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SOME SIMILAR TRIANGLES ASSOCIATED WITH A PURE
TRIANGLE IN THE GALILEAN PLANE*

Adrijan Varbanov Borisov, Margarita Georgieva Spirova**

It is easy to see that the celebrated trisector theorem in Euclidean elementary geom-
etry of Frank Morley (1860-1937) is not true in the Galilean plane I's. In this paper
we show that n-sectors of any pure triangle in I's determine n — 1 triangles that are
similar to the given triangle with respect to the group Hy” of the similitudes of the
second type.

1. Introduction. In the affine version the Galilean plane I's is an affine plane
with a special direction which may be taken coincident with the y-axis of the basic affine
coordinate system Oxy [3; p.10], [5], [6]. The affine transformations leaving invariant the
special direction Oy can be written in the form

(1) T = a1 + asx, asas # 0
Y = a3 + asx + asy,
where aq, ..., a5 are real parameters.

In T’y a straight line is said to be isotropic (or special) if it is parallel to the special
direction.

Two points P; and P» are called parallel if the straight line P; Ps is isotropic. Note
that the transformations (1) transform the family of isotropic lines of T's into itself.

The (oriented) distance from the point P;(z1,y1) to the point Py(z2,y2) is defined by
3; p.11], [8; p.51]

P1 P2 = T2 — 1.

Let g1 : y = k1x + nq and g2 : y = kox + no be two nonisotropic straight lines. The

(oriented) angle from g1 to go is defined as [3; p.17-18], [8; p.54]

%(91,92) = k2 — k1.

Note that in I's any direction has unique the special direction as a perpendicular one.

It is easy to verify that the transformations (1) map a line segment into a proportional
line segment and an angle into a proportional angle with the coefficients of proportionality
as and as " 'as, respectively. Thus they form the group Hs of the general similitudes in
Ts.

The subgroup H,' C Hs determined by the conditions as = a5 = A # 0 maps the
line segments into proportional ones with the coefficient A of proportionality, while the
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angles are mapped into equal ones. H,  is called the group of similitudes of the first type
[6], [8; p.66], or the group of equiform transformations in T'y [4].

If we put as = 1, as = pu # 0, then we obtain the subgroup Hy” C Hjs which
transforms the line segments into equal ones and the angles into proportional ones with
the coefficient u of proportionality. H," is called the group of similitudes of the second
type [6], [8; p.67].

AABC is called a pure triangle (or admissible triangle) if the vertices A, B and C
are nonparallel points.

Let AABC be a pure triangle and 4(AC, AB) = o, X(BA, BC) = 3, %(CB,CA) = +.
Under these assumptions the following relations hold [3; p.22, 28], [8; p.65]:

(2) BC+CA+ AB =0,
BC <CA AB

4 —_— e — = —,

(4) R

2. Dual numbers. Any dual number z can be written in the form [7; p.18]
(5) Z2=2z1+€2

where z; and z, are real numbers and €2 = 0. The number z; is called the modulus of
the dual number z and it is denoted by |z|, i.e.

(6) |z| = 21.
If x = 21 + exo and y = y; + €y are two dual numbers, then the following relations
hold [7; p.20]
zty= (1Y) +e(x2£ya), 2y =a1y1 +e(T1y2 + T21),

x x1 T2Y1 — T1Y2

—= =t e, y1 # 0,
Yy n Y1
and
z |zl
(7) | =zl =—lz|, [z £yl = |z| £yl, lzyl = |zllyl, |- = -
y oyl
Let z = 21 + €29 be a dual number and z; # 0. Then the real number
(8) ==
Y= o

is called the argument of the dual number z and it is denoted by arg z. Using our
notations (5), (6) and (8) we can write

z=2[(1+ep), p=arg 2.

3. An identification. Following K. Strubecker [4] we can identify the points of Iy
with the dual numbers, as we usually identify the points of the Euclidean plane with the
complex numbers. In this case if © = z1 4+ ex2 and y = y1 + €y2 are two dual numbers
with y; # 21, then they determine two nonparallel points P;(x1,y1) and Pa(z2,y2) as

P1P2=y1—$1 = |y—I|

Further, let a,b and ¢ be three dual numbers that determine the pure Aabe. By using
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the formulas (2) and (4) we get

lc—b] la—c| |b—al
6 v o

4. A lemma. Now, we shall state a technical lemma that will be useful in the
sequal.

Lemma 1. For any three dual numbers a,b and ¢ determining a pure Aabc with
angles <(ac, ab) = a, L(ba,bc) = § and L(cb, ca) = v the following ralation holds

a—c J6]

(9) lc=bl +|a—c[+[b—al =0,

(10) a,b:_;(l—"w‘)'
Proof. Since [8; p.281]
B a—c
a=arg—,
then
L~ 121+ e arg =) = k(1 + <)

and using (9) we deduce (10).

5. The main result. Frank Morley (1860-1937) pioneered the notion of so-called
trisector theorem in the Euclidean plane geometry around 1900, but he did not publish
a proof of this theorem until 1924 when it appeared in [1] (see also [2]).

Theorem (F. Morley). The three points of intersection of the adjacent trisectors of
the angles of any triangle form an equilateral triangle (Fig. 1).

It is easily seen from (2) and (3) that in 'y there do not exist equilateral triangles
and therefore the clasical Morley’s trisector theorem is not true.

Now, we shall get another theorem like Morley’s by dividing the angles in some other
way.

Theorem 1. Let AABC be a pure triangle in I'y and <(AC, AB) = a, ¥(BA, BC) =
8. 5(CB.CA) = 7. If

(i) p1,D2y-..,Pn—1 are straight lines through the vertex A such that ¥(AC,p1) =

*(p1,p2) = =%(pn—1,AB) = &;
(i) q1,q2,-..,qn-1 are straight lines through the vertex B such that ¥(BA,q1) =
X(q1,q2) = -+ - =X(gn-1, BC) = g}.
(i) r1,72,...,rn_1 are straight lines through the vertex C such that ¥(CB,r;) =
i(rh?’é) == %:(T'n_l, CA) = %;
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(iv) G-k NTE = Ak, Tn_Npr = B, pn_rNqr = Ck, then ANALB,Cir,k=1,...,n—1,
are similar to the given AABC with respect to the group H," of the similitudes of the
second type.

Proof. Denote by a,b, c, ax, br and cj, the corresponding dual numbers of the points
A, B,C, Ay, By, and C, respectively. Since p1, ps, - .., Pn—1 are nonisotropic straight lines,
then the triangle A A, BC' is pure and using Lemma 1, we can write

wm—c_B .k
PR ’y( 1+5na)
and therefore

n(bB + cy) — ekbaf
11 = .
& T B+ ) - ckal

Applying (6), (7) and (9) to (11) we find

_ [n(bB+cy) —ekbaf| _ In(0B+cy)| _pB+er|l B v
|ax| = = = = —[bl= = le|— =
In(B +7) — ekaf| In(B + )| —a a o
la — ¢l [b—al _ —[bllal + [blle] — [e][b] + |c]lal
= — b — = =
bl e=s) = e — 1] lal
ie.
(12) lax| = la|.
By arguments similar to the ones used above we also establish the equalities
(13) o] = 1bl, |ex| = |e].

From (12) and (13) it follows
lar — bg| = la —b|, |bk —ck| = |b—¢|, |ck — ar| = |c — q]
and applying (9), we get
(14) or _ Be _
a f
Formula (14) shows that AABrC) can be obtained from AABC by a similitude of
the second type with the coefficient A\ of proportionality [8; p.66-67].
From (12) and (13) it follows immediately:
Corollary 1. The points of n-tuples (A, A1,...,An—1), (B,B1,...,Bn_1) and
(C,C1,...,Cn_1) are parallel, respectively.

In the case n = 2 we obtain an interesting characteristic of the bisectors of the angles
in any pure triangle.

Corollary 2. For any pure triangle in I's the three intersection points of the bisectors
of the angles in the triangle form a triangle that is similar to the given triangle with respect
to the group Hy" of the similitudes of the second type (Fig. 2).

In the case n = 3 we get a Morley like theorem:

Corollary 3. For any pure ANABC in I's the corresponding intersection points
Ay, B1,C1 and As, Bs, Cy of the trisectors of the angles in NABC' form ANA1B1Cy and
AAyB>Cy that are similar to the given ANABC with respect to the group Hy" of the
similitudes of the second type (Fig. 3).

Further, using the duality principle in I'y we can state:
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Theorem 2. Let AABC be a pure triangle in Ty and BC = a,CA =b,AB = c. If
(i) P, Py, ..., P,_1 are points on the side BC such that BP; PP = ... =
P, 1C= %f

(i) Q1,Q2,...,Qn_1 are points on the side CA such that CQ1 = Q1Q2 = -+ =

anlA = %;

(iii) Ry, Ra,...,Rn_1 are points on the side AB such that ARy = RiRy = -+ =
R, 1B = %;

(1) Qun-kRr = ar, Rn_pPr = by, Po_xQr = ck, then Aapbrer,k=1,...,n—1,
are similar to the given ANABC with respect to the group Hy' of the similitudes of the
first type.
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HAKOU ITOJOBHU TPU'bBI'bJIHUIIV, CBbP3AHN C EJVUH YUCT
TPU'BI'bJIHNK B 'AJINJIEEBATA PABHUHA

Anpusu Bbp6anoB BopucoB, Maprapura I'eopruesa CnmpoBa

JlecHo ce Bk, ye 3HaMeHuTara Teopema Ha Opank Mopuu (1860-1937) 3a Tpucek-
TPHUCHUTE B €BKJINJIOBATA eJIeMEeHTapHa T'eOMETPHUs He € BSIpHA B rajujieeBaTa paBHUHA [o.
B rasu crartus nokasBame, 4e n-CEKTPUCHTE HA BCEKU YUCT (IOIYCTUM) TPULI'bJIHUK B
T’y ompenessit n — 1 Tpuwbrb/IHUKA, KOUTO Ca MOI00HA HA JIAJEHUSA TPAUBI'bJIHAK OTHOCHO
rpynara H) Ha nomoGHOCTHTE OT BTOPY THIL.
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