸R¹a²nÉ'µx¶}³T»]²�Ì
Ï�ºdµ Å »c°�·a²n»]³a²n¯T¹a²g·T¯T´Tºd²nÉ'µ}¹T´Tµ£¹�°«·T¯T´T¹TÎT´T·�°�¹�°«½Tµ}¿a¸ µ Å É'µx³�°]³�°TÌ���¿]² α=(j1, j2, . . ., jn)µ�¿]²]Ác³a²
´ Å °�µ�²c³
¯�°VÆu¼pºdµuÉ Å °V¹T´�³aµ«¯Tµ Å ´TÎT´�ÈdÆk°�¹aµ}ÀT¹�°]³�°
ÊV»]³a²n¯�°�½�°]¶}³�Ë (j2, j3, . . . , jn)

´�¸£°
ò
ênÿ î ê (n+1)n−1

»]Ç�Æk¸ ²nÉ
¹a²c¶}³T´�ÌVì�²]¼n°V»c°TÈn×1²V¸�»
A1

´�¸£°�·a²n»]µ}½Tµ«²c³
(n + 1)n−1

¶k¾a¸R´
xα

È
»]³a²n¯�°]³�°�½�°]¶}³

(j2, j3, . . . , jn)
¹�°z¹TÁ]¿]²n´ Å »]µ�²c³P³TÁ��Zµ�µ Å ¹�°z´�¶kÇ�×Z°TÌÂ/³�°V¿a°TÖa¶kÇ�×1µx¶}³T»]¾d»c°]³ Å »]µ ö�ç	�xèdøaÿ î ø ¯Tµ Å ´TÎT´ α

´
β
²c³�»]´ Å °

α = (j′1, j2, j3, . . . , jn), β = (j′′1 , j2, j3, . . . , jn),Æk°z¿]²n´�³a²z¶kÇ�²c³T»]µx³a¹T´�³aµ�½T´�¶kº�°
xα

´
xβ

·T¯T´T¹�° Å ºdµuÉ�°]³�¹�°1¸R¹a²nÉ'µx¶}³T»]²c³a² A1

Ì�ì�²]¼n°V»c°
xα − a1j′

1
= a2j2 + a3j3 + · · · + anjn

= xβ − a1j′′

1

È
µx³a² Æk°n×1²

a1j′′

1
+ xα = a1j′

1
+ xβ

Ì ë�²
xα ∈ A1

È
xβ ∈ A1

È ¶kºdµ Å ²n»c°]³aµ}ºT¹a² ½T´�¶kºd²c³a²
x = a1j′′

1
+ xα = a1j′

1
+ xβ

·T¯T´T¹�° Å ºdµuÉ
´�¿a°V¿a³a²z¹�° a1j′

1
+ A1

È�³�°V¿a°�´�¹�°
a1j′′

1
+ A1

Ì�Ã�²c¶uÄ
ºdµ Å ¹a²c³a²�·T¯T²c³T´T»]²n¯Tµ}½T´�¹�° Å µ â ´T¹T´TÎT´TÁc³�°�¹�°P¸£°VºT¿]²�¸R¹a²nÉ'µx¶}³T»]²�È!¶1¿]²]µx³a²P³T»]Ç�¯ Å µ}¹T´Tµx³a²�µ
Å ²n¿a°VÆk°V¹a²�Ì
Þ]à�




� ×1µ�»]µ Å ¹TÇ�É ·a² Å ½Tµ}¯T³�°V»c°]¸ µ]Èd½Tµz¸R¹a²nÉ'µx¶}³T»]²c³a²�¹�°
Îaµ}ºT´�³aµ�½T´�¶kº�°
´�¸£°
Æu¹�°p½Tµ}¹T´Tµ�¶}°]¸ ²Æk°n×1²c³a²'µ«¿]²V¸R¾a³�°]³T´T»]¹�°«¼p¯T¾d·�°�²c³a¹a²c¶k¹a²�¶kÇ�±V´T¯�°V¹aµx³a²�Ì�
 ²n¯T¹a²c³a² Å ²n¿a°VÆk°]³aµ}ºa¶}³T»]²�¶kµ«·T¯Tµ}¹�°]¶kÁ±cµ}Æ�´TÆk¸ µ}¹aµ}¹T´Tµ�Æk°1¶kºT¾d½�°pÁz¹�°1·T¯T²n´TÆu»]²]ºT¹�°�±cµ}Æu¿d¯�°VÀT¹�°z°V±cµ}ºdµ}»c°�¼p¯T¾d·�°TÌ
Â�¶}³a²n¯T´TÁc³�°�·a²]ºT¾d½T´�¹aµ}²p½�°V¿d»c°V¹a²�¯�°VÆu»]´�³T´Tµ]Èc¿]²]¼n°]³a²
Æk° Å °p½�°]³�°�±cµ�·T¯Tµ}¹aµx¶kµ}¹�°�¹�°�°]¸ µ}¯T´aÄ¿a°V¹T¶k¿a°
Æuµx¸RÁ�Ì!Ã�¯Tµ}ÆZÒ à]à�� ¼dÌ�³TÁ�µ�±V´Tº�° Å ° Å µ}¹�°Z¹�°Z¿]²n¹�³T¯T²]ºT¹�°1¯�°V±]²c³�°1·T¯T´�·a² Å ¼k²c³a²n»]¿a°]³�°¹�°�°]¸ µ}¯T´T¿a°V¹T¶k¿d´TÁ�²c³T±]²n¯CÆk°	¸ µuÉ Å ¾d¹�°V¯T² Å ¹�°]³�°P²]ºT´�¸R·T´�° Å °TÌRë�°�·T¯TÇ�»�·a²]¼pºdµ Å â ²n¯�¸R¾]ºT´aÄ

¯T²n»]¿a°]³�°
´
´�µ�¶}°]¸ ²1¹aµ}Æu¹�°p½T´�³aµ}ºT¹a²�·T¯T²V¸ µ}¹aµ}¹�°TÖ

•
Ïg³�°V»c° Å ¾a¸£°�¹aµPÆk°�¼p¯T¾d·�°]³�°

Z
È�°�Æk°�¸R¹a²nÉ'µx¶}³T»]²c³a²

N
¹�°�Îaµ}ºT´�³aµ�¹aµ}²c³T¯T´TÎ�°]³aµ}ºT¹T´

½T´�¶kº�°TÌdÍ�µ â ´T¹T´TÎT´TÁc³�°z¹�°
n
Ù�¸£°VºT¿]²1¸R¹a²nÉ'µx¶}³T»]²�µ�¶kÇ�×Z°]³�°TÌ

• � »]¹a²�µ â ²n¯�¸R¾]ºT´T¯�°V¹a²�Ö Å °
¶kµ Å ²n¿a°VÉ'µ]Èx½Tµ N
¹aµ�¸ ²nÉ'µ Å °
¶kµ«·T¯Tµ Å ¶}³�°V»]´�¿a°]³a²'²]±cµ Å ´T¹aµkÄ¹T´Tµ�¹�°

n
¹�°�±V¯T²nÀ

(n + 1)
Ù�¸£°VºT¿d´�¸R¹a²nÉ'µx¶}³T»c°TÌ}ì�²n»c°«µg¶kÇ�×1µx¶}³T»]µ}¹a²�¹aµ}Á]»]¹a²�¾d·TÇ!³T»c°V¹aµ]Ì

ì�µ}Æu´ Å »]µ�ÊV¹aµ}Æk°V±cµ}ºdµuÉ
´�¸R´�Ëz¯�°VÆuºT´T¿d´�¿]²n¯Tµ}¹T¹a²�·T¯T²V¸ µ}¹TÁc³J¶k´�³T¾d°VÎT´TÁc³�°TÌ � ½�°V¿d»c°Vºd²�¶kµ
µ�Æk° Å °p½�°]³�° Å °�±]Ç Å µ�¹�°VÀaÙ�³T¯T¾ Å ¹�°]³�°P»C¶kÇ!¶}³aµ}Æk°]³aµ}ºT¹�°]³�°P³aµx¸£°TÈ ¹a²�Æk°	»c¶kµ}²]±n×1²	¾d½T¾ Å »c°V¹aµ·a²n»]µ}½Tµx³a²�²c³�·a²]ºd²n»]´T¹�°]³�°�¾d½�°]¶}³a¹T´TÎT´C¶}°PÁ	¯Tµ}Ð1´TºT´>±]Ç�¯TÆu²�´>¾a¶k·aµ}Ð1¹a²�È�·T¯T´Tº�°V¼n°VÀT¿d´>·a²VÄ
¯�°VÉ Å °n×
´ â ¾d¹T¿dÎT´T´�Ì Ã�² Å ²]±V¹a²�¹aµk×1²	¹aµ
µZ±V´Tºd²�·T¯Tµ Å »]´ Å µ}¹a²P²c³�¹T´T¿]²]¼k²���³�°V¿dÇ�»P·a² Å �c² Å¶kÇ�×1µx¶}³T»]¾d»c° ðxônø î ñkò
ó]ð î ê Æk°1¸R¹a²nÉ'µx¶}³T»]²c³a² N �Â ³�°V¿a°TÈc¹aµ}¿a°z¸R¹a²nÉ'µx¶}³T»]²c³a²

N
¹�°�Îaµ}ºT´�³aµ'¹aµ}²c³T¯T´TÎ�°]³aµ}ºT¹T´Z½T´�¶kº�°�µ�·T¯Tµ Å ¶}³�°V»]µ}¹a²�¿a°]³a²²]±cµ Å ´T¹aµ}¹T´Tµ�¹�° n

¹�°�±V¯T²nÀ
(n+1)

Ù�¸£°VºT¿d´�¸R¹a²nÉ'µx¶}³T»c°
A1, A2, . . ., An

ÌVá!°«»c¶kÁ]¿]²
k=1, 2, . . ., nÅ °z¯�°VÆu¼pºdµ Å °]¸ µ
¶}³aµ}·aµ}¹T¹T´TÁz¯Tµ Å

uk(x) =
∑

a∈Ak

xa,

¿]²nÀ�³a²	µ�·a²n¯�°VÉ Å °n×Z°]³�° â ¾d¹T¿dÎT´TÁ�¹�°C³a²n»c°�¸R¹a²nÉ'µx¶}³T»]²�Ì�����¿]²
Ak

µP¿d¯�°VÀT¹a²�¸R¹a²nÉ'µx¶}³T»]²�È
uk(x)

µ�·a²]ºT´T¹a²V¸�Ì �ZÃ�²n¯�°VÉ Å °n×Z°]³�° â ¾d¹T¿dÎT´TÁª¹�°H¶}°]¸ ²c³a²H¸R¹a²nÉ'µx¶}³T»]²
N
µ�±cµ}Æu¿d¯�°VÀT¹�°]³�°

°V¯T´�³�¸ µx³T´T½T¹�°�·T¯T²]¼p¯Tµx¶k´TÁ

x0 + x1 + x2 + · · · + xm + · · · =

∞
∑

m=0

xm.

Ø
°V¿a³a²zµ�´TÆu»]µx¶}³a¹a²�Èa³TÁ
²n·T¯Tµ Å µ}ºTÁ
¶��c² Å ÁV× ¶}³aµ}·aµ}¹aµ}¹�¯Tµ Å ·T¯T´ |x| < 1
Ì�ì�Ç�À	¿a°]³a²z·T¯Tµ Å ¶}³a²n´

Å °P¯�°V±]²c³T´�¸)¶1¹aµ}¯�°V»]µ}¹T¶}³T»c°TÈ!¾ Å ²]±V¹a²�µ Å °�¯�°VÆu¼pºdµ Å °]¸ µ Å ²n¯T´>¶}°]¸ ²�¶}³a²nÀT¹a²c¶}³T´�³aµ�¹�°
x
²c³

´T¹�³aµ}¯T»c°Vº�°
(0, 1)

Ì�ì«°V¿a°z¹aµ
¹�°Vº�°V¼n°]¸ µ�¹T´T¿a°V¿d»]²
¶kÇ�×1µx¶}³T»]µ}¹a²z²]¼p¯�°V¹T´T½Tµ}¹T´Tµ
¹�°z¯�°VÆu¼pºdµuÉ Å °nÄ¹T´TÁc³�°TÌ���²]ºTÁc³�°�¹�°	¾a¶kºd²n»]´Tµx³a²
0 < x < 1

¶kµ�¶k»]µuÉ Å ° Å ²�³a²n»c°�·T¯T²c¶}³a² Å °�¼n°V¯�°V¹�³T´T¯�°TÈi½Tµ»c¶k´T½T¿d´>¶}³aµ}·aµ}¹T¹T´C¯Tµ Å ²n»]µ1·a²VÙ Å ²]ºT¾	´�¸£°]³ õ!êxèTêVï�øaò
ðvè î ø ½Tºdµ}¹a²n»]µ]È�´>²c¶k»]µ}¹>³a²n»c°���½Tµ�¶}°
¶��c² Å ÁV×
´�Ì��°VÆu¼pºdµuÉ Å °]¸ µ«¶k¾a¸£°]³�° u1(x) + u2(x) + · · · + un(x)

Èc¿]²]Ác³a²
¶kÇ�×1²�·T¯Tµ Å ¶}³�°V»]ºTÁ]»c°'¶}³aµ}·aµkÄ¹aµ}¹P¯Tµ Å Ö
n
∑

k=1

uk(x) = c0x
0 + c1x

1 + c2x
2 + · · · + cmxm + · · · .

Ã�²n¹aµuÉ'µ
¸R¹a²nÉ'µx¶}³T»c°]³�°
A1, A2, . . . , An

·a²n¿d¯T´T»c°]³
N
È�»c¶kÁ]¿]²

m ∈ N
·T¯T´T¹�° Å ºdµuÉ
´�¹�°1¹TÁ]¿]²]µ¸R¹a²nÉ'µx¶}³T»]²

Ak

Ìcì�²]¼n°V»c°'µ Å ¹a²p½Tºdµ}¹TÇ!³ xm
¾d½�°]¶}³T»c°�¿a°]³a²�½Tºdµ}¹
»
¯�°VÆu»]´�³T´Tµx³a²'¹�°

uk(x)
Ìcã�³a²

Æk°n×1²
»c¶k´T½T¿d´P¿]²]µ â ´TÎT´Tµ}¹�³T´
cm

È
m = 0, 1, 2, . . .

È�¶}°1Îaµ}ºT´ õ!êxèTêVï�øaò
ðvè î ø ½T´�¶kº�°TÌ�®�½�°]¶}³aÄ
¹a²c¶}³�Èp³aµg¶}°�·a²VÙÔ¼k²]ºdµx¸R´�´TºT´z¯�°V»]¹T´�²c³�¶kÇ�²c³T»]µx³a¹T´�³aµ£¿]²]µ â ´TÎT´Tµ}¹�³T´�¹�°�·T¯T²]¼p¯Tµx¶k´TÁc³�° ∞

∑

m=0

xm

Þ]à Ò



�Z·a²n¯�°VÉ Å °n×Z°]³�° â ¾d¹T¿dÎT´TÁ
¹�°
N
Ì � ³�³T¾d¿
¶kºdµ Å »c°TÈd½Tµ�°V¿]² 0 < x < 1

È�³a²
u1(x) + · · · + un(x) ≥ 1 + x + · · · + xm + · · · =

1

1 − x
.

�
?
�
Í'°
²c³T±cµ}ºdµuÉ
´�¸ª´TÆu¯T´T½T¹a²�È�½Tµ�³a²]Æu´P´TÆu»]² Å »c°VÉ
´PÆk°
·a²n¯�°VÉ Å °n×
´�³aµ â ¾d¹T¿dÎT´T´	¹�°
·T¯T²n´TÆvÄ»]²]ºT¹T´�¸R¹a²nÉ'µx¶}³T»c°

A1, A2, . . . , An

ÈT½T´Tµx³a²
²]±cµ Å ´T¹aµ}¹T´Tµ�¶kÇ�»]·�° Å °
¶
N
Ì�Â�¸ µ}¹T¹a²�³a²]Æu´ â °V¿a³�È

·a²]Æu¹�°]³�¹�°�°]¸ µ}¯T´T¿a°V¹T¶k¿d´�³aµ�²]ºT´�¸R·T´TÀTÎT´�È�µ1±V´Tº�¯Tµ}Ð
°V»c°n× Æk°�¾a¶k·aµ}Ð1¹�°]³�°Z°]³�°V¿a°
¹�°�Æk° Å °nÄ½�°]³�°TÌ
��¹a²nÉ'µx¶}³T»c°]³�°

Ak

¶}°
(n + 1)

Ù�¸£°VºT¿d´�Èa³�Ì µ]Ìd»c¶kÁ]¿]²
Ak

´�¸£°
n + 1 Å »]µ'·a² Å »]µ�¹aµ}·T¯Tµx¶k´T½�°nÄ×
´>¶kµZ³T¯�°V¹T¶kº�°VÎT´T´

ak1 + Ak, ak2 + Ak, . . . , ak,n+1 + Ak

ÌiÃ�²n¯�°VÉ Å °n×
´�³aµ â ¾d¹T¿dÎT´T´C¹�°³a²n¿c¾cÙæ×1²�´TÆu±V¯T²]µ}¹T´�³aµ'¸R¹a²nÉ'µx¶}³T»c°
²p½Tµ}»]´ Å ¹a²1¶}°

xak1

(

∑

a∈Ak

xa

)

= xak1uk(x), xak2uk(x), . . . , xak,n+1uk(x).

�'¶kºd²n»]´Tµx³a²�³T¯�°V¹T¶kº�°VÎT´T´�³aµ Å °z¶}° Å »]µ'·a² Å »]µ'¹aµ}·T¯Tµx¶k´T½�°n×
´�¶kµ�²]Æu¹�°p½�°V»c°TÈV½Tµ óZñ��xå�çnò
ç î ç
ò
ð � î øaò
ðzõ!ê�ö�çVï�ô]ç�!�ø#"$� î éaýaøaø�ó]ñxðkéaø�ÿcèTð î xm �nÿ�ç]ñkò
ó]ç�ñ1é�ê]ð�"£øaýaø�ð î ò&%Pøcèdø#' Ì�ã�³a²Æk°n×1²z·T¯T´

x ∈ (0, 1)
´�¸£°]¸ µ

(xak1 + xak2 + · · · + xak,n+1) uk(x) ≤
∞
∑

m=0

xm =
1

1 − x
,

³�Ì µ]Ì

uk(x) ≤
1

(1 − x) (xak1 + xak2 + · · · + xak,n+1)Æk°�»c¶kÁ]¿]²
k = 1, 2, . . . , n

Ì�ë�µ}¿a°J¶kµ}¼n°
x
¿dºd²n¹T´+¿dÇ!¸ Ò>¶kÇ!¶>¶}³a²nÀT¹a²c¶}³T´�È�·a²VÙ�¸£°VºT¿d´+²c³ Ò]Ì

ì�²]¼n°V»c°J»c¶kÁ]¿]²J²c³/¶kÇ�±V´T¯�°Vµx¸R´�³aµ
xak1 , xak2 , . . . , xak,n+1

¶kÇ�×1²)¿dºd²n¹T´/¿dÇ!¸ Ò]È'°)¶k¾a¸£°]³�°
´�¸)( ¿dÇ!¸

n + 1
Ì�ã�³a²ªÆk°n×1²�´�¸£°J³�°V¿]²n»c°

xk ∈ (0, 1)
È�½TµC·T¯T´

x ∈ (xk , 1)
µC´TÆu·TÇ�ºT¹aµkÄ

¹a²>¹aµ}¯�°V»]µ}¹T¶}³T»]²c³a²
xak1 + xak2 + · · · + xak,n+1 > n

È�²c³T¿dÇ Å µx³a²�¶kºdµ Å »c° uk(x) <
1

n(1 − x)Æk°
x ∈ (xk, 1)

Ì*��´�¶kºd²
xk

¶P³�°V¿]²n»c°	¶k»]²nÀ�¶}³T»]²�¶kÇ�×1µx¶}³T»]¾d»c°	Æk°�»c¶kÁ]¿]²
k=1, . . . , n

È�´J°V¿]²
·a²]ºd²nÉ
´�¸

x0 = max{x1, x2, . . . , xn}
Èa·a²]ºT¾d½�°V»c°]¸ µ

uk(x) <
1

n(1 − x)

Æk°�»c¶kÁ]¿]²
x ∈ (x0, 1)

Ì
ì�²]¼n°V»c°�²]±c°p½Tµ�Æk°

x ∈ (x0, 1)
´�¸£°]¸ µ

u1(x) + u2(x) + · · · + un(x) <
1

1− x

È�°
³a²n»c°�·T¯T²c³T´aÄ
»]²n¯Tµ}½T´�¹�°

(?)
Ì

��°VÆu±V´T¯�°�¶kµ]È!·T¯T´�¸R´�³T´T»]¹a²�µ Å °�·a²]±]Ç�¯TÆk°]¸ µz¶z´TÆu»]² Å °TÈ�½Tµ
°]¸ µ}¯T´T¿a°V¹T¶k¿d´�³aµ�¾d½Tµ}¹T´TÎT´C¶}°¸R¹a²]¼k²1·a²VÙ Å ²]±V¯Tµ�²]±V¯�°VÆu²n»c°V¹T´
´P·a² Å ¼k²c³T»]µ}¹T´Z²c³�±]Ç�ºT¼n°V¯�¶k¿d´�³aµ�¶k´P»]¯TÇ!¶}³a¹T´TÎT´�Ì+��µ}Æu¾]º�³�°]³TÇ!³´�¸�²c³z¿]²n¹�³T¯T²]ºT¹a²c³a²�¶kµ Å Ç�ºTÉ
´
»�¯Tµ}Ð
°V»c°n×Z°�¶}³aµ}·aµ}¹z¹�° â ²n¯�¸R¾]ºT´T¯T²n»]¿a°]³�°TÌ���²p×
¹T´TÁc³1°V·�°nÄ¯�°]³�¹�°'·a²n¯�°VÉ Å °n×
´�³aµ â ¾d¹T¿dÎT´T´1µ�·T¯T²c¶}³a²'¹aµ}·T¯T´Tºd²nÉ
´�¸	»
¶kºT¾d½�°V´�³aµ]Èn¶g¿]²n´�³a²�Æk°V·a²p½T¹�°��T¸ µ]Ìá!°]³a²n»c°�µ Å »c°
ºT´�¸ ²nÉ'µ Å °�¶kµ'¶kÇ!¸R¹TÁ]»c°]¸ µ]Èc½Tµ�·T¯T´Zµx¶}³aµx¶}³T»]µ}¹�° â ²n¯�¸R¾]ºT´T¯T²n»]¿a°
¹�°
Æk° Å °p½�°]³�°¯Tµ}Æu¾]º�³�°]³T´�³aµ�¹TÁc¸£°VÐzµ Å °
±]Ç Å °]³�¶kÇ�×1µx¶}³T»]µ}¹a²1¯�°VÆuºT´T½T¹T´�²c³P²n¹aµ}Æu´�ÈT¿]²n´�³a²z¹�°V±]ºTÚ Å °V»c°��T¸ µ»-,gÇ�ºT¼n°V¯T´TÁZ·T¯Tµ}Æ ß�
 Ù�³aµ�¼k² Å ´T¹T´�Ì�ë�µx¶kÇ!¸R¹aµ}¹a²�³�°VÆu´ ê]ù]ðkéaòzø�ó î ê ³T¯T¾ Å ¹�°1Æk° Å °p½�°zµ�·T¯Tµ Å ´TÆvÄ»]´T¿a°]³aµ}ºa¶}³T»]²
´PÆk°z·T¯T² â µx¶k´T²n¹�°VºT¹T´P¸£°]³aµx¸£°]³T´TÎT´�Ì
Ã�²VÙÔ»c°VÉ
¹a²�µ Å °'¶k´ Å ° Å µx¸	¶}¸ µx³T¿a°«Æk° Å ¯T¾d¼k²�ÌpØ�²V¸ ±V´T¹�°]³a²n¯T¹T´�³aµ£³T¯�° Å ´TÎT´T´�» Å »]µx³aµg¶}³T¯�°nÄ¹T´�¶}°Z¿]²n¯Tµ}¹T¹a²�¯�°VÆuºT´T½T¹T´�Ì!Â�ÆuÁ]»]µ}¹T´�³aµ�¾d½Tµ}¹T´TÎT´�».,gÇ�ºT¼n°V¯T´TÁ�¶kµz·a² Å ¼k²c³T»]Ác³�²c³a¹a²c¶k´�³aµ}ºT¹a²±c°V»]¹a²�´C·T¯T² Å Ç�ºTÉ
´�³aµ}ºT¹a²�È!¯�°VÆu»]´T»c°VÀT¿d´�¿]²V¸ ±V´T¹�°]³a²n¯T¹T´TÁ�¶k´C¾a¶kµx³�»�·T¯T² Å Ç�ºTÉ'µ}¹T´Tµ1¹�°P¼k²VÄ

Å ´T¹T´�Ìaì�²n»c°
¶}³�°V»c°
¶ Å ²]±V¯Tµ�·a² Å ±V¯�°V¹T´1´�·T¯T²n»]µ}¯Tµ}¹T´
²c³
·T¯�°V¿a³T´T¿a°]³�°'·T¯T´�¸ µ}¯T´��1ºdµx¶k¹T´Z´TºT´
³T¯T¾ Å ¹T´�Èa¹a²
¹�°V·TÇ�ºT¹a²1µ}ºdµx¸ µ}¹�³�°V¯T¹T´�·a² Å ¾/��Èa±cµ}Æ'ÊV»]´�¶kÐ
°1³aµ0�a¹T´T¿a°�Ë�²c³�¯T² Å °z¹�°z·a²n¯�°VÉ Å °nÄ×
´�³aµ â ¾d¹T¿dÎT´T´�Ì1��²]ºTÁzÆk°1³a²n»c°�´T¼p¯�°Vµ
´ Å ²c¶}³TÇ�·T¹�°]³�°�Æk°z¾d½Tµ}¹T´TÎT´�³aµ�ºT´�³aµ}¯�°]³T¾d¯�°TÈd»1¿]²]Ác³a²
Þ]à Û



³aµ�·T¯�°V¿a³T´T½Tµx¶k¿d´�ºT´T·T¶k»c°]³�Ì�Ïg³T¯T¾d»c°z¸R´	¶kµ]ÈT½Tµ Å ²n¯T´�»
·a²c¶kºdµ Å ¹T´�³aµ'¼k² Å ´T¹T´ â °]¸R´TºT´�°V¯T¹T´�¶³a²]Æu´�¸ ²p×1µ}¹P°V·�°V¯�°]³�¶}°1¶}°]¸ ²z¹�°VÀaÙ Å ²]±V¯T´�³aµ�±]Ç�ºT¼n°V¯�¶k¿d´�³aµ'²]ºT´�¸R·T´TÀTÎT´�Ì� ºT´�¸R·T´TÀ�¶k¿]²c³a² Å »]´TÉ'µ}¹T´Tµ£»'Ï$��Ý ´�¸£°�¸R¹a²]¼k²«·a²VÙÔ¿d¯�°]³T¿a°�´�¶}³a²n¯T´TÁ�Ìuã Å ´T¹
¹�° Å °V¯Tµ}¹�¾d½TµkÄ¹T´T¿z³�°]¸	¯TÁ Å ¿]²�´�¸£° Å ¯T¾d¼n°�»]Ç�Æk¸ ²nÉ
¹a²c¶}³�Æk°
¶kÇ Å Ç�¯TÉ�°]³aµ}ºT¹�°�·a² Å ¼k²c³a²n»]¿a°«²c¶k»]µ}¹ Å °�´TÆu¾d½�°V»c°»]¹T´�¸£°]³aµ}ºT¹a²1Æk° Å °p½T´�³aµ'²c³P·T¯Tµ Å ´TÐ1¹T´	¶kÇ!¶}³aµ}Æk°V¹T´TÁ1´�¿]²V¸ µ}¹�³�°V¯T´�³aµ�¿dÇ!¸�³TÁ���ÌTë�µ�µ�³�°VÀT¹�°TÈ
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DIFFERENCES IN BUILDING COMBINATORIAL SKILLS WITH

TALENTED STUDENTS IN BULGARIA AND THE USA

Krassimir Angelov Penev

Having the specific experience of a mathematical olympiad contestant and of an
editor of a mathematical journal (Matematika), I found it particularly interesting to
become a teacher and a coach of the mathematical team in one of the top American
high schools. One of the first things to impress me were the apparent differences
between the traditions in combinatorics teaching in Bulgaria and the USA.

A comprehensive comparison is of course possible only after a painstaking analysis
of a multitude of basic principles and details. In this article we restrict ourselves to a
detailed consideration of a nontrivial problem. For one thing, it is interesting with its
history. For another, it clearly illuminates the differences between the “Bulgarian”
and the “American” approach to high-school combinatorics.
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