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The purpose of this paper is to present a probabilistic proof under week conditions of
the convergence in probability of the subcritical age-dependent branching processes
allowing two different types of immigration, i.e. one type in the state zero and another
one according to the i.i.d. times of an independent ergodic renewal process.
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1. Introduction. Let us consider the following population process {X (¢)}¢>0. At
the random times 75, k = 1,2, ..., a random number of individuals enters the population.
An individual appearing at time 7, becomes an ancestor of Bellman-Harris branching
process with immigration in the state zero (BHBPIO) {Z(t)}+>0. The process X (t)
counts the number of individuals alive at time ¢t and we call this model, Bellman-Harris
branching process with immigration at zero state and an immigration of renewal type

(BHBPIOR).
The intervals between successive immigration 7y = 71,75 = 79 —71, . .. and the number
of immigrants vy,ve,..., are assumed to be mutually independent random variables

(ir.v.). The r.v. T} have common distribution function (d.f.) Go(t) and the r.v. vy
are defined by common probability generating function (p.g.f.) fo(s). The BHBPIO
{Z(t)}+>0 is governed by a lifetime distribution G(t), an offspring p.g.f. h(s), a p.g.f.
f(s) of the random number Y; of immigrants in the state zero and the d.f. K(t) of the
duration X; of staying in the state zero. It is assumed that f(fo tdK (t) < oo.

We will use the definition of BHBPIO given by Mitov and Yanev (1985):

(1.1) Z(t) = Znwy+1(t = E() ety <ty §() = Sy + Xny+1, 2(0) = 0,
where {Z;(t)} are independent Bellman-Harris branching processes starting with random

n
number Y; of particles, N(¢) = max{n >0:5, <t}, So=0, S5, = Z Ui, Uy = X; + oy,
i=1
o; = inf{ t : Z;(t) = 0} and Iy is the indicator function.
Let us mention that the process defined by (1.1) could be interpreted as follows:
starting from the zero state, the process stays at that state random time X; with d.f.
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K (t) and after that a random number Y; of immigrants enters the population, according
to the p.g.f. f(s). The further evolution of each particle is independent and in accordance
with a d.f. G(t) of the life-time and the p.g.f. h(s) of the offspring. Then the process
hits zero after a random period o;, depending of the evolution of the inner BHBP Z;(¢).
The following evolution of the process could be presented as the replication of such i.i.d.
cycles.

We introduce the following notations for the p.g.f. of the local characteristics of the
processes

f(s)=Bs" =" faus®, h(s) =) prs®, fols) =Es" = qis".
k=1 k=0 k=0

It will be assumed:
(1.2) 0<A=h(1)<oo, m=f'(1) <oo, mog= fi(1) < oo,

(1.3) G(t), Go(t) and K(t) are non-lattice,

(1.4) 0<B=h"(1)<oo, n=f"(1)<oo, fi(1)=by< o0,

(1.5) rz/ zdG(z) < o0, dz/ xdK (z) < o0, roz/ xdGo(z) < 00.
0 0 0

Note that L(t) = P{X; +o0; < t} is non-lattice with L(0) = 0 and denote u =

/O L),

Let us mention that in the critical case for the first time the BHBPIOR was studied
by Weiner (1991). Later on, Slavtchova-Bojkova and Yanev (1994) analyzed the model
X (t) with two types of immigration in the non-critical cases and the problem of deter-
mining necessary and sufficient conditions for the existence of a limiting distribution were
investigated. The results in the subcritical case are proved under the strong assumption
of an existence of higher (n > 2) moments of the individual characteristics.

The aim of this work is to prove the convergence in probability of the subcritical
BHBPIOR X (¢) only under assumption that the first and second moments are finite.
The main result is the following theorem.

2. Main result.

—_

Theorem 2.1. Let us assume that (1.2) — (1.5) hold. If A < 1, then
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(E means convergence in probability) as t — oo, where ¢ = mmor/(1 — A)uro.

Proof. To start the proof, at first we give an equivalent representation of the process
X(t).

Let {Z;;(t)t>0} be a doubly infinite collection of independent random processes each
having the same distribution as the BHBPIO {Z(¢)};>o. Furthermore, let all these
processes be assumed to be independent of the sets of r.v. {7;} and {v;}. By going to
the product space, we can assume that all the above mentioned random quantities are
defined on a common probability space.

Define the renewal function n(.) by setting n(t) = k if 7, <t < 7441, k >0, 790 = 0.
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It now follows from the assumptions in section 1, that for each ¢ > 0
n(t) v

(2.1) X(t) =33 Zit—7) as

i=0 j=1
It is known for the subcritical BHBPIO Z(t) (see Slavtchova and Yanev (1991)), that

tlirgoEZ(t) =mr/(1—Au, p= /000 tdL(t),

and there exists stationary limit distribution, i. e.

Jlim P{Z(t) = k} = & = P{Z(c0) = k}, Z‘I’k =1, &(s)= Zcx)ks’f, ls| <1
and
(2.2) EZ(x)=®' (1) =mr/(1 - Au=a.
Let us denote
mi;(t) = EZi;(),
n(t) v,
S(t) = —ZZZ” i),
1=0 j=1
n(t) v
S*(t) = —Zme i)
1=0 j=1

To prove the theorem one need to check that for every € > 0
X(t
hm]P{ X0 _, >5}0.
t—o00 t
We have the following estimation:

P{|S(t)—c| >} < P{|S(t)fS*(t)|>g}+]P{|S*(t)fc|>%}
= L+1

Applying the Chebishev’s inequality for I; we obtain

(23) I < Var[S(t) — S*(t)].

Denote Fy = o(7;, v, =1,2,...,n(t);n(t)). Using that
E[S(t) — 5*(t)] = E{E[S(t) — 5™ ()| Ft]} = O,
f or the variance we have
Var[S(t) — $*(1)] = E[S(t) - S* (1))
E{E[S(t) — S*(t)]*|F:}

n(t) v;

= Z Z VarZ;;(t

1=0 j=1

(2.4)
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Set d = sup,E (Zi; (t) — my;(t))>. Usmg Wald’s inequality and the fact that |VarZ,; (t—
7i)| < d < o0, as t — oo, from (2 d (2.4) we obtain
S

.3)
Var[S(t) — S*(t)] = E[S(t) — S*(1))2
— (5 ((50) - 50 17))

1 ' 9
= 5B S E((Zy(t =) — my(t = )’ |Fy)
i=0 j=1
n(t)
d 2dEl/1
>~ t—QEZVIL 2E ( )EVI S tETl

for all sufficiently large ¢, since

n(t)/t B 1/En

and

En(t)/t — 1/Em, as t — oo.
Thus,

P
(2.5) Iy =0, ast — oc.
Now, note only that ¢ = avy /E7y, where a is defined by (2.2). One has
1 n(t) v;
S*(t) —c= EZZmU(t Ti) — ¢
1=0 j5=1
1 n(t) v 1 n(t-T) v
== Z Zm”(t TZ)+¥ Z Z(mm(t Ti) —a)+
n(t—T) j=1 i=0 j=1
n(t—T)
1 El/l
- A ) T S
+a 7 Z Er 3+ 14+ 15
=0
Now
n(t)
0<I3§& Z Vi, Q.S
n(t—T)

where Ry = sup,m;;(t) < oo.

Let T = o(t) — o0, t — co. Therefore,
n(t)

R
(2.6) P{I3>e} < —;E > oui= —;EulE(n(t) —n(t—T)) = o(1),
€ n(t—T) <
as t — oo.
Denoting

r(T) = Sup, >7 |mij(x) —al,
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we see that

n(t—T)
r(T
14| < (t ) Z v
=0
and, therefore, for any fixed € > 0
n(t—T) El/l

(2.7) P{|ly >e} < —= r(f) g Z

as first ¢ — oo and then T' — oo and Ry = Evy/E7y. Finally, by the law of the large
numbers and the renewal theorem (see Feller (1971), Section XI.6)
n(t—T) n(t—T)

Zw <T> ! Zyﬁ%as

————FEn({t—T) < Ror(T) — 0

and, therefore,

(2.8) 2o

as t — oo. From (2.5)-(2.8) the desired statement follows.

Acknowledgement. M. Bojkova would like to thank to the Probability Theory
and Discrete Mathematics Departments at the Steklov Mathematical Institute for their
hospitality while part of this work was in progress and especially to Prof. V. Vatutin
and Prof. A. Zubkov for posing the problem and fruitful discussions.

REFERENCES

[1] W. FELLER W. An Introduction to Probability Theory and Its Applications. John Wiley
and Sons, New York, 2nd ed., 2, 1971.

[2] K. V. Mitov, N. M. YANEV. Bellman-Harris Branching processes with state-dependent
immigration. J. Appl. Prob. 22 (1985), 757-765.

[3] M. SravrcHOvA, N. YANEV. Non-Critical Bellman-Harris branching processes with state-
dependent immigration. Serdica Math. J. 17 (1991), 67-79.

[4] M. SLavTcHOVA-BoJkova, N. YANEV. Non-critical branching processes with two types of
state-dependent immigration. Compt. Rend. de I’Acad. Bulgar. des Sci., 47 (1994) 13-16.

[5] M. SLAVTCHOVA-BOJKOVA, N. YANEV. Limit theorems for age-dependent branching processes
with state-dependent immigration. Preprint, Institute of Mathematics and Informatics, Bulgar-
ian Academy of Sciences, 1994.

[6] H. WEINER. Age-dependent Branching Processes with Two Types of Immigration. Journal
of Information and Optimization Sciences, 2 (1991), 207-218.

Maroussia N. Bojkova

Dept. of Probability and Statistics
Institute of MAthematics and Informatics
Bulgarian Academy of Sciences

Acad. G. Bontchev Str., Bl. 8

1113 Sofia, Bulgaria

e-mail: bojkova@math.bas.bg

191



192

BBbPXY JOKPUTNYHU PASKJIOHABAIIIN CE ITPOITECH,
3ABUCEIIIN OT Bb3PACTTA C ABA TUITA NTMUT'PAIINA

Mapycusa H. BoxxkoBa

Pazriieranm ca qokpuTHYIHE pas3KJIOHsIBAIIM ce Imporecu Ha Benman-Xapuc ¢ JiBa Tura
nvurpanus. lenra Ha paboraTa e mojiydaBaHe HA CXOJMMOCT 110 BEPOSITHOCT Ha MPO-
[[ECUTE CaMO IPU YCJIOBHE 3a CbINECTBYBaHe Ha KPAWHU I'bPBU U BTOPU (DAKTOPUATHU
MOMEHTH HA WHIWBHUIYAJHUTE XapaKTEPUCTUKU Ha IPOLECUTE.



