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FOUR-DIMENSIONAL POINT-WISE HYPERSURFACE OF
CONSTANT TYPE

Yulian Tsankov, Maria Stoeva

Following Prof. G. Stanilov we investigate 4-dimensional point-wise hypersurface of
constant type in respect to the classical Jacobi operator and to the skew symmetric
curvature operator which is defined from him in 1989. Such manifolds are either
manifolds of constant sectional curvature or so called parabolical hypersurface without
plane points. In the second case one gets also so called hypersurfaces with IP-metric.

In the last 10 years there are many investigations about manifolds of point-wise con-
stant type. There are used usually the following curvature operators:

1. The classical Jacobi operator;
2. The generalized Stanilov-Jacobi operator [1, 2];
3. The skew-symmetric Stanilov curvature operator [1, 3, 4].

But as we know nobody until this time has investigated submanifolds in respect of
these three operators. Because of this we are very grateful to Prof. Stanilov for bringing
to our attention such problems.

We shall use some facts from [5] for hypersurfaces in the Euclidean space.

The curvature tensor for such a hypersurface M in R™ can be represented by the
equations

0 k#1i,j
(1) R(ei,ej)ek = 7)\i)\jej k=1 s
)\i)\jei k :j
where \;, i = 1,2,...,n are the eigenvalues of the symmetric operator A (the generalized
Weingarten operator in the classical differential geometry of the surfaces) and e;, i =
1,2,...,n are the corresponding eigenvalues, which form an orthonormal base. Here we

consider dimension n = 4. In this case the equations (1) can be written more detailed in
the following way:
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R(e1,e,e1) = —AiAg2ea  R(ez,e3,e1) =
R(e1,e2,e2) = MAaer  R(es,e3,e2) = *>\2>\3€3
R(el, €92, € 3) 0 R(EQ, €3, € 3) = )\ )\362
R(€1,62,64) 0 R(62,€3, 4) =0
R(e1,e3,e1) = —MiAzes  R(ez,eq,e1) =

(2) R(€1,63, 2) 0 R(62,€4, 2) = —)\2)\464
R(el, €3, € 3) —)\1)\361 R(EQ, €4, € 3) =0
R(€1,63,64) 0 R(62,€4, 4) = )\2)\462
R(€1,64,61) —)\1)\464 R(63,€47 1) =
R(el, €4, € 2) R(63, €4, € 2) =
R(el, €4, 63) R(63, €4, 63) —)\3)\464
R(e1,eq,e4) = )\1)\461 R(es, eq,e4) = AzAse3

The sectional curvature of the plane e; A e; is given by

(3) Kij = X\

I. Investigations of 4-dimensional hypersurfaces in respect to the classical
Jacobi curvature operator. Let M* C R® be a hypersurface in the five dimensional
Euclidean space. The classical Jacobi operator in respect to the unit vector x at the
point p € M* is defined by the equation

R;(u) = R(u,x,x), ué€ M;,l.
If the unit vector u is an eigenvector of R, then the equation holds good
R(u,z,z) = c(p; x)u.

Here ¢(p;u) is the corresponding eigenvalue to u which depends of the point p and
from the vector u.
If

(4) c(p;x) = c(p)
at any point p of M* the hypersurfaces will be called point-wise Osserman hypersurface
of constant type.

At first we find a necessary conditions for it.

The operator R., in respect to the orthonormal base

ei, 1 =1,2,3,4 has the matrix.

0 0 0 0
0 M2 O 0
0 0 Az 0
0 0 0 A1y
It shows that the eigenvalues of R., are
(5) 07 )\1)\2; )\1)\3; )\1>\4-
In the same way we find: the eigenvalues of the operator R., are
(6) 07 )‘2)\1) )\2)\3) )\2)\4;
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of the operator R., are

(7) 0, AzA1, AzAz, AgAg
of the operator R, are
(8) 0, AdA1, Add2, AAs.

The condition (4) for the point-wise constancy means that the series of the numbers
(5)—(8) are identical. Thus we get

Proposition 1. If the M* C R® is point-wise constant Osserman hypersurface, then
either the case holds good
a)>\1:>\2:)\3:)\4,
or the case
b)) da=Xd3=M=0#X\

(exactly three of the eigenvalues \; are 0, the fourth one can not be 0).

To prove the converse we remark that in the case a) the hypersurface is of constant
sectional curvature. In the second case b) all components of the curvature tensor are
0. This case is a generalization of the so-called parabolical surface without plane points
in the 3-dimensional Euclidean space. We call such surfaces generalized parabolical
hypersurface. Thus we have

Theorem 1. The hypersurface M* C R® is point-wise Osserman hypersurface of con-
stant type iff either it is a hypersurface of constant sectional curvature or it is a general-
ized parabolical hypersurface, in particular it is also a space of constant (zero) curvature.
(eventually Euclidean four-dimensional space).

II. Investigations of 4-dimensional hypersurfaces in respect to the Stanilov
skew-symmetric curvature operator. Now we use the skew-symmetric curvature
operator introduced from Prof. Grozio Stanilov in 1989. The definition is the following.

If z, y is any orthonormal pair of vectors in the tangent space, Stanilov’s curvature
operator is defined by

kz,y(u) = R(:E,y,u), u € Mp
ks, does not depend of the orthonormal base z, y of the plane E? = ¢; A e;. Because of
this it is defined

kp2 = kay -
This operator is skew-symmetric one. Because of this fact it has not real eigenvalues.
But its square has real eigenvalues. More detailed, if
ke () = ep; BT u, u € Mp,
then
k%o (u) = —c(p, E*)* u, ue Mp.
A hypersurface M* is called point-wise Stanilov of constant type iff
¢ (p; E?) = c(p)
for any 2-dimensional plane E? in Mp for any p € M.
Using [6] we have
ke e;(u) = —Kfj u, u€e;Ne;.
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For any e; A e; we have
K7 = (\)y)°
The condition of the constancy of the eigenvalues of this operator means that the
following equations hold good:

MAZ = ATA3 = ATAT = A3A% = A3 = A3AD
Essentially we have two different cases:
1. At least two of A2, )\? are different. If A2 # A2 it follows that all \; = 0 except
eventually one of them is not 0. For example A\; = Ao = A3 =0# A4
2. If all \? are equal, then we have essentially the following three algebraic possibilities

for the signs of the numbers, which are modulo equal (|[A1]| = |A2] = |As| = |\4]) :
A | A2 | Az | A
21 + [+ | + |+
22| + |+ |+ |
23+ [+ - | -
Then:

21) Kig = K3 = K4 = Kog = Kos = K
and the hypersurface is of constant sectional curvature.
22) K19 =Ki3=Ks3=—Kiy = —Koy = —Ksy.
In this case the hypersurface has IP-metric [7] (case (v) from Proposition 2.3).
23) Kig=Ksy = —Ki3=—Kiu = —Ko3 = —Kou.
This case is impossible (the case (iv) from the same Proposition 2.3 [7]).
Thus we can formulate the following

Theorem 2. A four dimensional hypersurface M* in the 5-dimensional Euclidean
space R® is point-wise Stanilov of constant type if it is one of the following three types:

1. The hypersurface M* is of constant sectional curvature;

II. The hypersurface M* is a generalized parabolical hypersurface (in particular it is
also a space of constant (zero) curvature).

III. The hypersurface M* is a warped product: B! X g N3,
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4-MEPHHN TOYKOBO ITOCTOAHHUM XUITEPIIOBBbPXHMNHN OT
KOHCTAHTEH TUII

FOauan IHankoB IlankoB, Mapust Bbakosa CrtoeBa

Cnenpaiiku npod. CranumioB pasriexiaMe 4-MepHH TOYKOBO IIOCTOSTHHHU XUIIEPIIO-
BBPXHIHE OT KOHCTAHTEH THII Ha R° 1O OTHOIIEHWE Ha KJIACHYIECKHS OMEPATOpP Ha
fkobu 1 HAa AHTHUCHMETPUIHUSI KPUBUHEH oreparTop JaeduHUpaH OT Hero mpe3 1989.
TakuBa XUIIEPIOBbPXHUHU Ca C MIOCTOSHA CeKIMOHHa KpuBnuHa. Cpej TAX ca U Taka
HapedeHuTe apaboIMIHU IOBbPXHUHY 0€3 PABHUHHY TOUYKH (KOUTO CBIIO €A C IOCTO-
sHa (HyJeBa) CeKIMOHHA KpUBHHA). [Ipy aHTUCHMETPUYIHUS OLEPATOD CE MOy YABAT
u xunepnosbpxanan ¢ IP-merpuka (¢ merpuka Ha VBanos-Ilerposa).
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