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TRANSFORMATIONS OF THE SHAPE SPHERE"

Georgi Hristov Georgiev, Radostina Petrova Encheva

Two representations of the classes of similar triangles are the extended plane and the
shape sphere. Using the shape theorems for triangles we construct some bijective
maps of the shape sphere onto itself preserving the first collision point and obtain the
explicit equations of these maps.
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1. Introduction. The equivalence classes of triangles with respect to the similarity
transformations of the Euclidean plane to itself can be expressed by the points in the
extended plane £2 = C U co. The main advantage of this representation is the first and
second shape theorems for triangles proved by J. Lester in [3]. These theorems define
two correspondences of the extended plane to itself: three-to-one and four-to-one. Fixing
four or five points, we may consider one-to-one correspondences of £2 onto itself. It is
well-known that the complex projective line P! (C) = C U o is homeomorphic to the
two - dimensional sphere (see [1, ch. 4]). But the two-dimensional sphere S C R?
with radius % (so called a shape sphere) gives another representation of the classes of
similar triangles. Using a conformal map of the extended plane onto the shape sphere we
can construct certain bijective transformation of the shape sphere. We observe that the
considered transformations are conformal mappings preserving the first collision point

and derive their explicit equations.

2. Classes of similar triangles. The extended plane R? U oo, or equivalently
the complex projective line C U oo, can be used for a representation of the equivalence
classes of triangles with respect to direct similarities in the plane. J. Lester applied
this representation for the study of the Euclidean plane (see [3] and [4]). We recall
some basic definitions and assertion from her complex analytic formalism. Identify the
Eclidean plane R? with the field of the complex numbers C. Let p,q,r € C be three
points and let at least two of them be different. Then, the number

p—r
Apar — € CUoo
is called a shape of the oriented triangle pqr. It is clear that Apqy = oo iff p = q. For
any degenerate triangle with p # q, Apqr € R. In particular: if r is a midpoint of the

1
segment pq, then Apqr = 5; if q is a midpoint of pr, then Ayqr = 2 and if p is a
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midpoint of qr, then Ayqr = —1. Similarly, p=r <= Appr =0andgq=1r
Apgr = 1. Thus, all degenerate isosceles triangles are described in terms of shapes. It is
clear that the non-degenerate triangle pqr is right-handed iff Im Apq, > 0.

There is another way for a representation of classes of similar triangles (see [2]). The
points of the two-sphere S? with radius % also correspond to the equivalence classes of
triangles with respect to the direct similarities in the plane. This sphere is called a shape
sphere. The North and South pole, so called Lagrange’s points L+ and L™, correspond
to the classes of positive and negative oriented equilateral triangles. The points on the

equator represent all classes of degenerate triangles.

Fig. 1

Assume that the shape sphere S2 ¢ R? is given by the equation

:c% + :L'% + :L'% = 1
Then, we obtain the coordinates of all remarkable points on the shape sphere. For ex-
ample, LT(0,0,1/2) and L™(0,0,—1/2). The first Euler point E{(1/2,0,0) corresponds
to the degenerate triangle pqr in which r is a midpoint of the segment pq. The sec-
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~ Y2 o) and By [ -2, X2
TRV B VR

casses in which p and q are midpoints of the segments determined by the remaining two

ond and third Euler points Eg ,0 ] correspond to the

1
points. The antipodal points to the Euler points are the collision points C; <§, 0, 0>,

4 4 44
coinsidences p=q, q=r and r=p, respectively (see Figure 1). Obviously, the points
on the semisphere

1 1
Cq (— £,0> and Cs ( V3 0) corresponding to the degenerate triangles with

1
x%—l—x%—i—x%zz, x3 > 0,

represent all non-degenerate and right-handed triangles.
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Now, we consider a map o of the extended plane onto the shape sphere with the
following property: if £2 3 A 25 U € S2, then A and U represent the same class
of similar triangles. Suppose that the coordinate plane {z3 = 0} C R? coincides with
R? 2 C. Then the map o : 2 5 $?is represented by

C3 A= (z,y) = U= (u,u2,u3) € $?\ C1 and oo - C1,

where
2@ — 222 — 2% + 1
-
! 4(x2 4+ y2+1—12)
3(1—-2
4(x2+y2+1—1x)
21/3y
us =

422 +y2+1—x)

The reverse map o~ ! : $2 — £2 is defined by

S*\ C1 5 U = (u1,uz,us) A= (z,y) € C and Cy Cr—71>oo,
where
@ po L2 -, e,
2(1+2uy) 1+ 2uy 27"
We use the above formulas in the last section for obtaining of some mappings of the
shape sphere onto itself.

3. Linear and linear-fractional transformations of the extended plane.

The main calculating tool in complex analytic formalism introduced by J. Lester is
the first and second shape theorems for triangles (see [3]). We apply these theorems for
obtaining of some mappings of the extended plane onto itself.

Suppose that p,q, m; and mo are four fixed points in the Euclidean plane such that
P # q,m; # mo and p # mj, my. Let mg be an arbitrary point in the plane and let
A; (i = 1,2,3) be the shape of the triangle m;pq. Then A; # 1 for i = 1,2,3 and
A1 # As. Using the first shape theorem we calculate

A _ (1= 2A9)(A1— As) _ (1-=A1)(1—=2A9) 1 n 1— 2N,
s (1~ Az) (AL — Ay) Ny — N\ 1—-As A1 — ANy
But m; and ms are fixed and different points. Hence, the both complex numbers
(1=2A1)(1—=2A9) 1— Ay
= db=—"-—
¢ Ao—Dy N

are neither 0 or co. Setting

1 1
1—Amgpqg 1—243
we obtain that Am;mams = @2+b. Thus, we may consider the mapping ¢ of the extended
plane onto itself defined by

2= Apgms = e C,

CUx 3 2= Dpams — Dmymems = a2 +b € CUoo.
It is clear that ¢(z) = oo iff z = 00, i. e. the restriction ¢|c : C — C is a similarity. If
z=x+y4, 0(z) =2 =2 +y.i, a = a1 + az.i and b = by + bs.i, the restricted mapping
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¢|c is represented by the equations

¥ = a1x—ay+bh

(3) y/ = a2x + a1y + bg.

Let p,q,r,m; and ms be five different fixed points in the Euclidean plane and let
P, 9, r be non-collinear. If mg is an arbitrary point in the plane, we denote A} =
Amigrs Do = Dmgrps, D3 = Amgpq and A = Apgr. Using the second shape theorem
for the triangle pqr and the points my, ma, mg, we calculate
A AN — (1 — A1A3)(1 — A3)71 alNg +b
mimzms A(l — Alﬂg)(l — Ag)_l -1 - CA3 + d7
where a = (1 — A)A1(1 — As), b= (AL —1)(1 = Ay),
Cc = (1 - Ag) - (1 - A1A2)A and d = (1 - A1A2)A - (1 - Ag)
From mj # ms, it follows that
Al = A D) (1 —Ng) P —14#0.

Then, ¢ = —d # 0 and

ad —be=(1—A1)(1 — Do) — (1 — Aq)(1 = Ao)(1 — A1 Ag)A #0.
Setting Amgzpq = A3~: z and Am;mams = 2’, We obtain a bijective transformation ¢ of
the extended plane £2 onto itself defined by

¥

az+b
CUo0 3 2= Almypq — Bmymoms = =z

cz+d
It is well - known that this linear - fractional transformation v is conformal. Moreover,
1 is not a similarity because ¢ = —d # 0.

€ CUoo.

4. Bijective mappings of the shape sphere onto itself. Using the mapping o
defined in Section 2, we can replace the extended plane by the shape sphere. Thus, we
construct some special bijections of the shape sphere.

Let ¢ : CUoo — C U oo be the transformation defined by the equations (3) for
z # 00 and oo % 50. Then we consider the composition ® = o o @ oo~ ! which is a

one-to-one mapping of the shape sphere S? onto itself.
Theorem 1. The transformation ® : S? — S? is a conformal mapping preserving
the point Cy. Moreover, ® is defined in the set S%\ Cy by the equations
v = 7f2(u1au27u3)7g2(u1au27u3)+h2(u1)
! 2{f*(u1,u2, u3) + g*(u1, u2,uz) + h*(u1)}
(4) U,I _ f(U,l,’U;Q,’U;g)h(U;l)
2 f2(ur,uz, uz) + g2 (ur, uz, ug) + h?(u1)
uh = g(u17u27u3)h(u1)
° f2(ur,uz,us) + g2 (u1, uz, uz) + h2(wr)’

where S?\ Cy 2 U = (u1, ug, u3) 2, (uh, ub,ul) =U" € S?\ Cy and

flur,uo,u3) = (I—a f2b1)(1+2u1)+2\/§(a1uQ+aQU3),
g(ul,ug,ug) = (ag + 2()2)(1 + 2“1) — 2\/§(G2U2 — a1U3),
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Proof. Both mappings o and o~! can be represented as a product of a stereographic
projection (or its reverse mapping) and a linear-fractional mapping. Hence, the trans-
formation ® is conformal as a product of three conformal mappings o1, ¢ and ¢. From
the equations (1) and (2), we have

-1
SQBC’lg—»ooLooL»C’l.
Let U = (ul,’u,g,U3) S 52\01. Then
14 2u; —2v/3us  V3us

—1 o o .
o U)=z=x+yi= 301+ 2u) 1+2u11'
Using (3), we get ¢(2) = 2/ = 2/ + ¢/.i, where
L = a1(1 + 2u1 — 2\/§u2) — 2\/§a2’U3 + 2b1(1 + 2114)
B 2(1 4 2uq)
(5)
;L ag(l + 2u1 — 2\/§u2) + 2\/§G1U3 + 2b2(1 + 2114)
vo= 2(1 + 2uy) '

Finally, the image of 2z’ € £2 under the mapping o is the point U’ € S? \ C; which
coordinates are
, 22 — 22" — 2y + 1
4(x/2 + yl2 + 1— xl)
, V3(1 — 22")
4(:5/2 + yl2 + 1— l‘l)
uf = 2v3y’ :
4(:Cl2 + y/2 +1-— :C’)
Substituting ' and y’ by the right-hand sides of (5), we obtain (4). This completes the
proof. _ B
The same approach can be used for the mapping 7 : £2 — £2. Then the composition
U = gooo! alsois a bijection of the shape sphere. Since ¢ is a linear-fractional
transformation different from a similarity, the bijection ¥ : §? — S? is a conformal
transformation which does not preserve the point Cj.
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IIPEOBPA3YBAHUIS HA IIIEMII COEPATA

T'eopru Xpucros I'eoprues, Pagoctuna Ilerpoa ExnueBa

IlBe mpeicTaBsHNSA Ha KJIACOBETE OT MOMOOHN TPUBHI'bJIHUIM Ca PA3IIUPEHATA PABHU-
Ha U 1mein cdepara. V3mnorsBaiiky mein TeopeMuTe 3a TPUbI'bJIHUK, KOHCTPpYHpaMe
HSIKOW OMEKTUBHU N300parKeHUsI BbPXY NI cepaTa 3ana3Balli MbPBaTa, TOYKA Ha
CHBITaJIaHE U IOJIydaBaMe B SBEH BHJ] YPABHEHUATA HA TE€3U U300PaAKEHUsI.
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