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Introduction. Here we recall the necessary definitions and known results. From
now on, let B be a nonempty set and let (B,-) be a semigroup, where - is a binary
operation.

A semigroup automaton is a triple (S,(B,"), f), where S is a set, (B,-) is a
semigroup, and f : .S x B — S is a map satisfying

f(f(s,z),y) = f(s,x -y) for every s € S, z,y € B.

The set S is called the set of states of (S, (B,-), f) and f is called the transition
function of (S, (B,-), f).

A nonempty set B with the (3,2)-operation {} : B3> — B?is called a (3,2)-semigroup
iff the following equality

Hzyzit} = {={y=t}}

is an identity for every z,y, z,t € B. It is denoted with the pair (B,{ }).

Example 1. Let B = {a,b}. Then the (3,2)-semigroup (B,{ }) is given by Table 1.

{}

aaa | (b,a)
aab | (a,a)
aba | (a,a)
abb | (b,a)
baa | (a,a)
bab | (b,a)
bba | (b,a)
bbb | (a,a)

Table 1
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This example of (3,2)-semigroup is generated by an appropriate computer program.

A (deterministic) (3,2)-semigroup automaton is a triple (S,(B.{ }),f), where
S is a set, (B,{ }) is a (3,2)-semigroup, and f:SxB?—Sx B is a map satisfying

f(f(s,2,y),2)=[ (s, {wyz}) for every s€S, x,y,2,€B.

The set S is called the set of states of (S,(B,{ },f) and f is called the transition
function of (S,(B.{ }),f).

Example 2. Let (B,{ }) be an (3,2)-semigroup given by Table 1 from Example 1
and S={s¢,51,52}- A (3,2)-semigroup automaton (S,(B,{ }),f) is given by Table 2.

f 1 (aa) | (a,b) | (ba) | (b))

so | (s1,0) | (s2,b) | (s2,b) | (s1,b)

s1 | (s1,0) | (s0,a) | (s2,0) | (s1,b)

52 (SQab) (5()ab) (Slab) (SQab)
Table 2

This example of (3,2)-semigroup automaton is generated by computer.

Let (@,[]) be a free (3,2)-semigroup with a basis B constructed in [1].
Any subset L(32) of the universal language Q* = Up>1QP, where Q is a free ( 3,2)-
semigroup with a basis B, is called a (3,2)-language on the alphabet B.

A (3,2)-language L(3?) C Q* is called recognizable if there exists:
(1) an (3,2)-semigroup automaton (S, (B,{ }), f), where the set S is finite;
(2) an initial state sg € S;
(3) a subset T' C S; and
(4) a subset C C B such that
LG2) ={w € Q*[3(s0, (w, 1), (w,2)) € T x C},
where (S, (Q,[]),®) is the (3,2)-semigroup automaton constructed in [2] for the (3,2)-
semigroup automaton (S, (B,{ }), f).

We also say that the (3,2)-semigroup automaton (S, (B,{ }), f) recognizes L(>?), or
that L(3?) is recognized by (S, (B,{ }), f).

Example 3. Let (S, (B,{ }), f) be a (3,2)-semigroup automaton given in Example 2.
We construct the (3,2)-semigroup automaton (S, (@Q,[]),®) for the (3,2)-semigroup auto
maton (S, (B,{ }), f). A (3,2)-language L), which is recognized by the (3,2)-semigroup
automaton (S, (Q,[]),®), with initial state sp and terminal state (s2,b) is

LB ={w € Q*|lw = wiws...wy, ¢ > 3, where w; = { EZ%Q;” 23, ta €Q :
1 €{1,2,...,q}, and:

a) If i = 1, then:

al) (uf,1) = a, where ¥, _1(u1) ... 1p—1(un) = a'ba"d" and t+r = 2k, t+j+r+h =
n, t,5,r, h, k €{0,1,2,... },k > 1;
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a2) (u,1) = b, where ¥,_1(u1) ... 1p_1(up) = a’¥a™d" and t +r = 2k + 1,t + j +
r+h=n,tjrhke{012...}k>1;

b) If i = 2, then (u},2) = a, where ¢¥p_1(u1) ... ¥Yp—1(uyn) = (a*b*)*

and ¥, (w1) ... Pp(wy) = b*(ab*)?F+1 1

2. A nondeterministic (3,2)-semigroup automaton. A nondeterministic (3,2)-
semigroup automaton is a triple (S,(B,{}),g9), wh ere S is a set, (B,{ }) is a (3,2)-
semigroup, (SXB) is a subset of SxB and g:SxB?—P(SxB) is a map satisfying
9(9(s,z,y),2)=g(s,{zyz}) for every s€S, x,y,2,€ B. We denote g(X,y) = Ut,a)exg(t, a,y)
for X € §' x B

Theorem. Let L§3’2) and L53’2) be (3,2)-languages which is recognized by (3,2)-

semigroup automata (S1,(B,{}),f1) and (Sa2,(B,{}),f2), with initial state s s and s(,
and sets of terminal states T1 x Cy and Ts x Cy. Then:
a) L(§3’2))UL§3’2);
—(3,2
T
s
d) Ly Ly )
e)LEB’Q)Lgs’Q). . .L§3’2) are recognizable (3,2)-languages with nondeterministic (3,2)-semigroup
automaton (S,(B,{}) ,9).

Proof. In each case we show how to construct a nondeterministic (3,2)-semigroup
automaton fro m one or two given (3,2)-semigroup automata. Without loss of generality,
we may assume that S; a nd Sy are disjoint sets and e is a empty or dead letter.

a) We construct a nondeterministic (3,2)-semigroup automaton (S,(B,{}).q) as fol-
lows:

S=51US2U{s0}, where s¢ is a new initial state not in S; or Sa;

fl(sal‘ay)7 s € Sl
g(S,l‘,y)Z fQ(Sa:L'7y)7 SGSQ
(so0,€), s=3s0

fl(S,l’,e) = fl(s € l‘) (S,LL‘) f2(57x76) = f2(8767x) = (S,LL‘),
9(307x76):f(5056 ZL‘ (50
9(s0,e,e) ={(s0,€), (50, €)};
for every z,y € B;
T=T1UTy; C=CyUC,.

That is, (S,(B,{}),g9) begins any computation by nondeterministically choosing to
enter e ither with g(so,e,e) = (s(,€) or g(so,e,e) = (s§,¢e), and thereafter (S,(B,{}),9)
imitates either (Sla(Bv{})afl) or (527(37{})af2)'

Let LG be a (3,2)-language which is recognized by nondeterministic (3,2)-semigroup
automat on (S,(B,{}),g).Then

w e LB = w e Q* and B(so, (w,1), (w,2)) € T x C <= w inQ* and
_ f B(sh, (w, 1), (w,2)) =p1(sp, (w, 1), (w,2)) € Ty x Cq
Plso, (w, 1), (w,2)) = { B(sty, (w, 1), (w,2)) = Pa(sths (w, 1), (w,2)) € Ty x Cs
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Hence L2 ={w € Q*|B(s0, (w, 1), (w,2)) = F1(sh, (w, 1), (w,2)) € Ty x C; or
?(s0, (w,1), (w,2)) = P2(sq, (w, ))7 w,2)) € Ty x Ca}

1), (
—{w € Q*[BT(sh, (w, 1), (w,2)) € Ty x C1}Ufw € Q*[@a(s, (w, 1), (w,2)) € Ty x Ca}
BB,

b) A complementation of a (3,2)-language L(3?) is the (3,2)-language %% = @ \LG:2),

We construct a nondeterministic (3,2)-semigroup automaton (S,(B ,{}),g) with initial
stat e sp and terminal states (S x B)\(T x C).

we LB — e Q* and

B(s0, (w, 1), (w,2)) € (S x B)\(T x C) <= w € Q*\LB?),

O
T —{w € Q*[B(s0, (w, 1), (w,2)) € T x C}=Q*\LC2,

¢) We construct a nondeterministic (3,2)-semigroup automaton (S,(B,{}),g) which
recogniz es (3,2)-language L(13’2) X L(23’2) as follows:
S=51x8; B=DByxBy; C=Cy xCo; T =T xTh;
g = f1 x f2 defined by (f1 x f2)(s1,52), (v1,y1)(22,92)) =

= (mi(fi(s1,m1,22)), m1(fa(52, Y1, ¥2)), T2 (f1(s1, 21, 22)), ma(fa(s2, Y1, ¥2))),
where 7;, i = 1,2 is a i-th projection of the argument.

Let L2 is a (3,2)-language which is recognized by nondeterministic (3,2)-semigroup
automat on (S,(B,{}),9)

we LB = w=(v,w") € Q x Q5 and

@((567 56/)7 (wla 1)7 (w”a 1)7 (wlv 2)5 (wuv 2))) € (Tl X TQ) X (Cl X 02)

— (v, w") € Qf x Q3 and

@((s0,50), (W', 1), (w"”, 1), (w',2), (", 2))) = (71 (P1(sp, (w', 1), (w', 2))),
T (@2(s5, (w”, 1), (w”,2))), m2(P1(sp, (W', 1), (w',2))), m2(P2(sg, (w”, 1), (", 2)))

€ (Ty x Ty) x (C1 x Cs)

= w' € QF and (m (@1(sp, (w', 1), (w',2))), ma (@1 (sp, (w', 1), (w',2)))) € Ty x C,
w” € Q5 and (m (P2 (sg, (w", 1), (w",2))), 7T2(902(30a (w”,1), (w",2)))) € To x Cy

<~ w' € Qf and p1(sh, (W', 1), (w',2)) € Ty x Cy

"€ Q% and Pa(sy, (w”, 1), (w",2)) € Ta x Cs.

Hence L(3?) ={w € QF x Q2|w (w',w"”) and
(st ), (', 1), (0, 1), (01, 2), (", 2)) € (T; % T5) x (G x Co)}=

{0 € QF x Q3w = (w',w") and Bi(sh, (', 1), (w',2) x Fals}, (w, 1), (w”,2)) €
(T1 X Cl) X (T2 X CQ)}Z

{w' € Qifpi(sh, (w 1), (w,2) € Ty x Cr)x{u” € Q3Ia(st, (w,1), (u",2)) €
Ty x Cy}=L{*? x L2,

d) We construct a nondeterministic (3,2)-automaton (S,(B,{}),g) with initial state
s and sets of terminal states Ty x Cy as follows:
S = 51USs; fi(s,e,e) = (s,e), for all s € Sy,
fa(s,e,e) = (s,e), for all s € Sa, f1(s,xz,e) = (s, e), for (s,x) € Ty x C4,
fl(S,l‘,e) = fl(s,e,x) - (va)v for (va) € (B X Sl)\(Tl X Cl)ﬂ
fa(s,x,e) = fa(s,e,x) = (s,z), for x € B, s € Sa,
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_ fl(saz7y)7 SESI

g(s,mjy) B fQ(Sa:L'7y)7 SGSQ '

In this way, (S,(B,{}),9) operates by simulating (S,(B,{}),f1) for a while, and then
“jumping” nondeterministically from a terminal state of (S1,(B,{}),f1) with fi(s,z,¢e) =
(sh,e), for (s,x) € Ty x Cq, to the initial state of (Sa,(B,{}),f2). Thereafter, (S,(B,{}),9)
imitates (S2,(B,{}),f2).

Let L(3?) is a (3,2)-language which is recognized by nondeterministic (3,2)-automaton
(5.(B,1)),0).

w € LB = w=w'w" € Q% |w|,|w’| > 1 and B(s}, (w, 1), (w,2)) € Ta x Ca

— w=ww" € Q* and B(s{, w'w") = B(H(sh, w'), w”) = ((pl(so, ), w").

Let o1(sp, w ) (s,2) € Th x Cy. By fi(s,z,e) = (s3,€), for (s,z) € Ty x C1, we go
in initial state sjj of (3,2)-semigroup automaton (Ss,(B,{}),f2). Then

B(st) e ") = B(sh w") = Fa(st,w") € Ty x Co.

Hence

LG2) ={w € Q*|w = w'w", for |w'|, |w”| > 1 and
@(so,w'w”) = @(@(385 w )a w”) 90(30’6 w ) 902(3076’11}”) SHERS 02}’

_LBALED)]

e) We construct a nondeterministic (3,2)-semigroup automaton (S,(B,{}),g) with ini-
tial s tate s; and sets of terminal states T7 x C as follows:

S = Sl,
g(s,x,e) = (sp,e), for (s,z) € Ty x C1,
g(s,m,e) = g(s,e,x) = (s,x), for (s,z) € (S1 x B)\(T1 x C1),
g(s,x,y) = fi(s,x,y), for (s € S; and z,y € B.
Let L(3?) is a (3,2)-language which is recognized by nondeterministic (3,2)-automaton
(S.(B.A}).0).
we LB = w=wiwy...wy € Q*,|wy], |wal,...,|ws >1and

?(sp, (w, 1), (w,2)) € Ta x Cy <= w = wywz...w; € Q* and P(s{, wiws ... ws) =
D(D(sh,w1),wa ... w) = P(@1(8H, w1 ), Wa ... W) .

Let @1(sh,w1) = (s,x) € Th x C1. By g(s,z,¢e) = (s),e), for (s,z) € Ty x Cy, we go
again in initial state s{ of (3,2)-semigroup automaton (S1,(B, }),f1). Then

D(sp, e, wa ... we) = P(sh,wa ... w) = P(P(sh, wa), ws ... ws) =
B(@1(sy, wa), ws ... we).
P1(sh,w2) € Ty x Cq, so with g(s,z,e) = (s, e), for (s,z) € Ty x C1, we go again in
initial state s of (3,2)-semigroup automaton (S1,(B,{ ),f1). This procedure continues
for other (3,2)-subwords ws ... w;. Finally, we have $(s(, w) = @1(sq, wt) € Ty x Ch.
Hence LG3?) ={w € Q*|w = wywy ... wy, |w1], |wa, ..., |ws] > 1 and
D(sp, wrws ... w) = P(@1(sh,wr),wa ... wr) = B(sh, e, wa...wr) = P(s,wa...wp) =

. =P(sh,wi) = Pr(sh,we) =€ Th Cl}:Lg3’2)L§3’2) .. L§3’2).
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CBOIICTBA HA (3,2)-E3UIIU, PABIIO3HABAHU OT

(3,2)-II0JIYI'PYIIOBU ABTOMATU

Buosiera ManeBcka, /lonko JIuMoBcKu

Ilesrra Ha craTHsiTa € Jja U3C/eqBa cBoiicTBaTa Ha (3,2)-e3uI, KOUTO Ce pas3lo3HaBAT
or Kpaiinu (3,2)-1moayrpynoBu aBTOMATH.
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