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LOWER ESTIMATOR OF A NUMBER OF POSITIVE
INTEGERS h, FOR WHICH EXIST INFINITELY MANY
PRIMES h-TWINS"

Tatiana Liubenova Todorova

In this paper the upper estimator for module of sum of complex functions of inte-
ger argument is obtained. The number of positive integers h, for which there exist
infinitely many primes p such that p 4+ 2h is prime, is derived too.

1. Introduction. One of the ancient problems in number theory is the hypothesis
for the number of twin primes. It states that exist infinitely many primes p, for which p+2
is prime, too. In 1919, W. Brun proved, that there are infinitely many natural numbers
n, such that n and n 4 2 possess not more than 9 prime divisors. The positive integers p
and p + 2h are called h-twins, if they are simultaneously primes. In 1923 G. Hardy and
J. Litlewood introduced the hypothesis, that number of primes p < N, N € N, such that
p+ 2h (h € N) is prime, is given by the formula:

Z(N, 2h) 2Hp Hp HN,

p>2 2< /h

where: Z(N,2h) = Card{p € N:p < N, p,p+ 2h — primes}; “p/h” denotes that p
divides h; if h = 2%,k € N the second product is equal to 1. In 1961, A. Lavrik [3] proved
that the equality
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1 T T — X n mor n ———-
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numbers; where: M is a constant, M € (1,00); the number v and remainder term in
N
equality (1) depend only on M. The constraint h € NN <0 5Tn N) is due to the fact

there not enough good estimate for the number of primes in arithmetic progressions with
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N

difference greater than N Using sieve methods H. Halberstam, H. Richert [1] (Th
n

3.11, ch. 3, § 7, [1]) received for Z(N,2h) the following estimator:
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which is the best one till now.
We shall use the following notations:
m1, ma, k,h, N € N — positive integers;
p — prime number;
m(N) = > 1 - the number of primes p < N;
p<N
[a] — the integer part of a, resulting in the greatest integer less or equal to a;
A(n) — is Mangold’s function:

| Inp, formn= pF
Aln) = { 0, for n # pk.
Z(N,2h) = 3 1=Card{p € N:p < N,p,p+ 2h — primes} — number of
p<N

p,p+2h_—primes
primes p, such that p 4+ 2h is a prime, too.

The asymptotic law of primes distribution 7(N) ~

N
N is applied, too.
2. Main results. We shall prove the following generalization of Lemma 3, ch. 1, §
3, [2]:
Theorem 1. Let the following conditions hold:
1. ¢: (a,b] = C is a complex function;
2. q<[b]—[a], geN.
Then

M-l o |2
> el < 7 P lp(n)] + .

1
a<n<b r=1

> em)pn+r)|.
a<n<b—r

Proof. We set ¢(n) =0 for n € Z\ (a,b]. Then
S = Z o(n) = Zcp(ner), for m € Z.
a<n<b n
In this sum we have finitely many summands, so we can write:

S:éZZgo(n—i-m).

n m=1
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Using Cauchy’s inequality, we obtain:

b)) (2

n n

£ ).

m=1

From the fact that ¢(n) # 0 for [b] — [a] numbers it follows

|S|2 < [b] — [a’]

quj‘L] YN lemnP 2> Y et mpnts)|y <

m=1 n 1<m<s<gq

] —[a] & ) CIE
@) <=5 SN letm4n)P+2¢> | > e(n)@(n+1)

Further the proof of theorem is similar to the proof of Lemma 3, ch. 1, § 3, [2]. O
For op(n) = e*™/(") we obtain the statement of quote above Lemma:

Corollary 1. Let the following conditions be fulfilled:

1. f:(a,b] — R is a real function;

2. gin)=f(n+r)—f(n),n<(a,bNN, re[l,¢g—1]NN, g€ [2,[b] — [a]] "N;
Then

3 ] < ), |20 la) 5 > el

a<n<b \/a q r=1|a<n<b—r

Corollary 2. Let the following conditions be valid:
1. NeN;

1
. -1
2. €€ (2, ),
N
3. heNﬂ(O,E).

2¢e —1)N
Then there exist at least [ (2¢ )

e)N
11.2InlnIn(3N) '

1_
] numbers h, such that Z(N,2h) > (27
In®* N

N
A
Proof. We consider the sum S = E # The following equality is valid:
nn
=1

Aln 1 1
s =Y ﬁ:ZH Dot D o=

1<n<N p<N p<VN p< YN
1 1
=7(N)+ §w(\/ﬁ) + gw(\ﬁ/ﬁ) o
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Evidently

(4) S > 7(N).

A
Let ¢ € [1, N]NN. For ¢(n) = 1(n) applying inequality (3) one obtains the estimate:
nn

|S|2<_{7;1n21 +2qzzlnnln )}

From the above inequality and (4) we have:

(5) (W(N))2 < ol (51 + 2q52),

)\2n+m AN)A(n+7r
where S = Z Z 5’2:22 m

m=1 n=1

We shall evaluate the sums S; and Ss.
The following inequality is valid:

5 < zq: Nl (M)Qz zq: (7T(N)+2—127T(\/N)+3—127T(\3/N)+"') <

m=1

%Jr) Sqw(N)JrQqW(\/N)'

The definition of Mangold’s function yields A(n) # 0 for n = p¥,p > 2. Then:

(7) So = Sa1 + S5, where

q =R
B A(m)A(n + ) A(n)A(n + 2r)
521 = Z Z Innln(n+r)’ S22 = Z Z Innln(n + 2r)
r=1n=2k<N—r r=1 pn=pk<N-2r

p>2

The number of integers n = 2¥ < N is [logy N]. In accordance with Euler’s constant

n—00

|

C = lim ( E — —In n) = 0.5772..., we obtain for Sy; the following inequality:

v
v=1

q
1
(8) S <> > - <2qlnlogy N < dglnln N.
r=1k<[log, N]

We are going to show that:

A(n)A(n + 2r)
9) E Innin(n £ 2r) = < Z(N—2r,2r)+2InN.
n=pF<N—-2r
p>2
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For p > 2 and p, p + 2r — simultaneously primes the following equality is valid:

A(n )An+2r B 1
Z Innin(n + 2r) Z 1+ Z §+

n=pk<N-—2r p<N—-2r p2,p+2r<N
p>2
1 1 1
+ D 5t , > 3t Z, 3"
p,(p+2r)2<N p3,p+2r<N p,(p+2r)3<N
(1) LIPS D DI D S &
4 6 6

p?,(p+2r)2<N p3,(p+2r)2<N p2,(p+2r)3<N

The greatest k, for which p* < N, 2 < p < N is [logg N]. There are k — 1 summands
corresponding to any power k, k € [2, [logg N]] of the following form:

1
Z mlmg’

p"L,(p+2r)m2 <N

where m1 + mo = k; m1,ms € [1,k) NN. For k£ > 3 we have:

[logs N]

[logs N]
(11) > ( > m1m2)< Z k—<21nN
k=

k=3 Pl (p+2r) M2 <N
m1+mo=Fk

Applying the definition of function Z(N,2h), (10) and (11) we obtain the inequality (9).
Hence for S32 we derive the following estimator:

[434]

S22 <qInN + Y Z(N —2r,2r).

r=1
The above inequality and (8) yield:
(12) Sy <4glnlnN +gnN+ Y Z(N—2r2r).
1<r<[950]

Using (5), (6) and (12) we obtain:

(TF(N)) ’ < %{qﬂ(]\f) +2¢m(VN) 4 8gInln N+

(13) +2¢°InN+2¢ Y Z(N -2, 27~)}.

1<r<[452]

(1—-¢e)N

2

Let s be a number of positive integers 2r, 2r < N, such that Z(N — 2r,2r) > ZN
n

In accordance with (2) we have:

max Z(N —2r,2r) <

1<r<[M5E
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N -2 N
<56 sup 277“ max{2, sup Inlnln(3r)} < A(N)—
1<r 2yt (N = 2n) s<r<(5] ™ N

where A(N) < 5.6InlnIn(3N).
Therefore, it follows from the inequality (13) that:

2
N 2(q—s)N (1-¢)N 2N N
14 (N < —x(N)+ . 4+ —A——.
(4 (()>_q() q In* N ¢ In*N
N)InN N?
From the fact that Nlim V) In ¥ = 1, dividing both sides of (14) by N and
—00 n

performing the limiting conversion as N — oo we have:
In N
1< lim —— + lim 2<1 f>(1s)+ lim 24°.
N—oo @ N—o0 q N—oc0 q

Let ¢ = N. Then for enough large N the following inequality is valid:

< (26 = 1)N < (2 —1)N
- 24 ~ 11.2InlnIn(3N)"

S

The choice of number s and the above inequality yield the statement of Corollary 2.
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OIIEHKA OTIOJIY HA BPOSA HA YUCJIATA h, 3A KOUTO
CBIIECTBYBAT BE3BPOII MHOI'O IIPOCTU YUCJIA
h-BJIN3HAIIN

Tarsana JIrobenoBa Tomoposa

B craTuara e mosydena orneHKa OTrope 3a MOZYJIa Ha CyMa OT CTOMHOCTHUTE Ha KOM-
IeKCcHUTEe (PYHKIMU OT IEJIOYHUCIeH apryMeHT. HamepeHna e ornenka oTaos1y 3a 6post
Ha €CTECTBEHHTE 4ucJya h, 3a KOUTO CbINECTBYBaT 6e30poif MHOIO IPOCTH YHUCIA P,
TaKuBa 1Y€ P + 2h CbINO € IMPOoCTo.
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