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���J�T���; E¡q¢f£E�E¤�¥E E�T¦T£=¡q§@¤©¨�ªT«Q E¬�¢f�E¤�¨�¤E¬u¦T�y ���¢��y¥�­E¤�§X¢f£E�E¤�§X¢f E®/ E¯J­E¤�¤E£E¤� �¢f¬u¥J�T£�¢y°
�y¢f�J¡���¢
�T¦W¡a±J­E¤s²E¤E¬u���W­EªT³T�J¡���¢
�y¥�­E¤�§X¢f£E�E¤©�B �¢f´ ¤EµE¤	¤	 �¢f¬u¥E¤�¨a¢f�E¤E³�²E��¢T§@¤E �¢f�J¡���¢
�y¥�­E¤J°
§X¢f£E�E¤©¥J�W­J�TµE¤�¤�¶� s·�¨�¡��y¥E¤�¨�ªW¢T­�¨�¡a¬u¤E±J¢���¢/�B �¢f´ ¤�¤�§@ E¡u¸
¤s·

F©< >@¹�GW<�ºQ»E¼�¢� �¢f¬u�B£=¡r¶Q¢T§ ¡i¤E¬u�T¦f �¢f¬u¡a�E¤E³
��¢�½E¡a E­J¡u¸¿¾q¢
�B �¢f´À±J¢T­J��§@ E¡u¸�¢�¬�¢
¥E E¡a�J�W¨
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Á�ernWmE� � _ Á�ernWmE� � p
Â ±T�f§@¯=�E¤E±J¢fµE¤E¤QÃX§ ¡u¸�¶�¯;®;¡q¨a­/¥E¯=�E±J­�¢E²f±=«�¶=¡q­J�
¥E«Q EªT�W­J���W­/½E¤�¨�£�¢T­�¢
¨�«Q¥J�W¨a­�¢fªT¡a�E¤;��¢
ªW¨�³f°
±J¢/¶�«Q�y¢�¡��J¡aÄE��¢T­�¢©ÅyÆsÇyÅ�ÈTÉ�Ê�ËyÌ
ÍrÎ=Ï�Ë�É�Å!ÇTÉqÇTÐyÏ�ÇTÉ�Ì Â ±J¢f¥�¢fµE¤�­J¡q­���¢�§ �W¨a­s²E¥E«!­J¡a��¯=½�¢T¨a­E«Q±!²
¶=¡y¦f¤�­/��¢�­E E«Q¦W¢E²f¤�­s· �s· Ãu·Q¾BÃ ¼�¢�¨�¡i�y¥E E¡r¶=¡a£E¤�§X¢f±W¨�¤�§X¢f£E�J�W­J��±T�T£E¤E½E¡q¨a­EªT� Â ¨�¯= E�yªT¤E�E¤s²W¨a­J�f°
±=¤s²fÑW�y �¢�¤�­s· �s· Ãu²T±T�T¡q­J��§ �y¸�¡w¶Q¢
¨�¡i¥E E¡a�J¡q¨�¡i�W­�ÒWÓyÌ
ÇyÔJÏJÒJÊ�Ë

s
¶=�
ÊqÆsËyÕJÏJÒfÖ�Å�ÈyÏJÊJÌ

t
ª�­�¢f¬u¤

§@ E¡u¸�¢E·s×i±T����¢©ªW¨�³T±J¢
¶�«Q�y¢�¨�«Q¥J�W¨a­�¢fªT¤�§��BØ/¡/¥J�©¡r¶��J�©­J¡a�B£=��²!��¢f¥E s·sµJ¡a��¢�¬�¢�¥E E¡a�J�W¨;��¢
¡r¶�¤E�E¤Eµ�¢�±T�T£E¤E½E¡q¨a­EªT��²y­J�
¡q¨a­J¡q¨a­EªT¡a�J��ªT«Q¬u�E¤E±=ªW¢�¨�£=¡r¶���¢T­�¢�¬�¢f¶Q¢B½�¢E·TÙTÃ ¼�¢
¨�¡l¥E E¡a�J¡q¨�¡i�y¥E E¡�°
¶=¡a£=¡a�J�;±T�T£E¤E½E¡q¨a­EªT���W­

s
¶=�

t
��¢;§@¤E�E¤�§X¢f£E��¢/µJ¡a��¢E·EÚ��T£E¤E½E¡q¨a­EªT�W­J�
¡r¶�¤E�E¤EµE¤�¥E E�W­E¤E½�¢yØ
¤

¥J��¶�«Q�y¢T­�¢
(i, j)

¨�¡���¢f E¤E½�¢	Å!ÇyÌ
ÇyÊLÛ©ÜTÝ ÞyËyÌ
Ë�¤�¨�¡�¦W¡a£=¡u¸
¤	¨
f(i, j)

·!ßi¯T£E¤�­J¡�ª�½E¡a E­s·I¾q¢
¨a¢;��¢B½�¢f£E�E¤E³W­�¥J�W­J�y±

f0
·

à�¾T¾



ái�W­J�y±=«!­
f
ª�¡r¶���¢�§@ E¡u¸�¢�¥E E¡r¶J¨a­�¢fªT£E³TªW¢w´X¯=�E±=µE¤E³�²f¨�«Q¥J�W¨a­�¢fªT³fØ�¢l��¢�ªW¨�³T±J¢l¶�«Q�y¢

(x, y)�J¡a�W­E E¤Eµ�¢T­J¡a£E�J��½E¤�¨�£=�
f(x, y)

²�­�¢f±J¢�½E¡Tâ
ã ¢/ªW¨�¡a±=¤�¥J�W­J�y±
�W­

s
ª

t
²E±T�T£E¤E½E¡q¨a­EªT�W­J��¡r¶�¤E�E¤EµE¤s²�¤E¬rÑW�q¶�³fØ
¤��W­�¥E E�y¤E¬uªT�T£=¡a��ªT E«�Ñ

x,

x 6= s, t
²=­E E³T¦fªW¢�¶Q¢�¦T«�¶=¡� �¢fªT�J����¢
±T�T£E¤E½E¡q¨a­EªT�W­J��¡r¶�¤E�E¤EµE¤s²=ªfÑW�q¶�³fØ
¤/ª;­J�T¬u¤/ªT E«�Ñ

x
²J­s· ¡T·

∑

y∈V

f(x, y) −
∑

y∈V

f(y, x) = 0, x 6= s, t.

ä ¨�ªT¡a��­J�yªW¢
±T�T£E¤E½E¡q¨a­EªT�W­J��¡r¶�¤E�E¤EµE¤���¢�¥J�W­J�y±J¢E²T¥E E�BÑW�q¶�³fØ
¤
¥J��¶�«Q�y¢T­�¢
(x, y)

²J�J¡�­E E³T¦fªW¢
¶Q¢;¥E E¡aªT¤E®
¢fªW¢��J¡aÄE�E¤E³
±J¢f¥�¢fµE¤�­J¡q­s²=­s· ¡T·

(2) 0 ≤ f(x, y) ≤ c(x, y).
ß�¢f±= �¢B³�²B�T¦yØ/�W­J��±T�T£E¤E½E¡q¨a­EªT��¡r¶�¤E�E¤EµE¤/¤E¬u£E¤E¬�¢yØ/���W­;¤E¬�­J�B½E�E¤E±J¢

s
²T­E E³T¦fªW¢l¶Q¢�¦T«�¶=¡w �¢fªT�J�

��¢/¨�¯J§X¢f E�J�W­J�;±T�T£E¤E½E¡q¨a­EªT��¡r¶�¤E�E¤EµE¤©ªT£E¤E¬�¢yØ/�;ª
t
·

(3)
∑

y∈V

f(s, y) =
∑

y∈V

f(y, t).

å�¡a£E¤E½E¤E��¢T­�¢���¢�¥J�W­J�y±J¢
f
¨�¡w¦W¡a£=¡u¸
¤�¨

val (f)
¤E£E¤

v
¤
¨�¡��y¥E E¡r¶=¡a£E³�¥J��¨�£=¡r¶��E¤E³���¢B½E¤E�sâ

v = val (f) =
∑

∀y

f(s, y).

ã ¢f¶Q¢B½�¢T­�¢�¬�¢
��¢T§@¤E �¢f�J¡���¢�§X¢f±W¨�¤�§X¢f£=¡a�©¥J�W­J�y±�¨�¡�¨�«!¨a­J�y¤©ª�­E«Q �¨�¡a�J¡
��¢
¥J�W­J�y±!²J¯T¶=�yªf°
£=¡q­EªT�y E³TªW¢yØ¿���y E�E¤�­J¡�¤E¬u¤�¨�±=ªW¢f�E¤E³�²=¬�¢;±T�yÄ�­J��ªT¡a£E¤E½E¤E��¢T­�¢

v
¡
§X¢f±W¨�¤�§X¢f£E��¢E·

ºQ»QZ/AXæT:=< >@H ç�¹éèyC�H çX<@?TGWV G;V@C�NsDQGfAX>@] CEDQC=êÀCLëíì :QHI:=OsCQîlDQGW< > æECP»�åL¬�¢fªT¤�¨�¤�§ �W¨a­
�W­�¥J�W­J�y±J¢

f(x, y)
²E¶�«Q�B¤�­J¡
��¢/¤E¬rÑW�q¶��E¤E³/�B �¢f´ Â §@ E¡u¸�¢T­�¢WÃu²E§ �y¸�¡q§3¶Q¢/ �¢f¬r¶=¡a£E¤�§&¯J¨�£=�yªT�J�

��¢/­E E¤©§@�J�y¸�¡q¨a­EªW¢Eâ
I ï Ï�Í�Ï�ËTÉ�ÒJÌ
Í�ÏJÒ�ÜTÝ ÞqÒ=ðPÛiÊ�ÇyÒJÌ
Ç�Å!ÇyÌ
ÇyÊ�Ý Ì�ñwÇfò�ÍlÜTË�ÉqÍ�ÈTÛTÍrÎ=ÒJÔ�ËTÛTËy²B­s· ¡T·

c(x, y)−f(x, y)>0.

R ï ÜTÝ ÞqÒ=ðXÓTË
Ê�ÇyÒJÌ
Ç f(x, y) > 0,
Ì
óôÍqó�ÜTÝ ÞqÒ�ÓTË�Ê�ÇyÒJÌ
Ç/Å!ÇyÌ
ÇyÊ�Ý ÌõñwÇfò�Í/ÜTË�ÐTÝXÜTÍ;Ï�ËqñwËyö

ÎEÍ�ÏJ·
N ï ÜTÝ ÞqÒ=ð�Û;Ê�ÇyÒJÌ
Ç;Å!ÇyÌ
ÇyÊ�Ý Ì÷Ï�Í�ñwÇfò�Í�ÏJÒJÌ
Ç
ÜTË
ÉqÍ�ÈTÛTÍrÎ=ÒJÔ�ËTÛTËBð�ÏJÒJÌ
Ç/ÜTË�ÉqÍ�Ï�ËqñwËqÎyÖQÛTËy·
øw�yªW¢�¨a¢�¶�«Q�B¤�­J¡T²T±T�y¤�­J��¤�§X¢T­/�E¯T£=¡aª
±J¢f¥�¢fµE¤�­J¡q­;¤E£E¤�ùf�T�B E�f§@��¢súXµJ¡a��¢
¬�¢�¥E E¡q§@¤E��¢fªW¢f�J¡l��¢
¥J�W­J�y±J¢Eû

Y UPG=ü	V@C	CWAXæT:=< >@H ç�¹�C�ýþºWÿ��Q×i£E���y E¤�­E«!§@«!­
�TµEªT¡q­E³TªW¢ Â §X¢f E±=¤E �¢WÃX¶�«Q�B¤�¤�ªT«Q WÑW�yªT¡l��¢
�B �¢f´�¢©¨a­E E�T¡aÄE±=¤�ùf �¢T¨a­E³fØ/�Iúi�W­	ªT«Q WÑE¢

s
¶�«Q EªT���W­��TµEªT¡q­J¡a�E¤�¶�«Q�B¤s²P¥J�©±T�T¡q­J��§ �T�y¢T­�¶Q¢

¨�¡�¤E¬u¥E �¢T­E³W­�¶=�y¥E«Q£E�E¤�­J¡a£E�E¤À¡r¶�¤E�E¤EµE¤&¥J�W­J�y±!·s¼�ªW¢�­E¤E¥�¢�¨a¢	ªT«Q¬�§ �y¸
�E¤�­J¡�¯=ªT¡a£E¤E½�¢fªW¢yØ
¤
(s − t)

ªT¡a E¤E�B¤sâ

(4) (s−t)
¥E«!­
¨�«!¨a­J�T³fØ)¨�¡�¨a¢T§ �l�W­��J¡a��¢T¨�¤�­J¡a�E¤�¶�«Q�B¤s²q­s· ¡T·u¶�«Q�B¤
�W­

I
·qái«!­E³W­

(s, d), (d, a)
²

(a, b), (b, t)
�W­�½E¡a E­s·=¾q¢�¡w­�¢f±=«Qª�·���ªT¡a£E¤E½E¡a�E¤E¡q­J����¢�¥J�W­J�y±J¢lª�­J¡a¬u¤��J¡a��¢T¨�¤�­J¡a�E¤
¶�«Q�B¤

�B½E¡aªT¤J¶��J�;Ø/¡�¯=ªT¡a£E¤E½E¤�ªT¡a£E¤E½E¤E��¢T­�¢;��¢
¥J�W­J�y±J¢�ª�§@ E¡u¸�¢T­�¢ Â ªT¤E¸¿½E¡a E­s·s¾a¦=Ãu·QÚ��T£E±T�
¡
§X¢f±W¨�¤�§X¢f£E�J�/ªT«Q¬�§ �y¸
�J�W­J��¯=ªT¡a£E¤E½E¡a�E¤E¡���¢;¥J�W­J�y±J¢�ª
­J�T¬u¤�­E¤E¥�ªT¡a E¤E�B¤��

(5) (s− t)
ªT¡a E¤E�y¢E²=ª;±T�T³W­J��¶�«Q�B¤�­J¡��y E¤E¡a��­E¤E �¢f�E¤��W­

s
±=«!§

t
¨a¢��W­

I
²J¢�¶�«Q�B¤�­J¡��y E¤E¡a�J°

­E¤E �¢f�E¤��W­
t
±=«!§

s
¨a¢/�W­

R
·�ß�¢f¥E s·�ªT¡a E¤E�y¢T­�¢

(s, a), (d, a), (d, c), (c, t)
�W­�½E¡a E­s·s¾a¦�·

×i±T�/¯=ªT¡a£E¤E½E¤�­J¡�¨/¾
¥J�W­J�y±J¢�ª/¶�«Q�B¤�­J¡
�W­
I
¤©��¢T§X¢f£E¤�­J¡�¨/¾
¥J�W­J�y±J¢�ª/¶�«Q�B¤�­J¡
�W­

R�B½E¡aªT¤J¶��J��Ø/¡�¯=ªT¡a£E¤E½E¤�­J¡l¥J�W­J�y±J¢�ª�§@ E¡u¸�¢T­�¢E·��À±T�T£E±T�
��¢fÄ	�í§@�J�T����§ �y¸�¡w¶Q¢
��¢f �¢T¨��J¡
¥J�W­J�y±J¢
½E E¡a¬�­J�T¬u¤�­E¤E¥©ªT¡a E¤E�B¤��

à�¾BÙ




 ì >@?TCJV >@G�V@CLCWAXæT:=< >@H ç�¹�C��
��
������������ ä ¥E E¡r¶=¡a£=¡q­J¡/§@�J�y¸�¡q¨a­EªW¢T­�¢

I, R, N.
¼�«Q�B¤�­J¡
�W­

N
¤E¬u±=£���½E¡q­J¡/�W­L �¢f¬u�q°

£=¡u¸�¶Q¢f�J¡T·Jåw¨�¤E½E±=¤©ªT«Q WÑW�yªT¡�¨a¢;�J¡a�TµEªT¡q­J¡a�E¤s· ä µEªT¡q­J¡q­J¡�ªT«Q WÑE¢
s
¨�¶�ªT�yÄE±J¢T­�¢

(−,∞)
·

��
������������ ×i±T�
¨�«�Ø/¡q¨a­EªT¯=ªW¢��J¡a�TµEªT¡q­J¡a��ªT E«�Ñ
y
²E¥E E¤©�TµEªT¡q­J¡a��ªT E«�Ñ

x
â

¢WÃ�×i±T�
(x, y) ∈ I

²�­s· ¡T·
f(x, y) < c(x, y) � �TµEªT¡q­J¡q­J¡
¶�«Q�y¢T­�¢

(x, y)
¤ §X¢f E±=¤E �¢fÄ�­J¡

Â �TµEªT¡q­J¡q­J¡BÃXªT«Q WÑE¢
y
¨�¶�ªT�yÄE±J¢T­�¢

(x+, ∆y)
²E±=«�¶=¡q­J�

∆y = min{∆x, c(x, y) − f(x, y)} � ÅyÆsËTÛTÇ
ñwË�Æ!ÊJÒqÆsËyÏ�Í�� ;
¦=Ã�×i±T�

(y, x) ∈ R
²J­s· ¡T·

f(y, x) > 0 � �TµEªT¡q­J¡q­J¡w¶�«Q�y¢T­�¢
(y, x)

¤�§X¢f E±=¤E �¢fÄ�­J¡ Â �TµEªT¡q­J¡�°
­J¡BÃ�ªT«Q WÑE¢

y
¨�¶�ªT�yÄE±J¢T­�¢

(x−, ∆y)
²E±=«�¶=¡q­J�

∆y = min{∆x, f(y, x)} � ÇTÐ�ÆsËyÌ;Ï�Ç
ñwË�Æ!ÊJÒqÆsËyÏ�Í�� .
ª=Ã�¢f±T�;�J¡
¨a­J¡�ª
¢WÃ�¤E£E¤©¦=Ãu²E�J¡
�TµEªT¡q­E³TªW¢fÄ�­J¡T·
��
����������	� ×i±T�/ªT«Q WÑJ«!­

t
�J¡
§ �y¸�¡�¶Q¢/¨�¡��TµEªT¡q­E¤ � ±= �¢fÄs²=ª
§@ E¡u¸�¢T­�¢��E³W§X¢;¯=ªT¡a£E¤E½�¢y°

ªW¢yØ�¢�ªT¡a E¤E�y¢E·så ¥E E�W­E¤EªT¡a�L¨�£E¯=½�¢fÄs²sª�§@ E¡u¸�¢T­�¢�¨�«�Ø/¡q¨a­EªT¯=ªW¢�¡r¶�¤E�E¨a­EªT¡a��¢�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢
(s − t)

ªT¡a E¤E�y¢E·EÚ� �¢fÄs·

 i¤�¨�£=�W­J�
∆y

ª�§X¢f E±=¤E E�yªT±J¢T­�¢w��¢�ªW¨�¡a±=¤�ªT E«�Ñ
y
¶Q¢fªW¢�§X¢f±W¨�¤�§X¢f£E�J��ªT«Q¬�§ �y¸
�J�W­J�l¯=ªT¡a£E¤J°

½E¡a�E¤E¡���¢/¥J�W­J�y±J¢��W­
s
¶=��­J�T¬u¤�ªT E«�ÑP²Q¢;¥E«Q EªT¤E³W­�§X¢f E±=¤E �¢yØ ¨�¤�§@ªT�T£©¯=±J¢f¬uªW¢�¥E E¡r¶�¤E®/�E¤E³

ªT E«�Ñ
x
�W­�ªT¡a E¤E�y¢T­�¢�¤©��¢B½E¤E��¢E²=¥J�/±T�yÄ�­J�;¨�¡�¤E¬�§ ¡a�E³/¥J�W­J�y±=«!­
ª;¶�«Q�y¢T­�¢

(x, y) � ¥E E¤
x+¯=ªT¡a£E¤E½E¡a�E¤E¡T²J¥E E¤

x−
��¢T§X¢f£E³TªW¢f�J¡���¢/¥J�W­J�y±J¢�¨

∆t

·
S�:J¹�GWV@H CJ<�>):�!Q:Q?fV :JD�OsC���¾T· ä ½E¡aªT¤J¶��J��¢f£E���y E¤�­E«!§@«!­	¨a­E E�y¤�¶�«Q EªT��¨�±T�y E¡a�

s
­E«QÄ

±J¢T­J���J¡/¨�¡/�TµEªT¡q­E³TªW¢T­�¶�«Q�B¤s²P��¢�±T�y¤�­J��¤	¶�ªW¢T­�¢
±= �¢B³�¨a¢��TµEªT¡q­J¡a�E¤ Â £E¤E¥E¨�ªW¢T­�µE¤E±=£E¤QÃu·IÙJ·
×i±T��¨�«�Ø/¡q¨a­EªT¯=ªW¢w¯=ªT¡a£E¤E½�¢fªW¢yØ�¢

(s−t)
ªT¡a E¤E�y¢E²B­J�

t
¡��TµEªT¡q­J¡a�
¤��T¦f �¢T­J�J��·#"E·Bái E�TµJ¡r¶�¯= �¢T­�¢

¡
±= �¢fÄE��¢;­E«QÄ©±J¢T­J�;¨�¡
�TµEªT¡q­E³TªW¢
¥J�/ªT¡r¶��E«Q¸
²E¢;¶�«Q�B¤�­J¡�¤©ªT«Q WÑW�yªT¡q­J¡�¨a¢;±= �¢f¡a��¦f E�yÄs·
$ »@Z/AXæT:=< >@H ç�¹÷èyC�H çX<@?TGWV G�V@C�¹�CJOQ?f>@¹�CWA GWV2ì :QHI:=O)ë&%�:=< U(')%�CWAXOQGW<@?T:=V�îB»3ß�¢y°

§@¤E �¢f�J¡q­J�
��¢�§X¢f±W¨�¤�§X¢f£=¡a��¥J�W­J�y±�¨�¡��W¨�«�Ø/¡q¨a­EªT³TªW¢�½E E¡a¬
§@�J�T���y±= �¢T­J�J�;¥E E¤E£�¢f�y¢f�J¡���¢�¢f£J°
���y E¤�­E«!§X¢�¬�¢�¥J�W¨a­E E�T³TªW¢f�J¡;��¢	¯=ªT¡a£E¤E½�¢fªW¢yØ�¢©¥J�W­J�y±J¢�ªT¡a E¤E�y¢©¶=�y±J¢T­J��­J�yªW¢�¡�ªT«Q¬�§ �y¸
�J��·
��£=¡r¶3��¢T§@¤E �¢f�J¡
��¢�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢�ªT¡a E¤E�y¢�¨�¡�´��y �§@¤E �¢©�J�yª�¥J�W­J�y± Â ªT¤E¸ Â à=Ã�¤ Â+* ÃoÃ�¤À¨�¡
�W­E¨a­E �¢f�E³TªW¢T­
§X¢f E±=¤E E�yªT±=¤�­J¡T·

, ¡
¤E£���¨a­E E¤E �¢T§ ¡� �¢f¦T�W­�¢T­�¢
��¢/­J�T¬u¤�¢f£E���y E¤�­E«!§À¨�¥E E¤�§ ¡a s·
F©< >@¹�GW< $ »Q¼�¢/¨�¡
��¢T§ ¡a E¤©§X¢f±W¨�¤�§X¢f£E�E¤E³/¥J�W­J�y±/ª
§@ E¡u¸�¢T­�¢��W­�½E¡a E­s· ¾q¢E·��
��������-���!ä ¥E E¡r¶=¡a£E³W§ ¡�§@�J�y¸�¡q¨a­EªW¢T­�¢

I, R, N
·Qåw¨�¤E½E±=¤�ªT«Q WÑW�yªT¡�¨a¢
�J¡a�TµEªT¡q­J¡a�E¤s· ä µJ°

ªT¡q­E³TªW¢T§ ¡�ªT«Q WÑE¢
s
¨�¶�ªT�yÄE±J¢T­�¢

(−,∞)
·��
������������ ái�W¨�£=¡r¶=�yªW¢T­J¡a£E�J� Â ªT¤E¸ ½E¡a E­s·P¾a¦=Ã

. �TµEªT¡q­E³TªW¢T§ ¡÷¶�«Q�y¢T­�¢
(s, d)

¤ §X¢f E±=¤E �¢T§ ¡ ªT«Q WÑE¢
d

¨õ¶�ªT�yÄE±J¢T­�¢
(s+, min(∞,

5 − 0)
²�­s· ¡T·

(s+, 5)
²�¬�¢L¶Q¢À�y¥E E¡r¶=¡a£E¤�§¿§X¢f±W¨�¤�§X¢f£E�J�ÀªT«Q¬�§ �y¸
�J�W­J��¯=ªT¡a£E¤E½E¡a�E¤E¡	��¢

¥J�W­J�y±J¢�¶=�
­J�T¬u¤�ªT E«�ÑPû

. �TµEªT¡q­E³TªW¢T§ ¡é¶�«Q�y¢T­�¢
(d, a)

¤ §X¢f E±=¤E �¢T§ ¡ Â �TµEªT¡q­E³TªW¢T§ ¡BÃ�ªT«Q WÑE¢
a
¨ ¶�ªT�yÄE±J¢T­�¢

(d+, min(5, 1 − 0)) = (d+, 1)
û

. �TµEªT¡q­E³TªW¢T§ ¡�¶�«Q�y¢T­�¢
(a, b)

¤�§X¢f E±=¤E �¢T§ ¡ Â �TµEªT¡q­E³TªW¢T§ ¡BÃ ªT«Q WÑE¢
b
¨l¶�ªT�yÄE±J¢T­�¢

(a+, 1)
û

à�¾�"



. �TµEªT¡q­E³TªW¢T§ ¡l¶�«Q�y¢T­�¢
(b, t)

¤�§X¢f E±=¤E �¢T§ ¡�ªT«Q WÑE¢
t
¨�¶�ªT�yÄE±J¢T­�¢

(b+, 1).
��
��������/�	� å�«Q WÑJ«!­

t
¡;�TµEªT¡q­J¡a�s²Q±= �¢fÄ���¢�¢f£E���y E¤�­E«!§X¢�¬�¢�­E«Q �¨�¡a�J¡;��¢�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢

ªT¡a E¤E�y¢E·Jßi�yªT¤E³W­�¥J�W­J�y±
f1

Â ½E¡a E­s·!¾a¦=Ã�¤�§X¢;ªT¡a£E¤E½E¤E��¢
val(f1) = 1.

×i�E¯T£E¤E �¢T§ ¡
§X¢f E±=¤E E�yªf°
±=¤�­J¡�¤�¨�¡
ªT E«�Ø�¢T§ ¡���¢ ��
��������0� ·

1�¡a¬u¯T£�­�¢T­E¤�­J¡l�W­�¤E¬u¥E«Q£E�J¡a�E¤E¡q­J�/��¢/¢f£E���y E¤�­E«!§X¢�Ø/¡�¶Q¢f¶=¡q§À¬�¢;¯T£=¡q¨��J¡a�E¤E¡��B �¢f´ ¤E½E�J��·
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���

4,0

2,1

3,1

1,1 1,0

1,0

1,0
5,3

3,2

2,2
(−,∞)

(s+,4) (d+,3)

(c+,2)
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6

?�
�

�
���

4,1

2,1

3,2

1,1 1,0

1,1

1,1
5,3

3,1

2,2
(−,∞)

(c−,1) (a+,1)

(b+,1)

(s+,4) (d+,1)

Á�ernWmE� � | Á�ernWmE� � b
ß�¢T§ ¡a E¡a��¢;¡�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢�¥J�W­J�y±J¢

f1
ªT¡a E¤E�y¢

(c, t), (d, c)
¤

(s, d).
ã ¢��J�yªT¤E³;¥J�W­J�y±

f2Â ½E¡a E­s·s¾aª=Ãu²J¤�§X¢T§ ¡
val (f2) = 3.

ä ­J�J�yªT�;¢f�E¯T£E¤E �¢T§ ¡�ªW¨�¤E½E±=¤�§X¢f E±=¤E E�yªT±=¤�¤�¨�¡
ªT E«�Ø�¢T§ ¡
��¢ ��
��������2� ·

ß�¢T§ ¡a E¡a��¢�¡/¯=ªT¡a£E¤E½�¢fªW¢yØ�¢�ªT¡a E¤E�y¢
(b, t), (d, b), (d, c), (a, c), (s, a)

· ã ¢��J�yªT¤E³�¥J�W­J�y±
f3¤�§X¢T§ ¡

val (f3) = 4.
Â ½E¡a E­s·Q¾a�fÃu·J×i�E¯T£E¤E �¢T§ ¡�§X¢f E±=¤E E�yªT±=¤�­J¡l¤�¨�¡�ªT E«�Ø�¢T§ ¡���¢ ��
��������3���
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?�
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�
���

4,2

2,2

3,3

1,1 1,0

1,1

1,1
5,3

3,1

2,2
(−,∞)

(b+,1)

(s+,3) (a+,1)
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6

?�
�

�
���

4,2

2,2

3,3

1,1 1,0

1,1

1,1
5,3

3,1

2,2
(−,∞)

(s+,2)

(s+,2) (d+,2)

Á�ernWmE� � g Á�ernWmE� � e
ß�¢T§ ¡a E¡a��¢;¡�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢�ªT¡a E¤E�y¢

(b, t), (a, b), (s, a)
· ã ¢;¥J�T£E¯=½E¡a�E¤E³;�J�yª;¥J�W­J�y±

f4
¤�§X¢T§ ¡

val (f4) = 5
Â ½E¡a E­s·Q¾�¶!Ãu·Jøw�yªW¢�¡�¤�§X¢f±W¨�¤�§X¢f£E�E¤E³W­�¥J�W­J�y±��W­

s
¶=�

t
²J­E«QÄ�±J¢T­J��ªT E«�Ø�¢f�J¡q­J�

±=«!§ ��
��������2� ªT�q¶�¤�¶=��¨�¤�­E¯=¢fµE¤E³W­�¢�ª/½E¡a E­s·s¾a¡T²�­s· ¡T·J�E³W§X¢;¶� E¯=�B¤�ªT«Q WÑW�yªT¡T²=±T�y¤�­J�;§ �T�y¢T­
¶Q¢
¨�¡�§X¢f E±=¤E �¢T­s·Eå�«Q WÑJ«!­

t
�J¡�§ �y¸�¡�¶Q¢
¨�¡
�TµEªT¡q­E¤s²=±= �¢fÄ©��¢
¢f£E���y E¤�­E«!§X¢E·Eái�W­J�y±=«!­

f4
¡

§X¢f±W¨�¤�§X¢f£=¡a�s·
Ú��T�y¢T­J��ª3¤E¬rÑW�q¶���¢T­�¢	§@ E¡u¸�¢3¨�«�Ø/¡q¨a­EªT¯=ªW¢T­3�E³T±T�T£E±T��¤E¬�­J�B½E�E¤E±J¢	¤ �E³T±T�T£E±T��±= �¢fÄE�E¤

¥E¯=�E±J­�¢/¡�¶=�W¨a­�¢T­E«Q½E�J�/§@ E¡u¸�¢T­�¢�¶Q¢�¨�¡
¶=�y¥E«Q£E�E¤�¨
¡r¶�¤E���B£�¢fªT¡a��¤E¬�­J�B½E�E¤E±
S
¤�¡r¶�¤E���B£�¢y°

ªT¡a� ±= �¢f¡a� ¥E¯=�E±J­
T
·54i¬�­J�B½E�E¤E±=«!­

S
¨�¡	¨�ªT«Q E¬uªW¢L¨��W¨a­�¢f��¢f£E¤�­J¡�¤E¬�­J�B½E�E¤EµE¤�½E E¡a¬�¶�«Q�B¤

¨
�J¡a�T�B �¢f�E¤E½E¡a�3±J¢f¥�¢fµE¤�­J¡q­s²s¢©±= �¢fÄE�E¤�­J¡
¥E¯=�E±J­J�yªT¡
¨�«�Ø/��¨�¡�¨�ªT«Q E¬uªW¢T­L¨
T
½E E¡a¬;¶�«Q�B¤&¨

�J¡a�T�B �¢f�E¤E½E¡a��±J¢f¥�¢fµE¤�­J¡q­s·

6 »�Z/AXæT:=< >@H ç�¹ èyC\H çX<@?TGWV G2V@C)ì :QHI:=O¿?2¹�> V >@¹�CWAXV@C87 GWV@CP» ¼�¢� �¢f¬u�B£=¡r¶Q¢T§ ¡
ªT­J�y �¢T­�¢�¬�¢f¶Q¢B½�¢i´��y �§@¯T£E¤E �¢f��¢�ª�¥E E¤�§ ¡a ©¾T²y­s· ¡T·y­E«Q �¨�¡a�J¡���¢�¥J�W­J�y±�¨�ªT¡a£E¤E½E¤E��¢

v
¡r¶�¤E�E¤EµE¤

à�¾aà



¤À§@¤E�E¤�§X¢f£E��¢�µJ¡a��¢E·9, ¡�¨�½E¤�­�¢T§ ¡T²s½E¡
µJ¡a�E¤�­J¡�¨a¢�µJ¡a£E¤3½E¤�¨�£�¢ Â ¥E s·:"E² Ù * £Eª�·
=
"WÙ * ¨a­s· Ãu·

;i¡a�E¤�­J¡���¢;ªW¨�³T±J¢�¶�«Q�y¢
(i, j)

Ø/¡�¦W¡a£=¡u¸
¤�§&¨
a(i, j)

·
Y UPG=ü�V@C©CWAXæT:=< >@H ç�¹�C3ýþºWÿ��J×i£E���y E¤�­E«!§@«!­;¬�¢
­E«Q �¨�¡a�J¡w��¢�¥J�W­J�y±�¨l§@¤E�E¤�§X¢f£E��¢�¨a­J�yÄJ°

�J�W¨a­
ùT¨�¡��y¥E¤�­EªW¢�¶Q¢l¥E E¡a�J¡q¨�¡�úP�W­
s
¶=�

t
§X¢f±W¨�¤�§X¢f£E�J�lªT«Q¬�§ �y¸
�E¤E³l¦f E�yÄ�¡r¶�¤E�E¤EµE¤��W­�¥J�W­J�y±J¢E²

¬�¢�ªW¨�³T±J¢��W­�±T�y¤�­J���T¦yØ�¢T­�¢
µJ¡a��¢�¬�¢�¥E E¡a�J�W¨�ª
§@ E¡u¸�¢T­�¢
¡
p
Â £=¡aªW¢WÃu²=±J¢T­J��¥J�W¨�£=¡r¶=�yªW¢T­J¡a£E�J�

p = 0, p = 1, p = 2, . . .
·Tái E¤
£E¤E¥E¨a¢���¢�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢�ªT¡a E¤E�y¢���¢�µJ¡a��¢

p
£=¡aªW¢E²y¢f±T��¥J�W­J�y±=«!­

�J¡
¡�§X¢f±W¨�¤�§X¢f£=¡a��¨�¡
¯=ªT¡a£E¤E½�¢fªW¢T­�§X¢f E±=¤E �¢yØ
¤�­J¡�½E¤�¨�£�¢
p(x)

��¢/�J¡a�TµEªT¡q­J¡a�E¤�­J¡�ªT«Q WÑW�yªT¡�¨
¾�¤©�W­J�J�yªT��¨�¡
¥E E¤E£�¢f�y¢/¢f£E���y E¤�­E«!§X¢���¢�<
�y J¶���<�¢f£E±T¡a �¨��y�s·

¼�¢� �¢f¬u�B£=¡r¶Q¢T§ ¡
¯=ªT¡a£E¤E½�¢fªW¢yØ�¢
(s − t)

ªT¡a E¤E�y¢E²�¬�¢
±T�T³W­J�
­J¡a�B£�¢T­�¢/��¢/¶�«Q�B¤�­J¡;¨a¢�¨�«Q�W­J°
ªT¡q­J�E¤�­J¡�µJ¡a�E¤©¬�¢;¥E E¡a�J�W¨���¢;¡r¶�¤E�E¤Eµ�¢/¥J�W­J�y±!·

�

��

�

��

�

��

�

��

�

��

-�- -s a b c t
4

p(s)=0

2

p(a)=4

1

p(b)=6

3

p(c)=5 p(t)=8

ä ½E¡aªT¤J¶��J�LªW¨�³T±J¢	¶=�y¥E«Q£E�E¤�­J¡a£E��¢�¡r¶�¤E�E¤Eµ�¢L��¢�¥J�W­J�y±J¢E² ¥E E�W­E¤E½�¢yØ�¢�¥J�3­�¢f¬u¤�ªT¡a E¤E�y¢E²
ùyØ/¡
¨a­E E¯=ªW¢sú

p(t) = 4 + 2 − 1 + 3 = 8
Â £=¡aªW¢E²

$
¤©­s· �s· Ãu·

å&�T¦yØ
¤E³
¨�£E¯=½�¢fÄs²f �¢f¬u�B£=¡u¸�¶Q¢f�E¤E³W­;¢f£E���y E¤�­E«!§���¢T§@¤E �¢�¯=ªT¡a£E¤E½�¢fªW¢yØ�¢�ªT¡a E¤E�y¢E²fª
±T�T³W­J�
¨�¯J§X¢T­�¢	�W­&µJ¡a�E¤�­J¡���¢�¥E �¢fªT¤�­J¡�¶�«Q�B¤�§@¤E�E¯J¨©¨�¯J§X¢T­�¢	�W­&µJ¡a�E¤�­J¡���¢��T¦f �¢T­J�E¤�­J¡/¶�«Q�B¤ ¡
 �¢fªT��¢���¢

p
· Â ái �¢fªW¢�¶�«Q�y¢ � ¶�«Q�y¢/�W­

s
±=«!§

t
· Ã

ß�¢3¥E �¢f±J­E¤E±J¢L¢f£E���y E¤�­E«!§@«!­��TµEªT¡q­E³TªW¢	¶�«Q�B¤2¤�ªT«Q WÑW�yªT¡T²X±J¢T­J�L��¢3ªW¨�¡a±=¤ ªT E«�Ñ
x
¨�¡

¨�«Q¥J�W¨a­�¢fªT³;§X¢f E±=¤E �¢yØ/�/½E¤�¨�£=�
p(x)

¥J��¨�£=¡r¶��E¤E³;��¢B½E¤E�sâ

(1)
p(s) = 0; p(t) = p; 0 ≤ p(x) ≤ p,

¥E E¤
x 6= s, t,

p(y) − p(x) = a(x, y),
¥E E¤

(x, y) ∈ I, R.

p(x) −
µJ¡a��¢T­�¢E²W��¢/±T�T³W­J�
¶=�/ªT«Q WÑE¢

x
§ �y¸�¡�¶Q¢
¨�¡�¥E E¡a�J¡q¨�¡
¾�¡r¶�¤E�E¤Eµ�¢

, ¡
¤E£���¨a­E E¤E �¢T§ ¡
¢f£E���y E¤�­E«!§X¢�¬�¢/­E«Q �¨�¡a�J¡���¢;¥J�W­J�y±
¨
§@¤E�E¤�§X¢f£E��¢
¨a­J�yÄE�J�W¨a­s·
F©< >@¹�GW< 6 »Eå&§@ E¡u¸�¢T­�¢E²y¤E¬u�T¦f �¢f¬u¡a��¢i¥J�=� ¶=�T£E¯!²y��¢
ªW¨�³T±J¢i¶�«Q�y¢�¨a¢
¨�«Q¥J�W¨a­�¢fªT¡a�E¤;¥J��­E E¤

½E¤�¨�£�¢ � ¥E«Q EªT�W­J�;¡
±J¢f¥�¢fµE¤�­J¡q­E«!­���¢;¶�«Q�y¢T­�¢E²JªT­J�y E�W­J��¡
µJ¡a��¢T­�¢�¬�¢;¥E E¡a�J�W¨���¢;¡r¶�¤E�E¤Eµ�¢
¥E E�q¶�¯=±=µE¤E³�¥J��¶�«Q�y¢T­�¢E²X¢L­E E¡q­J�W­J��¡©ªT¡a£E¤E½E¤E��¢T­�¢���¢�¥J�W­J�y±J¢E· ß�¢T§ ¡a E¡q­J¡�¥J�W­J�y±L�W­3¶�ªT¡
¡r¶�¤E�E¤EµE¤�¨
§@¤E�E¤�§X¢f£E��¢/µJ¡a��¢E·
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a b

t

d c

1,4,0

1,3,0

2,1,0

2,1,0 2,1,0

2,1,0

1,2,0

4,3,0

6

?

s

å2��¢B½�¢f£=�W­J��ªW¨�¤E½E±=¤©§X¢f E±=¤E �¢yØ
¤©½E¤�¨�£�¢/¨a¢;�E¯T£E¤s²�­s· ¡T·

p(s) = p(a) = p(b) = p(c) = p(d) = p(t) = 0.

åw¨�¤E½E±=¤;¶�«Q�B¤
¤/ªT«Q WÑW�yªT¡T²y¨w¤E¬u±=£���½E¡a�E¤E¡l��¢�ªT«Q WÑE¢
s
Â ­J�yÄ�Ø/¡l¦T«�¶=¡l�TµEªT¡q­J¡a��ªT¤E��¢f�B¤QÃ@¨a¢

�J¡a�TµEªT¡q­J¡a�E¤s· ã ¢/±= �¢T­E±T�W¨a­�Ø/¡�¤E¬u£=�y¸
¤�§& E¡a¬u¯T£�­�¢T­E¤�­J¡��W­©¤E¬u¥E«Q£E�J¡a�E¤E¡q­J����¢�¢f£E���y E¤�­E«!§X¢
ª
­�¢f¦T£E¤Eµ�¢E·

à�¾ *



4�­J¡)�
p(s) p(a) p(b) p(c) p(d) p(t)

ä µEªT¡q­J¡a�E¤ ä µEªT¡q­J¡a�E¤
 �¢fµE¤E³ ¶�«Q�B¤ ªT«Q WÑW�yªT¡

0 0 0 0 0 0 0
ßi³W§X¢

s

1 0 1 1 1 1 1 (s, d) s, d

2 0 2 2 2 1 2 (s, d) s, d

3 0 3 3 3 1 3 (s, d), (d, c) s, d, c

4 0 4 4 3 1 4 (s, d), (d, c), (s, a), (c, b) s, d, c, a, b

5 0 4 4 3 1 5 (s, d), (d, c), (s, a), (c, b), (b, t) s, d, c, a, b, t

å�«Q WÑJ«!­
t
¨�¡;�y±J¢f¬uªW¢/�TµEªT¡q­J¡a�s·Qái��¯=ªT¡a£E¤E½�¢fªW¢yØ�¢T­�¢;ªT¡a E¤E�y¢

(s, d), (d, c), (c, b), (b, t),§ �y¸�¡q§�¶Q¢w¥E E�y¥E¯J¨��J¡q§�¡r¶���¢w¡r¶�¤E�E¤Eµ�¢w¥J�W­J�y±l�W­
s
¶=�

t
·#��ªT¡a£E¤E½�¢fªW¢T§ ¡@¥J�W­J�y±J¢�ª�¨�«Q�W­EªT¡q­J�E¤�­J¡

¶�«Q�B¤
f(s, d) = f(d, c) = f(c, b) = f(b, t) = 1.

øw�T¬u¤À¥E E¡a�J�W¨�¨�¡��W¨�«�Ø/¡q¨a­EªT³TªW¢���¢	µJ¡a��¢
Â  �¢f¬rÑW�q¶�¤QÃ

p(t) = 5
£Eª�·

ái�T£E¯=½E¡a�E¤E³W­�¥J�W­J�y±��J¡�¡;§X¢f±W¨�¤�§X¢f£=¡a��¬�¢�¤E¬rÑW�q¶��E¤E³
�B �¢f´l²Q¬�¢yØ/�W­J��¨�£=¡r¶	¥E E�TµJ¡r¶�¯= �¢T­�¢
ùf�TµEªT¡q­E³TªW¢f�J¡/��¢�ªT«Q WÑW�yªT¡q­J¡�ú
¥E E¤&¥J�yªT­J�y E�J��¥E E¤E£�¢f�y¢f�J¡���¢�¢f£E���y E¤�­E«!§X¢�¬�¢�­E«Q �¨�¡a�J¡���¢
¯=ªT¡a£E¤E½�¢fªW¢yØ�¢/ªT¡a E¤E�y¢E²�ªT«Q WÑJ«!­

t
Ø/¡;¨�¡��y±J¢f¸�¡
�W­J�J�yªT�/�TµEªT¡q­J¡a�s²�­s· ¡T·Q¨�«�Ø/¡q¨a­EªT¯=ªW¢/¯=ªT¡a£E¤J°

½�¢fªW¢yØ�¢���¢f£E¤E½E�E¤E³/¥J�W­J�y±
ªT¡a E¤E�y¢E·
4�­J¡)�

p(s) p(a) p(b) p(c) p(d) p(t)
ä µEªT¡q­J¡a�E¤ ä µEªT¡q­J¡a�E¤

 �¢fµE¤E³ ¶�«Q�B¤ ªT«Q WÑW�yªT¡
6 0 4 4 3 1 5 (s, d), (s, a) s, d, a

7 0 4 5 4 1 6 (s, d), (s, a) s, d, a

8 0 4 6 5 1 7 (s, d), (s, a) s, d, a

9 0 4 7 6 1 8 (s, d), (s, a), (a, b), (b, t) s, d, a, b, t

ái�;ªT¡a E¤E�y¢T­�¢
(s, a), (a, b), (b, t)

§ �y¸�¡q§�¶Q¢�¤E¬u¥E �¢T­E¤�§3¨a¢T§ ��¡r¶���¢�¡r¶�¤E�E¤Eµ�¢�¥J�W­J�y±��W­
sª

t
²E¥E E¤© �¢f¬rÑW�q¶�¤�¬�¢;­J�T¬u¤�¥E E¡a�J�W¨

p(t) = 8
·

ái�T£E¯=½E¡a�E¤E³W­�¥J�W­J�y±;¨�ªT¡a£E¤E½E¤E��¢/Ù�¡r¶�¤E�E¤EµE¤�¡�§X¢f±W¨�¤�§X¢f£=¡a��¥J�W­J�y±;¬�¢�§@ E¡u¸�¢T­�¢ Â ¥E E�yªT¡�°
 E¡q­J¡BÃ�¨�§@¤E�E¤�§X¢f£E��¢
¨a­J�yÄE�J�W¨a­� �¢fªT��¢���¢©¾�"�£Eª�·

>?4�ø5@51�×�øA�?1�×
[1] E. Minieka. Optimization Algorithms for Networks and Graphs. New York and Basel,

Marcel Deker Inc., 1978.
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FLOW ALGORITHMS FOR GRAPHS AND NETWORKS

Borislav Petrov Yurukov, Kostadin Petrov Kalinov,

Ivan Assenov Mirchev

One of the ten developed educational units is considered in this paper. The objective
is to investigate possibility for teaching some elements of mathematical optimization
at upper-secondary school level. The flow algorithms are an important class of opti-
mization algorithms for graphs and networks, which are easily internalized. They do
not require a lot of previous knowledge and they are attractive for many people. The
only notions of graph, path and tree are necessary. The intuitive approach was used
in this unit and it gives the students the chance to obtain ideas about modelling by
using graphs without unnecessary formalization and details. This fact and the ap-
plied characteristics of the subject matter have positive influence upon the interests
of the students.
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