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R-CORRESPONDING NETS IN V,,

Ivan A. Badev

Using the tensor of Richi R-corresponding nets are introduced. With the help of the
found relations between the coefficients of the derivative formulae, invariant charac-
teristics of orthogonal and equidistant nets are obtained.

1. Let the Richi tensor R;s # 0 in a Riemannian space V,,. With the help of the
mutual tensor ¢* of metric one ¢;5 we introduce

(1) R =Rix gks.
The net (11),12J, ...,v) is defined by the independent unit fields of vectors v* (a =
n «@
1,...,n) in the space V.
We determine the net (110, w,... ,w) € V,, with the independent fields of directions
n
(2) w' = Riv*
(03 (e}
Definition 1. The nets (11), Uy ,v) and (7{1, w, ... ,w) will be called R-corresponding.
n n
Let the derivative formulae are:
. a . . [ .
(3) VkUZ = Tk ’UZ, kaz = Pk’UZ.
a a O « a O

From (2) and (3), we obtain:
Viw' = Pow' = Vi (Ry ") = Vi RL v+ RIV, 0 =V B v* 4 RLT o
Thus we find: i
(4) Pr w=ViR v* +R.T v
a0 a oo

from here we find
(5) [(ﬁk - Tk) R — VRgag] v® = 0.
« « [ea
As v® are independent, from (5) it follows
<ﬁk i'“k> R\ — VRI67 = 0.
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Thus we prove:
Theorem 1. The coefficients of the derivative formulae (8) for R-corresponding nets

(11),3,...,71{) and (7{),%1,...,17111) satisfy

Pk:Tk, OL%O'; <Pka> Rz:ndRi
« [eY « e}

Corollary 1. If the net (11J, Ui ,g) and the net (110, w, ... ,17111) are orthogonal then the
Richi tensor of the space V,, is co-variant constant.

Proof. Since the (11J, v, ,g) net and (110, w,..., 17111) net are orthogonal then according
to [1] we have ggk) = (ﬁj = 0. That means that V,R. = 0 and using (1) we obtain
ViR =0, () (@)

Corollary 2. The field v* (respectively w') is parallely translated along the lines (v)
(respectively (w)) if and only if the field w® (respectively v*) is parallely translated along
(03 (03 (03
the lines (g) (respectively (151))

Proof. It follows from the fact [1] that the fields v* and w® are parallely translated
« «
along the lines (16)) if and only if the conditions (6) T} 16)’“ =0, P ’tﬁ)k = 0 are fulfilled.
« «

Corollary 3. The field v* (respectively w®) is geodesic if and only if the field w*

(respectively v*) is parallely translated along the lines (v) (respectively w).
« « «

Proof. Really, from T} v*¥ = 0 and (6) we obtain the statement.
o O

2. Let I'% are the coefficients of the connection of the space V,. Let them be
determined by the metric tensor g;s. Then:

1
Ffs = Egkm (6igms + asgim - 8mgis)-

In the space V,, introduce the connection
1
GF, = §ka (0i - Rins + OsRimn, — Om Ris)

where the tensor RF™ is the mutual of the Richi tensor R;s;. Denote the co-variant
derivative in the connection G by 'V. Then:
(9) 'ViRis = 0.
Denote the Riemannian space V, with a metric tensor R;s by V.

Proposition 1. Vector fields gz and gﬂ (a # B) are orthogonal in V,, if and only if
the net is orthogonal in the V,,.

Proof. From (1) follow the equations:

gisgigs = gisginng = gisgigs”Rpmgm =oF Rpmgigm = Rz-mgfgm, a# B
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or
10 sV 0% = R;gv'v®, «o .
(10) gis¥'y vy #
Proof. The field v* in the space V,, is orthogonal of the field w' (a # 3) <=
« «
gisv'w® = 0. The net (v,v,...,v) is orthogonal in the V,, <= R;,v'v® =0, a # f3.
a B 1°2 n a f3
Thus from (10) the truth of the proposition follows.

3. Introduce the co-vectors:

(11) gs = gisgi7 g}s = gisgji-
We shall prove:
ag g
(12) Vivs = Tj v, Vkwg = P, wg.
a a O « a o

o . o i o
Let Vivs = Qi vs. From (3) and (11) we obtain Vj, (gis’u’) = gis Tp V" = T} vg, OT
[eY a O el a O a O
o [eg
Qr =Tk .
« [e3
From (1), (2) and (11) it follows:
R;;’ngis = gikapvkgis = &ngpvk = Rksvk7
(03 « « (e}
or
Wg = Rks’Uk
(0% «@
g

Let V,ws = S; ws. From (1), (2), (3) and (11) we find:
[e3 e} o

m

vk gisg) ) Pk gzsw = Pk gzsRZ =

N\

. [ea [ea .
=V (giswz) = Py, gisw' Pk gisR:, V" = Pi gisg" Rmpt™ =
[0 «

= Pk 5£Rmp’l)m = Pk Rms’um = kas.
e g « o «
From (2), (11) and Vkvs = §k ws we find:

kas = Sk gww = Sk gwR U = Sk Gisg" Rmpvp Sk o Rmpvp Sk Rsmv
or
Following [2] and [3] we define:
Definition 2. We shall call a net ( v, ,Z’L)) € V,, equidistant one if

(13) v

Proposition 2. R-corresponding nets (11), v, ,v) and (7{), w,... ,w) are equidistant
n n
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the in Riemannian space V., if and only if

Z::Z‘“ kvi] ;P[kR(Z]mgm =0.

Proof. From (12) and (13) follows that the net (111,12), ...,v) € V, is equidistant if
and only if the first equation of (14) holds. The net (110, W, ... ,w) € V, is equidistant if
and only if

Hence and from V,w, = Pk Rmévm it follows that the net ( w,...,w) € V, is

T’ n
equidistant if and only if the second equation of (14) holds.
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R-CbOTBETHUN MPE2KIN B n-MEPHO PUMAHOBO
ITPOCTPAHCTBO V,,

NBan AranacoB Banes

W3nos3Baiiku Ten3opa Ha Puyn BbBekgame R-CHOTBETHH MPEXKU B N-MEPHO PHMa-
HOBO TTpOCTPaHCTBO. C MOMOIINTa HA HAMEPEHUTE BPbH3KU MEXKJIy KOeMDUIIMEHTUTE OT
JlepuBaIMoHHNTe (DOPMYJIH IOJIydaBaMe WHBAPUAHTHU XaPAKTEPUCTUKU HA OPTOrO-
HAJIHM U PABHOI'LTHU MPEXKHU.
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